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PREFACE 


T he material formerly presented by the author of this book 
as a practical home-study course is now offered as a series 
of radio and communication engineering books. These volumes 
may serve as a refresher course for persons already familiar 
with the subject, or as a study guide in correspondence* or 
residence school courses for those desiring a comprehensive 
treatment. The reader is more likely to learn correctly and 
rapidly if this material is used in a plan of directed study. How- 
ever, for those w’ho do not have time to take advantage of avail- 
able courses, the books should prove valuable for reading and 
reference purposes. 


This first commercial edition of ‘^Applied Mathematics’’ has 
been preceded by four private editions used in a practical home- 
study course of the Smith Practical Radio Institute. The 
preparation of this course was started in 1934 to meet the needs 
of a group of radio broadcasting operators and engineers who 
had irregular working houre. The course is for the student 
w ho has a high-school education or the equivalent and is familiar 
with the popular terminology used in radio. 


Chapters 9 and 10 cover the requirements of simultaneous 
equations in mesh circuits and quadratic equations in complex 
circuits having multiple resonance frequencies. The author is 
indebted to Mr. Daniel B. Hutton for assisting with the prepa- 
ration of the material in these two chapters. 

The advanced section, Chaps. 12 to 15 inclusive, presents a 
simphSed treatment of calculus, series, and wave forms Ele- 
mentary calculus concepte assist in understanding the theorv 
such as that di/dt expresses the rate of current change with 

» practical home rtudy 
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respect to time. Another illustration is the determination of 
impedance matching by maximizing the power transfer. The 
material on series is ^ven because of their tise in evaluating 
functions and making simple engineering approximations. The 
treatment of wave forms gives the tmderlying mathematics for 
analyzing and synthesizing wave shapes found in television and 
pulse techniques. 

The section devoted to tables and formulas is included to 
make this mathematics handbook self-contained. The other 
books of this series will refer to this material whenever it is 

needed. 

The author ’wishes to acknowledge the helpful coop>eration 
w'hich has been received from all sides. In particular, he ’wishes 
to thank the many students who by their constructive criticisms 
have helped to mold this course into its present form, and Beverly 
Dudley for his careful reading of the manuscript and for the 
suggestions that he has made for the improvement of the text 

in a number of places. 

Pari. E. Smith. 


The Pentagon, 
Washington, D.C., 
July, 1946. 
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APPLIED MATHEMATICS 


CHAPTER 1 
ARITHMETIC 

Mathematics is one of the most valuable tools possessed by the 
engineer. This is especially true of the radio and communication 
engineer because the analysis of electric circuits is largely a study 
of linear equations. An example is the linear relation of Ohm’s 
law, 

E = IR (1) 

The simplicity of this law and its extensive use when working out 

electric problems have in a large measure been responsible for 

the rapid advance of the electrical industry. 

Communication systems in general depend upon three things: 

(1) sending facilities; (2) transportation facilities in the form of 

telephone lines and radio links; and (3) receiving facilities. 

The study of the networks involved in such systems is nothing 

more than a studj-^ of alternating current at audio and radio 

frequencies. Such a study is materially clarified and simplified 

if one has the ability to apply the essential mathematics. The 

mathematics presented in this book is not difficult but must be 

thoroughlj’’ mastered if real progress is to be made through the 

rest of this series of books. Since many of the readers will have 

already had this mathematics it should not be a burden for 

them to answer the exercises at the end of each chapter as a 
matter of review. 

Signless Numbers. — ^The child makes his first acquaintance 
with numbers in counting the objects of a group. These are 

simple signless numbers made up of arabic numerals or combi- 
nations of arabic numerals, thus 

1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, etc. 

1 
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These signless numbers obey the arithmetic processes of addition 
and multiplication. 

Example 1. Add 3 to 6. 

Solution. 3+6 = 9. Arts. 

Example 2. Multiply 2 by 6. 

Solution. 2X6 = 12. A ns. 


Real Numbers. — As the child’s exp>erience increases he will 
soon desire to use the arithmetic processes of subtraction and 
di\'ision. Occasionally the result cannot be expressed in the 
simple system of signless numbers. For instance, if the mercurj’" 
in the thermometer drops below zero, or if he wishes to subtract a 
large number from a small number, the result is no longer in the 
simple system of signless numbers. 

To expand the number system to take care of all four arith- 
metic processes, it is necessary* to include a zero and negative 
numbers. The signless numbers will then be considered posi- 
tive nu m bers even though no sign is used. This system of real 
numbers considered thus far is one of whole numbers caUed 
“integers” or “integral numbers.” WTiole numbers are called 
“even numbers ” when exactly divisible by 2 and “odd numbers” 
when not exactlv divisible bv 2. 

^ I* 

The real number system consists of zero; all whole numbers; 
all rational numbers, which can be expressed as whole numbers in 
fraction form; and all irrational numbers, which cannot be 
expressed as simple fractions. For instance^ the diagonal of a 
square having sides one unit in length can be expressed as the 

square root of 2, thus; \/2. The is an irrational number 
which cannot be expressed as a simple fraction. 


Example 3. Ylarry has tO but owes Tom $12. WTiat is Harry's financial 
status? 

Soluiian. $9 — $12. = — $3. Ane, 

This means that he Is $3 in debt. Harry actually owns less than nothing. 
Example 4- Di\nde 6 by 2 and state the kind of number that results. 
Solution. 6 -r- 2 = 3, A ns. 


The answer is a rational odd integral number. In this example, 6 
the duridend, 2 is the divisor^ and 3 is the quedient. 

Example 5. Di^Hde 4 by 6 and state the kind of number that r es i i lt a . 

2 


Solutiim. 2 

w 


2 

3 


Antu 


The answer is a rational number expressed in fraction form 
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3 

Graphical Representation of Real Numbers. — Real numbers 
can be considered as points along a straight line as shown in 
Fig. 1. These points are a measure of the distance from the 
reference point 0. The negative munbers are in the opposite 
direction to the positive numbers. For instance, if the numbers 
represent miles along a road that runs from west to east the 
positive numbers represent mileage east of the reference point 
and the negative numbers represent the mileage west of the 
reference point. A person starting at 0, the reference point, 
going 8 miles east, in the positive direction, and then turning 
around and going 18 miles west, in the negative direction, will be 
10 miles west of the starting point, in the negative direction. 
In equation form, this is expressed 

+8 miles — 18 miles = — 10 miles Arts, 

As another instance, consider a 4-volt and a 6-volt battery 
connected in series. If the positive terminal of the 4-volt battery 

— i I t 1 I » * » t t I t t I i I i 

-8 -7 -6 -6 -4 -3 -2 -1 0 1 2 3 4 6 6 7 8 

Fig. 1. — Graphical representation of real numbers. 

is connected to the negative terminal of the 6-volt battery and 

the reference point 0 is considered at the negative end of the 

4-volt battery, then the voltage at the positive end of the 6-volt 
battery is 


+4 volts + 6 volts == 10 volts Arts. 

which is with respect to the reference point 0. Now, if the 
6-volt battery is turned around so that the positive terminals of 
the 4-volt and 6-volt batteries are connected together, the voltage 
at the negative end of the 6-volt battery, with respect to the 
reference point 0 at the negative end of the 4-volt battery, is 

+4 volts — 6 volts = —2 volts Ans, 

SmaUer values wiU always be found to the left of the beginning 
point Md larger values will always be found to the right of the 
beginning point, as shown in Fig. 1. 
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^Ibltiltdfft. The fmetion — M is larger than the feactlon — ^ because it 
lies to the right as represented graphically in Fig. 2. Ans. 

Rules for Addition and Subtraction. — ^Adding a n^alive 
number (—3) is equivalent to subtracting a positive number 
(+3). 


Thus 2 + (—3) = — 1 

or 2 - (+3) = -1 


When two numbers of unlike sign are to be added, subtract the 

smaller from the larger and place 
the sign dT the larger in front of 
the answer. 

If there are several numbers 


1 


z 

I 


M 

A 


0 


Fio. 2. — Poeition of 
with respect to - 


- 1-1 

■ ■ ! ■ 

ncKalive fractions 
-1. O, and +1. 


to be added, first, add all the 
positive numbers; second, add all the n^ative numbers; and 
third, subtract the smaller sum from the larger sum and place the 
sign of the larger in front of the answer. 


SwatmpU 7. 
SoUiium^ 


Add —1, — 6, +4, — 3, +8, +2. 

-1 +4 14 + (-10) = +4 Ajw. 

-6 +8 

-3 H-2 

-10 +14 


Subtracting a negative number, such as ^3, is equivalent to 
adding a positive number, such as 3. The rule for subtraction is 
to change the sign of the subtrahend and add. 


Example A Subtract ( —6) fram 4. 

4 minuend 

—0 subtrahend 
10 remainder Am. 


in equation form, 

4 . ( ^a) 10 Chads. 


/^^ddi4infi i*Aii be performed in any order, but subtraction must 
be performed in tbe order ^ven. For instance, in addition, 

2+3=3+2=5 


while, in subtraction, 

2 - 3 3 - 2 

In with tfie above rules, it is well to keep tbe 

foOewins facte in mind: 
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1. AHHing a positive number gives a larger value. 

2. Subtracting a positive number gives a smaller value. 

3. Adding a negative number gives a smaller value. 

4. Subtracting a negative number gives a larger value. 

Rules for Multiplication and Division. — 1. The product or 

quotient of two positive numbers is always a positive number. 
For instance, in multiplication, 2X4 = 8, and, in division, 
12 ^ 3 = 4. 

2. The product or quotient of two negative numbers is always 
a positive number. For instance, in multiplication, 

-2 X -4 = 8, 

and, in division, —12 4 - —3 = 4. 

3. The product or quotient of a positive and negative number 
is always a negative number. For instance, in multiplication, 
—2 X 4 = —8, and, in division, — 12 4- 3 = —4. 

4. Multiplication can be performed in any order while division 
must be performed in the order written. For instance, in 
multiplication, 2X4 = 4X2 = 8, but, in division, 

12 4 - 3 3 4 - 12. 

5. In a series of different operations, the multiplications are 
performed first, the divisions second, the additions third, and 
the subtractions fourth. Terms of a grouping, such as between 
parentheses, should be solved before performing the operation 
on the grouping. 

Example 9. Solve: 12 4-3— 2X9-5-3 + 10x2 — 2. 

Soltdion. Performing the multiplications, 12 - 5 - 3 — 18 - 5 - 3 + 20 — 2 
Performing the divisions, 4—6+20 — 2 

Performing the additions, 24—6—2 

Performing the subtractions, 16 Atis. 

Example 10. Solve: 1(2 X 6) - (5 — 8)1 4- (3 + 2). 

Scivtum. Performing the operations within the parenthesis groupings, 

1(12) - (-3)1 4 - (5) 

Combining terms in the bracket, 15 4 - 5 

Performing the division, 3 Ans. 

Cancellation. — ^Cancellation is a process used to shorten 
mathematical problems involving a series of multiplications 
and divisions. The following are rules for cancellation : 

1. Any factor below the line can be divided into any factor 

above the line, or any factor above the line can be divided into 
any factor below the line. 
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2. Any factor common to factors of a term above and factors 
of a term below the line can be divided into each. 

3. After canceling all factors possible, the answer is obtmned 
by dmding the product of all the factors above the line by the 
product of all the factors below the line. 


T, , ,, O 1 5 X 3 X 16 X 8 

Example 11. Solve ^ g x 

Solution, Divide 5 into 15, 8 into 16, and 4 into 8, thns 


2 2 

? X 3 X X 6 ^ 3X2X2 

1?X?X4X3 3X3 

3 


Divide 3 into the 3 in the numerator and the 3 in the denominator, and, 
after multiplying the resulting terms in the numerator, perform the diviaon 

to obtain 

1 

With a little practice all the operations can be done without 
rewriting the fraction. 

Fractions. — Fractions are valuable to represent numbers 
between consecutive whole numbers or a certain portion of a 
whole number. A fraction is an indicated division with the 
denominator below the line representing the number of equal 
parts into which the whole number is divided and the numerator 
above the liu*^ representing the number of these equally divided 
parts to be taken. A fraction that has a numerator smaller 
♦ban the denominator is called a “proper fraction,” while a 
fraction that has a numerator equal to or greater than the denomi- 
nator is called an “improper fraction.” A proper fraction, 
therefore, is less than 1 and an improper fraction is equal to or 
greater than i. Equivalent fractions are fractions that have the 

same value. 

If a whole number is associated with a fraction, the number 
is called a “mixed number.” The answer to Example 11 is a 
fnivoH number and means 1 + -A- mixed number can be 

converted into an improper fraction by multiplying the whole 
number by the denominator of the fraction and adding this 

number to the numerator, thus 
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7 


, , 1 _ 3 X 1 + 1 
^ 3 3 


3 "f* 1 


5 ilns. 


The following are some useful principles for fractions: 

1. If the numerator and denominator are multiplied or 
divided by the same number, tiie value of the fraction does not 
change. Thus 


6X2 

8X2 


12 

16 


6 3. 

8 = 4 


or 


% 



3 

4 


= T Check. 


2. If the numerator is multiplied by a number, or the denami- 
nator is divided by it, the fraction is multiplied by the 
llius 


or 


|X2 = 


6X2 

8 

6 


12 

8 


6 

4 


3 

2 


2 ^2 
= I5 Check. 


3. If the numerator is divided by a number, or the denomi- 
nator is multiplied by it, the fraction is divided by the number. 


or 


6 

8 ^ 

6^2- 

8 - 2 - 


2 = M = 3 
8 8 


Ans. 


8X2 


6 

16 


3 

8 


= ^ — 7 ; Check. 


4. To add fractions, first, convert all the fractions to the aamo 
dmominator; second, add all the numerators, and third, pln tf 
this sum over the denominator. Thus 

7 ^ 3 ^ 2 42 '^ 42 '^ 42 “^ 


e 42 is the smallest denominator that can be used 
firaetions, it is called tire “L.C.D.” (the least oomi 



S. To subtract one fraction from another, first conveirt 
, to the same denomin ator; second, subtract 

immei^; and t^ place 
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remainder over tlie denominator. Xhu.s 


1 

5 


1 

G 


6 


1 


30 


30 30 


Ans. 


6 To multiplv fractions, multiply the numerators together for 
the new numerator and the denominators together for the new 

denominator. Thus 


3^5 


2X3 

3X5 


2 , 

- H TIS. 

o 


7 . To divide fractions or to simplify complex fractions, mvert 
tlie divisor and multiply, th.U5> 


O ' 

X 3 

3_ 

. o 


2 

3 


3 


? X - 

3^3 


10 

9 


1 

9 


Ans 


2 

3 


i X - 
1^2 


^ A ns. 
2 


The reciprocal of a number is the fraction that has the number 
a. the denLinator and 1 as the numerator. Thus, the recipro- 
cal of 3 is } 3 . The reciprocal of a fraction is 1 over the fraction, 

or the fraction inverted, thus 

1 f 2 . 1 „ 1 ^ 

The reciprocal o* 3 1 ' 

The sign of a fraction depends upon three signs (1) ^ “ 

front of the fraction. i2) the sign of the numerator, and (3) 
sign of the denominator. The sign of the ftnction is 
the product of these three signs is positive and the sign o 
fraction is negative if the product of these three signs is negatlt c. 

Thus, for a positive fraction, 



A" 3 




3 


4-3 


+ = ( + )(-f-)(4-) = (+H- 

and for a negative fraction. 


5 

H 



3 

5 


) = (_)(+)(-) = (-)(-)(+) 


3 


4-3 



-V = 4- 


o 


-3 

-1-5 


4- 


4-3 


(-) 


(-.H-H 


(- )t4-)(4- ) 




(4-)(4-)('-) 


Decimal Fractions.-Decimal fractions h-' 

that are multiples of 10. Thus, ?io. lOO. and , looo 
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dedmal fractions. For convenience, they can be written 
omitting the denominator if a decimal point is placed in the 
numerator so that there will be as many digits to the ri^t of 
the decimal point as there are zeros in the denominator, thus 






The zero is written at the left of the decimal point for clearness. 
This is not necessary but is a very good practice to follow. 
When there are fewer figures in the numerator than there are 
zeros in the denominator, zeros are added to the left of the 
number figures to make the required number of digits. 

Every time the decimal point is moved one place, the number 
changes by 10 times its value. If the decimal point is moved to 
the right, the number increases; if it is moved to the left, it 
decreases. The relative value of the digits on either side of the 
decimal point is illustrated in the following table: 


Tabus 1. — ^Rei^tive Value of Digits on Either Side of the Decdcal 

Point 


1,000,000,000. 

BiUions 

100,000,000. 

Hundreds of millions 

10,000,000. 

Tens of millions 

1,000,000. 

Millions 

100,000. 

Hundreds of thousands 

10,000. 

Tens of thousands 

1,000. 

Thousands 

100. 

Hundreds 

10. 

Tens 

1. 

Units 

0.1 

Tenths 

0.01 

Hundredths 

0.001 

Thousandths 

0.0001 

Ten thousandths 

0.00001 

Hundred thousandths 

0.000001 

MOlionths 

0.0000001 

Ten millionths 

0.00000001 

Hundred millionths 

0.000000001 

Billionths 


« @D@meei8 usually simplify the r^tdihg of dedmal numbers. 
Instead of reading 342.79 as “three hundred and forty-two 
aeventy-^e one-hundredlhs,” they usudly read it “three, four, 
tiro, point, seven, pine.” Another common practice is to 
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express smaU numbers less than unity up to hundr^ths m pej era*- 
of unity by moving the decimal point to the nght two digits, 

thus, 0.79 may be written 79 per cent of umty. 

Exponents.— The exponent of a number is a smaU figure placed 
to the right and above the number and means that the num r is 
to be taken that many times as a factor, hence the square of the 

number 10 is 

10* = 10 X 10 = 100 
10* = 10 X 10 X 10 = 1,000 

10 cube,” or “10 raised to the third powe 

When no* exponent is written, it is understood to be 1 ; hen 
10^ = 10 Positive exponents give results greater than uni 
if the number raised to the power is greater than umty 
A number raised to a negative power is 
reciprocal of the number (1 over the number) raised to a posit 

power, hence 


Similarly, 


19 


read 


it 


10 -» = 


= ^ X 


10 * 10 10 10 


X = 0.1 X 0.1 X 0.1 = 




= 0.001 


Keffative exponents g?ve results between zero and umty wnen 
the number^aised to the negative power is greater than 

Since positive exponents are for results greater t an y 

o"S« la- lof ezponente, it ia eonv^t 

to^bsUtote letters for the numheis as is done m algehra, us 

A* = (A multiplied by itself n times) 

Hence when . = 4, we have A< - A ■ A - A ■ A. Using this 
S, tatiin, we can write the Mowing laws of ezponente. 

1. Addition of Exponents. 

r^- (A multiplied by itself m times) (A multiplied 

This means that (A muiwpiAw . , 

by itself » limes) - (A multipUed by rlself m + « tunes). 


Example 12- 
Example 13. 


^3 ^4 ^ 2 *'*’* ~ 2 ^« Afie. 

6-* X 6* X 6^* X 6-* = 


Ans. 
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It ^ould be noted that this law is for like numbers rmsed 
the same or different powers. If unlike numbers are rmsed 
powers, it is necessary to raise the respective numbers to 1 
power of their respective exponent before multiplying. 

ExampU 14. 4*X2*=4X4X2X2X2 = 16X8 = 128. Ana. 

2. SvbiratAion of Exponents. 


when m '= 




Example 15. 
Example 16. 
Example 17. 


2 » 

2 * 


= 2»-* = 2» = 2. Ans 


11 * 

— = 11® X 11^ = 11^*. 


11 

6 * 

5® 


5® X 5 


—4 


1 

6 * 




Ane, 


Ans. 


These example show that a number in the numerator can 
moved to the denominator if the sign of the exponent is chang 
Likewise, a number in the denominator can be moved to i 
numerator if the sign of the exponent is changed. 

3. MvUipUcaiion of Exponents. To find the power of a pov 
we multiply the exponents, thus 


Example 18. (3®)® = 3® X 3* X 3® = 3«. Ans. 

ExampU 19. (2-®)-® 2« Ans. 

ExampU 20. (4“®)* — 4“*®. Ans. 

ExampU 21. (6*)-® = 6-^®. Ans. 


4. Power of a Product. The power of a product can be writ 
as the product of the various factors raised to that power, th 

{ABC • • • • • 

ExampU 22. (3 - 4 - 5)* = 3* • 4* • 5* « 3600. Ans. 

5. Powi^ of a Fraction. The power of a fraction can be wiit 
as the power of the numerator divided by the power of 
denominator, thus 
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/3\* _ 3* _ 

Example Ijl “ 4 * 


9 

16 


Ans. 


Scientific dotation.— Any number can be expressed by sci^ 
tific notation if it is written as a decimal number betw^ 1 and 10 
multiplied by 10 raised to the proper exponent. The use of 
scientific notation materially simplifies the writmg of ^y num- 
bers used in electrical engineering. It is recominended t^t the 
student use scientific notation wherever it will simplify the 

numbers. 

ExampU 24. Write the foUowing numbers in scientiEc notation: 

6,000,000 = 6 X 10* Ans. 

0.00000034 = 3.4 X 10“’ Ans. 

This example shows that the decimal point can be slated as 
many places as necessarj^ if the new quantity, 

decimipoint is shifted. The power of 10 m the answer is 
tive if the decimal point is moved to the left and negative if the 

decimal point is moved to the right. 

ExampU 25. Simplify the foUowing fraction and 

5 ci 6 iitific notations 


express the answer in 


a nnn y 5 X 10~“ X 2 X 10* 
.0000005 


4 X 5 X 2 X 10*“”^ 
“ 5 X 4 X 10**"’ 

2 X 10"* 


10 * 


= 2 X 10"*"* = 2 X 10"** Ans. 


Converaon of Units.— In radio and commumcation engmeeiing 
some quantities would be very small or very large if exp 
common units. The usual practice, therefore, k to use un 
that can be expressed in quantities of convenient size ^ 
^ce, a convenient expression for cap^ity 
which is one-milUonth of a milUonth part of a farad, that is 

Ippi = 0.000000000001 farad = 10-‘*f or lO"” farad 

Here the Greek letter p means “micro” and f 
Likewise, one microfarad is one-miUionth of a farad 


14 = 0.000001 farad = 
millif arad is rarely used. 


91 
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quite commonly on t 3 T)ewriters not having m even in printed 
matter to stand for microfarad. 

Inductance values in radio and communication engineering 
are usually expressed in micromicrohenrys (M/th), microheniys 
(/th), or millihenrys (mh). One millihenry is one thousandth of 

a henry, that is 

1 mh = O.OOlh = 10-»h 

Resistance values are usually larger than unity and may be 
very large. kQ is often used for kilohms, meaning “thousands 
of ohms,” while MQ is used for megohms, meaning “millions of 

ohms.” 

TTig h voltage or wattage is ordinarily expressed as kilovolt 
(kv) or kilowatt (kw). A kilovolt or kilowatt is one thousand 

times greater than the volt or watt. 

When #^>ia.Tig nn g from one size of unit to another, the conversion 
table on page 243 is very convenient to use. The table on 
page 239 ^ves other useful quantitative electrical abbreviations. 

'Rflriirflig. — ^If a quantity is divided into n equal factors, then 
one of the factors is said to be the root of the quantity. In 
other words, 

1 

(A" multiplied by itself n times) = A (7) 

The root of the quantity A can be written as a fractional 
exponent or as the root of the radical A, thus 

A“ = (8) 

Example 26. 9^ = = 3. Ane. 

In Eq. (8), A = 9, n = 2; hence, by Eq. (7), 

i±l 

(9» X 9«) = 9 2 =9 or 3X3 = 9. 

When expressing square root, the 2 is usually omitted; hence 

( 9 ) 

but for other roots it must be indicated. 

The number under the radical sign is called the “radicand.” 
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If a quantity is to have a root extracted and also be raised to a 
power, the following general form is applicable: 

m 

= v'^ (10) 

The numerator of the exponent indicates the power and the 
denominator of the exponent indicates the root, 

m 

Example 27. An = 8^ = -^8^ = = 4 (v^)* ^ 2* = 4. Ans 

Square Root of Numbers, — ^The extraction of the square root 
is a relatively simple process but that of higher roots is more 
complicated and calls for the use of logarithms. If the number 
is expressed in scientific notation, the root can be taken directly 
providing the exponent of 10 is even. However, if the exponent 
is odd the decimal point must be shifted one dig^t. When the 
exponent of 10 is even, the root of this part of the number is 
10 raised to one half the value of the original exponent. If the 
exponent of 10 is odd, it cannot be divided by 2 to get a whole 
number. This is the reason for shifting the decimal point. 

Example 28. \/l-44 X 10* * y/\AA X VTo* = 1.2 X 10*. An*. 
ExampU 29. V6.4 X 10* = VOI X 10* Vw vTo* =* 8 X 10. 

Ans, 

The extraction cf the square root of a whole number will be 
explained in the following example: 

Example 30. Extract the square root of 69,573. 

Step 1. Start at the decimal point and divide the number into groups of 
two, thus 

6'95'73* 

Step 2. Find the largest squared number that will be less than the first 
group. In this case 2 square gives 4, which is the largest squared number 
leas than 6. Place this 2 to the right as shown and subtract the square of 
th^ number from the first group, thus 

6'95'73/2 

4 

2 

Step 3. The second group is brought down with the remainder, in this 
case giving 295. 

Step 4. The number in the answer is doubled and brought down as a 
trial divisor. 
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Step 5. Another number is added to this trial divisor. This number is 
so selected that the product of it by the trial divisor will be the largest 
number that will go into the remainder, thus 

6^9573726 

4 

276 

Step 6. The process is now repeated, that is, the next group of figures 
is brought down with the remainder, the answer is doubled and one figure 
added to it of such a value that the product of the two numbers will be the 
largest number that will go into the remaider, thus 

6^9573 /263 

4 

276 

523/ 1973 
1569 
404 

The answer for this problem is 263 with a remainder of 404. If more 
accuracy is desired, it can be obtained by bringing down two ciphers and 
repeating the above process. 

In the above example we had a whole number, but the process 
w’ould not be changed if we had a decimal quantity to deal with. 
It is only necessary to keep in mind that the number must be 
pointed off in groups of two, starting at the decimal point. 
Examples of pointing off are 

43 ' 97 ' 32 ' 98'73 0 , 00 ' 07'56 0 . 78'03 

The student should work a considerable number of these 
problems to become familiar with the procedure. 

Exercises 

1 , Add: 119, -34, 23, 56, -90, -43. 

2- Add: -78, 89, 64, -34, 20, -85. 

3 , Add: 97, 44, -63, -56, -89. 

4 . Add: 45, -70, -54, 34, 24, -89, 865. 

6. Subtract (—78. 87, —43) from —98. 

6. Subtract (34, 67, —91, —52) from (45, —19, —65, —78). 

7 . Subtract —89 from (13, —76). 

8. Multiply: 18 X —5 X 6 X —13. 
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9. Solve 

10. Solve 

11. Solve 


18 >00* 

6 X 10* 

8 X -fi^lQ -^^ X 10~* 
1^4 X l6‘* X 3* 

e'-’ X x_ o.H*. 

6^ X "6"*^ 


12 I xprc-s the following in scientific notati^: 987,000; 76.456; 0.0007 

OOO.OO': S.976.500.01: 12.000.000^00^000,000- 

0.0000006 X 1 0* X jOO.OOO 

13. Solve 


ia>- ^ -Q in~^ X u. 0000004 , , 

1*. E,pre^ each ot ,he Im'-A “ 

units: 0.0000009 farad; 1,000 mh. . 

0.008 farad. following numbers: 889,635 ; 9,976; 

-a . 0.00047; 0.0(H978. 


CHAPTER 2 


LOGARITHMS 


A\'here four or more significant figures are retiiiired, lugaritlims 
may be used to advantage in all e<>mi>utations exe«-pt adtlition 
and subtraction. Every engineer should be j)roficient in their 
use; hence the fcdlowing note.s and delinition.s are given to 

refresh the memory.' 

A Logarithm is an exponrnt; therefore the sanm laws apply to 
logarithms as to e.xponents in general, d'his statement mu.st be 
qualified slightly, because the base must be positive and cjther 

than 1. 

To a person who thoroughly understand exponents, logarithm.s 
should be very easy to understand. Common logarithm.s are 
based upon the use of 10 raised t<j ])ositive and negative pfnvers. 
In Chap. 1, 10 was raised to positive and negative powers. 
This chapter goes one step further and introduces decimal 
powers. A table of logarithms is merely the systematic arrange- 
ment of the value of 10 raised to decimal powers. The ba.se of 
common logarithms is 10. 


The logarithm | j the power to which 
oi any number/ = t 10 must be rai.sed to 
to the base 10 j [produce the number 

This may sound complicated, but it is really cjuite simple; for 
instance, 100 = 10^. Xow the logarithm of 100 to tlie ba.'^e 10 
is 2, the power to which 10 must lx* rai.x'd to prcjduce 100. 
Consider another illustration which is more general, 

1Q2.457882 = 287 


* Certain portions of this chapter have been taken with permission from 
Dana and Willmarth, “Engineering Problems Manual,” pul)lished and 
copyrighted by McGraw-Hiil Book Company, Inc., New \ ork. 
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This equation says that the logarithm of 287 is written 

log 2S7 = 2.4o7SS2, 

which means that 10 must he raised to the 2.457882 power to 
produce 287 ; this was obtained from the logarithm table's. 

It 10 is raised to the tliird power, the residt is 1,0(M). From this 
it is seen that the logarithm of any number between 100 and 
1,000 will be a decimal number between 2 and 3. If 10 is 
raised to the first power, the answer is 10. so that log 10 = 1. and 
the logarithm of any number from 10 to 100 will be decimal 
numbers between 1 and 2. 

10® = 1; not 0, which is a common mistake. This says in 
terms of logarithms that log 1=0, so numbers between 1 and 
10 have logarithms between 0 and 1. 

The discussion so far has dealt with posit i\ e exponents of 10. 
That is, all numbers greater than 1 have positive logarithms. 

Xow consider 10~b From the theory of exponents this can be 
written 10“^ = 1 10* = 0.1. This says that log 0.1 = — 1. 
Likewise, 10~“ = 1 10" = 0.01, or log 0.01 = — 2. A more 
general case is = 0.356, or log 0.356 = —1+. 551450. 

This was taken from the logarithm table. It is seen from the 
above illustrations that any number between 0.1 and 1 will have 
a logarithm of —1 + . decimal. Between 0.01 and 0.1 the 
logarithm will be — 2-1-. decimal; between 0.001 and 0.01 the 
logarithm will be — 3 + . decimal. 

The logarithm of a number is made up of two parts; a decimal, 
called the “mantissa,’’ and a whole number (which may be 
positive, negative, or zero), called the “characteristic.” 

The mantissa determines the sequence of digits, and is all that 
is given in logarithm tables. It is always positive. 

The characteristic determines the position of the decimal 
point. 

Consider the illustration given above, log 287 = 2.457882. 
Here 2 is the characteristic and 0.457882 is the mantissa. In 
the other illustration log 0.356 = —1 + . 551450 where — 1 is the 
characteristic and +.551450 is the mantissa. 

The following simple computations may serve to clear up some 
confusion regarding the meaning of logarithms and the character- 
istic numbers: 
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Base Raised to Logarithm of N^umber 

Bxponent = Number = Ebcponent 


(10)* 

= 1,000 


1,000 = 

3.000 

(10)* 

= 100 


log 100 = 

2.000 

(10) » 

= 10 


log 10 = 

1.000 

(10)» 

= 1 


log 1 = 

0.000 

(10)-» 

= 1/10» = 

= Ho = 0.1 

log 0.1 = 

-1.000 

(10)-* 

= 1/10* = 

= Hoo 




= 0.01 


log 0.01 = 

-2.000 

(10)-» 

= 1/10* = 

= 1/1,000 




= 0.001 


log 0.001 = 

-3.000 


A brief study of this table of logarithms shows that the decimal 
point shifts as the characteristic changes. To illustrate this. 


(10)«* = 

= (10)» = 

= Vio* = 

= 3.1623, 

or 

log 3.1623 = 

= 0.500 

(10) = 

= (lO)?* = 

= Vio* = 

= 31.623, 

or 

log 31.623 = 

= 1.500 

(10)*-* = 

= (10)» = 

= Vio® = 

= 316.23, 

or 

log 316.23 » 

= 2.500 


The characteristic of numbers from 1.0 to 9.99 is 0; from 10 to 
99.99, 1 ; from 100 to 999.99, 2, etc. We can, therefore, make 
the following simple rule: 


RmUB FOB CHABACTSBlSmCS 

Numbers Characteristic 

One or over One less than the number of digits to the left of the 

decimal point 

L^ss than one One greats than the number of ciphcsrs between 

the decimal point and the left-hand digit; nega- 
tive in sign 


The characteristLc of a number, written in scientific notatioa, 
is the exponent of 10- For instance, the characteristic of the 
number 8.394 X 10» is 9. likewise, the characteristic of Ihe 
number 1.743 X 10^ is — 3* 

It will be noted in the above illustration that 3.1623, 31.623, 
and 316.23 all have the same mantissa of +0.500 but that the 
characteristic numbem of the logarithms of these numbers, 
according to the nde, are 0, 1, and 2, respectivdy. As the 
deeiraal point is shifted, the following r^ult occurs: 
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Number 

316.23 

31.623 

3.1623 

0.31623 

0.031623 


Log 

2.500 

1.500 
0.500 

- 1 + 0.500 
-2 + 0.500 


Example 1. Determine the logarithm of 2,873. 

SoliUitm. The desired portion of a logarithm table is found below.* 


N 0 

286 45 4845 

6 6366 

7 7882 

8 9392 

9 46 0898 


8 


9 Diff. 


8033 8184 8336 8487 
9543 9694 9845 9995 


8638 8789 8940 9091 9242 151 
5 0146 0296 0447 0597 0748 151 


The figure 287 is found in the left column under .V and the figure 3 is found 
at the head of one of the columns. The mantissa of this number 2873 is 
then found across from 287 and down from 3, and is 0.458336. Always place 
a decimal point in front of the mantissa. The zero is placed to the left of the 
decimal point in front of the mantissa when there is no characteristic or 
when the characteristic is zero. The characteristic is alwa>'s detennmed by 
inspection. From the rule for characteristics, since the number is greater 
than 1 the characteristic is 1 less than the number of digits to the left of the 
decimal point and in this case is 3. Then log 2873 = 3.4o8336. Ans. 


The characteristic could also have been determined by takmg 
the exponent of 10 when the number was written in scientific 
notation; thus 2,873 = 2.873 X 10», where the characteristic is 3. 

By the above portion of logarithm table another pomt can be 
illustrated. It will be noted that the mantissa corresponding 
to 2,884 is 4-0.459995 and the one corresponding to the next 
number 2,885 is +0.460146. There has been a chanp from 
0 459999 to +0 460000 between these two numbers. Now, for 

of finding this place, .here are daahes under the 

numbers across to this point, and then above the num^re on 
across. All numbers above this line must use +0.45, while aU 


numbers below this line must affix +0.46. ^ 

Multiplication by Logarithms. — From Chap. 1 it was learned 

that to multiply the same numbers raised to various powers it 

was necessary merely to add their exponents. Smce common 

logarithms are exponents of the same number (m this case, of lUl 

» AUen’8“Six-placeTablea.”McGraw-HillBookCompany,Inc.,Newyo . 


Univ 

Acc, No ...L 
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it is necessary only to add the logarithms of the numbers to 
multiply them. To find the product after the logarithms have 
been added, it is necessary to determine the number that has a 
logarithm equal to this sum. This reverse process b called 
“taking the antilogarithm.” To take an antilogarithm, first 
look up the mantissa of the logarithm in the logarithm table and 
find the number that gives it. The characteristic of the loga- 
rithm merely teUs where to place the decimal point. 

Example 2. Multiply 6 X 48. 

Solulion. log 6 = 0.778151 

log 48 = 1.681241 

Adding, log (6 X 48) = 2.459392 

Look up the mantissa + 0.459392 in the logarithm table (this mantissa 
can be found in the portion of logarithm table given above). The number 
having this mantissa is 2880. Since 2 is the characteristic, point the number 
off and get 288.0. Ans. 

Logarithms are useful in multiplying large numbers, where 
accuracy to four or five places b sufficient. 

Example 3. Multiply 7,864,591 X 198,642. 

SoliUion. log 7,864,591 = 6.895644+ mantissa from table 

log 198,642 = 5 . 297979 + with characteristic affixed 

log (7,864,591 X 198,642) = 12.193623 + 

antUog 12.193623 = 1,562,000,000,000 

= 1.562 X 10** Ans. 

The student should check all these examples to familiarize 
himself with the method of using the logarithm table. It will 
be noted in working the above problems that no interpolation 
was made. When looking up the antilogrithm, the number 
giving the nearest to the mantissa was used. 

Logarithms are useful in multiplying very small numbers 
as illustrated in Example 4. ’ 

Example 4. Multiply 0.000000946 X 0.00087. 

Solviion. log 0.000000946 = -7 + 0.975891 = 3.975891 - 10 

log 0.00087 = -4 + 0.939519 = 6.939519 - 10 

log (0.000000946 X 0.00087) ^ 

= -11 + 1.915410 = 10.915410 - 20 

.. , = 0.915410 - 10 

antilog (0.915410 — 10) = 8.2302 X 10“** Ans. 

It wiU ^ noted in thb example that instead of using a negative 
characteristic with the mantissa, it b more desirable to use a 


mantissa from logarithm tables 
characteristic by inspection 
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positive characteristic with the smallest available multiple of 
(—10) placed on the right-hand side. Since the mantissa is 
always positive, it is confusing to associate with it a negative 
characteristic and then always have to remember tl^ detail. 

If several numbers are to be multiplied, one addition of their 
logarithms is sufficient. The antilogarithm of this sum gives 

th^ product. 

ExampU 5. Multiply 0.00004871 X 6497 X 1.984. 

Sclvtion. log 0.00004871 = 5 . 687618 10 

log 6,497 = 3.812713 

log 1.984 = 0.297542 


9.797873 - 10 
antilog (9.797873 - 10) = 0.627875 Ans. 

Raising numbers to higher powers is accomplished by multiply- 
ing the logarithm of the number by the power and takmg the 

antilogarithm. . 

This operation would be quite a task to multiply out long- 

hand, but by logarithms it is easily done as follows: 

Example 6. Find the 6fth power of 638, that is, ®38*. 

SdutL. 106 638 = 2.804821 

Multiplying by the power * 


log 638* = 14.024105 
100.000 = 1-057 X 10' 


Ans. 


In this example the effect is the same as that of addM^ the 
logarithm of 638 five times and then taking the antiloganthm to 

obtain the fifth power of the number 638. 

Division by Logarithms.— Division of numbers by logan^ 
is accomplished by subtracting the logarithm of the ffivisor from 
the logarithm of the dividend. The antiloganthm of this 

remainder is the quotient. 

Example 7. Divide 8,964 by 479. 

Solution. log 8,964 3.952502 

log 479 — 2 . 680336 


Subtracting, 


antilog 1.272166 = 18.71-1- the quotient 


Ans, 


The nlus sien means that the quotient is greater thM mdi- 

^ toterpouting. iDterpoUtion wffl be d.ecu^ 

later. 



LOGARITHMS 


23 


Example 8. Divide 0.000371 by 791. 

Solution. log 0 . 000371 = 6 . 569374 - 10 

log 791 = 2.898176 

Subtracting, log ^ ~ 3.671198 — 10 

antUog (3.671198 - 10) = 4.69027 X lO"* Ana. 

Extracting the root of a number is accomplished by dividing the 
logarithm of the number by the root and taking the antUogarithm. 


Example 9. Solve -^976. 

Solution, log 976 = 2.989450 
Dividing, 3) 2 . 989450 

log \/976 = 0 . 996483 
antilog 0.996483 = 9.919 Ana. 

After the student thoroughly understands the use of positive 
and negative exponents, logarithms become a convenient tool 
in solving many problems. Only practice is then needed to 
make the solution of these problems rapid. Logarithms can be 
used to save considerable time in multiplying and dividing large 
numbers and the use of logarithms offers the only practical way 
to raise numbers to high powers and extract roots larger than 2. 

Interpolation. In order to increase the accuracy to more 
significant figures, beyond the values read directly from the table 
resort is made to interpolation. Interpolation is u.sed in many 
types of work and should be familiar to the student. Interpo- 
lation can be used with logarithm tables because the small 

+K between numbers is appro.ximately proportional to 

tne difference between their logarithms. 

A prac^cal illustration of interpolation is to find the capacity 
of a vanable capacitor when set at 53 degrees. Since the capacity 
at 50 degrees is 2/8 micromicrofarad and at 55 degrees is 284 

aegrees is 284 - 278 = 6 micromicrofarad or = 1 2 micro- 

microfar^ per degree change of the capacitor dial. Then the 
cSv Ss ,5^“ “ r !>n<i ta ^ded to the 

«raShT^’ « 53 degrees. This applies only to 

straight-hne variable capacity capacitors. 

thf Ks ^ ‘o logarithlos, consider 

B 0.895588, but .t ct st.ll necessary to obtain the 4 by inte^pm 
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lation. The figure 56 will be found as the “diff” in the right- 
hand column. At the bottom of the page will be fovmd a table 
of proportional parts and going across from the “diff” 56 in the 
left-hand column to the column headed 4. Therefore 22.4 is 
the proportional part to be added to the above mantissa giving 
log 78,634 = 4.8956104. 

Some logarithm tables do not have proportional parts, so 
in such cases it will have to be figured out each tune. Consider- 
ing the above illustration, 

log 78,630 == 4.895588 (from log tables) 
log 78,634 = 4.8956104 (by interpolation) 
log 78,640 = 4.895644 (from log tables) 

Here the logarithms of 30 and 40 are given in the last two 
digits of the number but it is desired to secure the logarithm of 
34 in these last two digits. The corresponding mantissas for 
30 and 40 are 0.895588 and 0.895644 respectively. The differ- 
ence between 30 and 40 is 10, while the difference in the corre- 
sponding mantissa is 56. This is the way to secure the number 
in the right-hand column imder “diff.” Corresponding to 34 
take 0.4 of 56, which is 22.4 and is the proportional part worked 
out at the bottom of the page.^ The logarithm by interpolation 
b log 87,634 = 4.8956104. 

To find the antilogarithm, the above process must be reversed. 
For illustration, find the antilogarithm of 3.657488. From the 

logarithm tables. 


antUog 3.657438 = 4,544 

antUog 3.657488 = 4,544.521 (by interpolation) 
antUog 3.657534 = 4,545 

Subtract 3.657438 from 3.657488, giving 50, the proportional 
part. The difference in thb case, as noted in the right-hand 
column, b 96. Across from 96 on the next page find under 5, 
not 50 but 48, the nearest number to 50, so the answer will not be 
exact. To make it exact, take the ratio 

50 ^ ^ 

96 10 


Solving for x, 


500 


‘See Allen’s “Six-place Tables.” McGraw-HiU Book Company, Inc., 


New York. 
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Now antilog 3.657488 = 4,544.521, while if the 48 from the 
table was used, the result would be 4,544.5. Ordinarily the 
accuracy of the proportional parts table is sufficient, but it can 
be seen that greater accuracy sometimes can be obtained by 
using exact proportion. 

The student with a thorough understanding of exponents 
should find that what has been presented on logarithms here is 
sufficient to enable him to handle any ordinary problem in 
logarithms. However, it may be well to illustrate by example 
how to handle the characteristic in extracting the root of small 
numbers. 

Example 10. Extract the fifth root of 0.0004466. 

Solution, log 0.0004466 = 6.649919 - 10 

Dividing by 5, log -^0.00044^ = 1.3299838 — 2 

= 9.3299838 - 10 

antUog (9.3299838 - 10) = 0.213788 Ane. 

It should be pointed out that the negative characteristic 
placed on the right-hand side (—10 in this case) should always 
be divisible by the root to be extracted. This number is usually 
made 10 for convenience in routine work. 

Example 11. Extract the fourth root of 0.0004466. 

Solution, log 0.0004466 = 0.649919 — 4 

Dividing by 4, log v^O . 0004466 = 0.1624797 - 1 

= 9 . 1624797 - 10 

antilog (9.1624797 - 10) = 0.145372 Ane. 

Operating the SUde Rule.— The slide rule is a graphic logarithm 
table. Many users of the instrument do not realize this and as 
a result are not able to make full use of its possibilities. 

To multiply numbers, simply add their logarithms. To do it 

graphically on the slide rule, add the distances that are marked 

off proportional to the logarithm. To divide, subtract distance 

corresponding to the dividend. The resulting distance corre- 
sponds to the quotient. 

'^e accuracy of a slide rule depends upon the precision with 
which It IS made. A longer sUde rule will give better accuracy 
than a short one, but the accuracy does not increase in direct 
proportion to the length of the scale. Common 10-inch slide 
^es will give an accuracy to three significant figures, and on 
the lower end of the scale it is possible to estimate to the fourth 
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C and D Scales. — ^These are the most commonly used scales on 
the slide rule. An inspection of these scales shows that they 
start with 1 at the left end, known as “the initial index,” and 
are marked off with consecutive numbers to 10 at the other end, 
which is marked with 1 and is the “right-hand, or final, index.” 
This is a complete graphic logarithm table giving the mantissa 
which determines the sequence of digits in the number. The 
decimal point is determined by the characteristic, just as was 
explained earlier in this chapter. Usually it can be readily 
determined by inspection. 

Rule for Multiplication on the Slide Rule. — 1. Lay off the 
mantissa of the first number on scale D bj" setting the initial 
index of scale C over the graduation corresponding to the first 

number. 

2. The mantissa of the second number is now added by shifting 
the runner so that its initial index comes over the graduation cor- 
responding to the second number on scale C. 

3. The mantissa of the product is the sum of the two distances 
and the answer is read on scale D imder the hairline of the runner. 



2 3 4 6 6 789 , 

2 >| 

— Jjoe ( 2 ) ( 4 ) 


Example 12. Multiply 2 X 4 on the slide rule. 

Solution. The answer 8 is indicated in Fig. 3 by following the above steps. 

Rule for Division on the Slide Rule. — 1. Lay off the mantissa 

of the numerator (ditiddend) on 
the fixed D scale by setting the 
hairline of the runner on its value. 
D I ''1 i i. 1 ^6a’ 2. The mantissa of the denomi- 

nator (divisor) is subtracted by 
moving the slider so that the value 
of the divisor is under the hairline 

too. 

3. The mantissa of the quotient is the difference and is found 
opposite the initial index of scale C on scale D. 

Example 13. Divide 8 by 4 on the sUde rule. . , . , 

Solution. Figure 3 also illustrates this problem, which is the reveiw of 

the multiplication. The answer 2 is obtained by foUowmg the above steps. 

Square Root Rule.— If the characteristic of the number is 0 

or an even number, then the square root is found under left 

portion of scale A on scale D. DWde the eharactei^ic by 2 
j nninf in the sQuaje root according to tne 


— Slide-nile scales for : 
plication and division. 



result. If the number was originally written in scientific 
notation, then the exponent of 10 is divided by 2 and the answer 
is still in scientific notation. 


Example 14. Find the square root of 97,969. 

Solyiion. Since the characteristic 4 of this number is even, place the 
hairline over 97,969 to the left of the center on scale A and read 313 the 
answer on scale D. The characteristic of the answer is 2, just half that of the 
original number. Actually only the first three digits of the original number 
can be read on scale A of the slide rule. 


If the characteristic of the number is an odd number, then 
the square root is found under the right-hand portion of the A 
scale on the D scale. Subtract 1 from the characteristic of the 
number and divide by 2 to find the characteristic of the root. 

Example 15. Find the square root of 1.56816 X 10®. 

SoltUion, Below 1.56816 on the right-hand side of scale A find the answer 
3.96 X 10*. The characteristic 2 was found by subtracting 1 from 5 and 
dividing by 2. 


Square Rule. — When the hairline is to the left of the middle 
of the A and B scales (roots less than 3.1623), the square of the 
number on the D scale is found on the A scale. The character- 
istic of the squared number is twice that of'the original number. 
If the original number b w'ritten in scientific notation, then the 
answer will also be in scientific notation. 


Example 16. Square 240. 

Solution. Above 240 on scale D read the answer 57,600 on scale A. The 
characteristic doubled since the answer was on the left-hand side. 

When the hairline is to the right of the middle on scale A and 

B, the characteristic is found by multiplying the characteristic 

of the original number by 2 and adding 1. Again, if the original 

number was in scientific notation, then the answer will also be 
in scientific notation. 


Example 17. Square 6.2 X 10*. 

Solution. Above 6.2 on scale D read the answer 3.844 X 10* on scale A 
The characteristic 7 was obtained by multiplying 3 by 2 and adding 1. 


®^“^®*** ™ust use the slide rule at every opportunity if 

he wishes to become familiar with its operation and feel confidence 
m its results. 



28 


APPLIED MATHEMATICS 


Folded Scales. — Sometimes when two numbers are being 
multiplied the second number appears beyond the right-hand 
index of scale D. Rather than sUding the other index of scale C 
over the first number and reading the answer at the other end, 
merely read opposite the second number on the CF scale the 
answer on the DF scale. For instance 2X6 permits the use of 
the folded scale to get 12 on scale DF opposite 6 on scale CF . 
This could have been obtained by placing the other index of 
scale C over 2 on scale D and reading the answer 12 on scale 

D opposite 6 on scale C. 

It win be of interest to note that the CF and DF scales are 
folded at ir, which is 3.1416. This permits the index to f^ 
about the center of the rule and in addition permits rapid 
calculations which involve x. For instance, a circle has a 
diameter of 6 inches. What is its circumference? Set the 
hairline over 6 on scale D and read the answer (6x 18.85) 

under the hairfine on scale DF. In other words it is not necessary 

to use the slider. 

Inverted Scales. — ^Labor may be saved in many problems 
through the use of reciprocals. A problem of division may be 
converted into a problem of multiplication by using the recipro- 
cal of the denominator. {Note: The reciprocal of a number is a 
fraction with 1 over the number.) The Cl and CIF scales, 
which are usually printed in red, are reciprocal scales. 

Reciprocal Rule. — When moving a number from the numerator 
to the denominator of a fraction, or ^'ice versa, ^sTite the recipro- 
cal of the number in the position and change the sign of the 
characteristic of the number. When the initial index of the 
inverted scale (the Cl to the right of the final index of D scale, 
and the CIF to the left of the DF index) projects, subtract 1 
from the characteristic of the number causing the index to project. 

Exximple 18. Multiply 6X4X3. t 

Solution, Divide 6 on scale D by 4 on scale C I (which causes inultaph<»- 

tion) then slide hairline to 3 on scale C and read the answer 72 on D. 

Since the initial index on the right-hand end of the Cl scale is to the ngh 

of the final index on scale D, 1 must be added to the characteristic. 

The student can get along without these inverted scales but if 
he is interested in short cuts he can read the instruction book 
with the slide rule for further information. 
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A and B Scales. — The A and B scales consist of two complete 
logarithm scales, each half as long as scale />. Since the values of 
the logarithm increase t\idce as fast on scale A as on scale Z>, 
the means of securing square roots and square powers is pro- 
\dded. Opposite a number on scale D the square is found on 
scale A. Conversely, a number on scale A will have its square 
root opposite it on the D scale. 

K Scale. The K scale consists of three complete logarithm 
scales, each one third as long as scale Z>. The K scale gives cubes 

and cube roots in the same manner as scale A gives squares and 
square roots. 

L Scale. — ^This scale is a complete logarithm table. To take 

the logarithm of a number, place the hairline of the slider over 

the number on scale I) and read the mantissa under the hairline 
on scale L. 

The following facts are important to keep in mind when using 
a slide rule: 

1. The slide rule is a graphic logarithm table. 

2. The mantissa only is determined from any logarithm table, 
including the slide rule which is a graphic one. 

3. The mantissa determines only the sequence of digits. 

4. Characteristics are not given in any logarithm tables. 

5. The characteristic is determined by inspection. It is the 
exponent of 10 when the number is written in scientific notation. 

6. The characteristic determines the decimal point. 

When multiph-ing ven^ large or ver>' smaU numbers on the 

sUde rule, it is convenient to use 10 to some power and place the 
decimal point after the first digit. 


Example 19. Multiply 0.00000027 X 96000. 

Rewrite 2.7 X 10~‘ X 9.6 X 10* 

and multiply 2.7 X 9.6 X lO'* = 25.92 X lO"’ 


Arts. 


This mak^ it eas>' to keep track of the decimal point bv 
inspection when scientific notation is emploved 

Dec^ ^int and the SUde Rule.-The last example Ulus- 
trates how the decimal point can be easUy found bv inspection 

A defimte proc^ure wiU now be given for keeping'track of the 
decimal pomt when using the slide rule. 

men using numerical logarithms the characteristic is added 
the mantissa, but when using the sUde rule this cannot be 
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done. However, keeping track of the characteristic is the easiest 
way of dete rmining the decimal point when using a slide rule. 

When multipljong by means of numerical logarithms the sum 
of the mRnt.isRa.«; is often more than 1.0 and so 1 must be carried 
over into the column of the characteristics. If this same problem 
is solved with a slide rule, it is found that there is an exact 
paraUel between the numerical and graphic methods. The 
distances representing the mantissas will add to one full scale 
length or more. This corresponds to carrying 1 into the char- 
acteristic column; hence a note should be made each tune this 

occurs. 

There is a simple, quickly applied, and absolutely accurate 
rule for decimal points based upon the foregoing facts. This 
method completely does away with the need of longhand check- 



The Initial Index 
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144 36 

Fig. 4. — Slide-rule scale showing the initial index projecting 


ing, mental shifting of the decunal point, approximate cal- 
culations, or any other so-called “system” not based upon 


logarithms. 

The Initial Index. — In the following rules for location of the 
decimal point, reference is made to “the initial index. There 
are many indexes on a rule ; those at the beginning end of any 
scale are initial indexes, and those at the far end are final indexes. 
There is one initial index, however, which is so important that 
it is the initial index. IVTien using the C and D scales, the intiM 
index is the left end of the C scale for all operations. The gradu- 
ations begin at the initial index and have increasmg values as 

the final index is approached. 

When the slide is in the position shown m Fig. 4, it is said that 
the initial index projects and a change must be made tn the cAoroc- 
teristic. The initial index never projects unless such a change 


should be made. j 

Rules for Locating the Decimal Point When Using the C and 

D Scales.—!. Note the position of the imtial mdex as soon as 
each new term in the problem has been set on the rule 
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2. If the initial index projects, add 1 to the logarithmic 
characteristic of the term which caused the index to project. 
Thus, for multiplication, add 1 to the logarithmic characteristic 
of the multiplier which caused the index to project. The 
characteristic of the answer is the algebraic sum of the character- 
istics of the terms plus the “added characteristics.” For 
division, add 1 to the logarithmic characteristic of the div'isor 
which caused the index to project. The characteristic of the 
answer is the algebraic difference of the characteristics of the 
divisor and dividend. 

3. When the initial index does not project, make no changes in 
the characteristics. 

4. For continued operations, note the position of the 
index as soon as each new term is set on the rule, and record 
any necessaiy addition to the characteristics at once. 

Sequence of Operations. — While becoming familiar with t.his 
method, the beginner should form the habit of going through the 
following steps in hi.s slide-rule work: 

1. Set the work up in a suitable form for a slide-rule compu- 
tation. (See examples below.) 

2. Indicate the logarithmic characteristic of each term some- 
where close by. (Just above the multipliers and below the 
divisors is convenient.) 

3. Note the position of the initial index as soon as each new 
factor is set on the rule. 

4. Record the “added characteristic” if the initial index 
projects. 

5. Determine the characteristic of the answer. 

Multiplication. 

Example 20. Multiply 36 by 0.0004. 

1. Set the work up in a suitable form. 

2. Indicate the logarithmic characteristic above each multiplier. 

+ 1 

+1 —4 +1 -4 + 1 = _2 

(36)(0.0004) = 0.0144 = 1.44 X 10"* Ans. 

^®f®*ring to Fig. 4, it is seen that the initial index projects. 

4. Hence 1 must be added to the characteristics. 

5. Adding the characteristics gives 1 - 4 + 1 = -2 as the charac- 

accordtog w thia 
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Division. 

Example 21. Divide 0.512 by 800. 

1. Set the work up in a suitable form. 

2. Indicate the logarithmic characteristic above the dividend and below 
the divisor. 

^ ^ 3 _ ^ 

= 0.00064 = 6.4 X 10-« Arts. 

oUU 

+2 

+1 

3. The initial index projects. 

4. Hence 1 must be added to the characteristic of the divisor giving 
2 + 1=3. 

5. The characteristics of the divisor are subtracted from the characteristics 
of Ihe dividend giving — 1 — 3 “ — 4 as the characteristic of the quotient. 
The answer is now pointed off according to this characteristic. 

Mulliplication and Division. 

Example 22. Solve ^ = 7.2 X lO"* Arts. 

6 

+ 1 

Place the characteristics above the respective numbers of the numerator 
and below the respective numbers of the denominator. Place the haiiiine 
over 3 on the D scale for the first number of the numerator. Slide the 
C scale until 6 is under the hairline to make the division. Since the initial 
index projects, add +1 below the 0 of the denominator. Next ^de the 
hairline over 144 on the C scale. Since this caimot be done, the initial index 
IS moved to the same point on the D scale that the fina l index was located. 
Now the hairline can be placed over 144 on the C scale. The initia l index 
does not project, so no characteristic is added. The answer is now found on 
the D scale under the hairline and is 72. The characteristic of this answer is 
obtained by adding those of the numerator and subtracting those of the 

denominator, thus 

(-4 + 3 ) - (0 + 1 ) = (- 1 ) - (+ 1 ) =* “2 

The answer is then 0.072 or 7.2 X 10”* 

As another example, let us solve 

+1 ^ 

r256) (0.0008) (0.0012) _ , ^ y. m-i Arts. 

(0.0048) (3200)(96) 

-3 +3 +1 

+1 +1 

Hace the characteristics above the respective numbers of the numeratw 
and denominator. In this example place the hairline over 266 on the D 
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and dide 48 of the C scale under the hairline to divide. The initial 
frtrfCT projects; hence +1 must be added below the —3. Now slide the 
i.o;.<.nA to 8 on the C scale which is for the next number in the numerator. 
The index projects, so add +1 above 4. Next slide the C scale 

unta 32 is under the hairline. This is for the next number in Ae denom- 
inator. SincA the initial index does not project, no characterise is added. 
Now slide the hairline to 12 on the C scale for the next number in tiie numer- 
ator. The initial index does not project, so no characteristic is added. 
Move the C scale until 96, the next number of the denominator, is under the 
iialrKne- The initial index projects, so add -|-1 to the 1 below 96. The 
final index of the C scale is over the answer on the D scale and is 1666. 
The characteristic is obt^ed by adding those of the numerator and sub- 
tracting those of the denominator, tints 

(2 - 4 + 1 - 3) - (-3 + 1 + 3 4- 1 + 1) 

= (-4) - (+3) - -7 


The answer is then 


0.0000001666 or 1.666 X 10-^ Ans. 


The following problems are given to be worked on the ^de 
rule, the accurate of the answer then to be checked by the use of 
a logarithm table. 


Multiply: 

1. 296 X 265 

2. 197 X 334 

3. 486 X 361 

4. 87.6 X 7.12 
6. 1.91 X 0.629 

6. 0.0534 X 0.00617 

7. 967 X 0.000316 

8. 41,900 X 264^000 


9. 462 X 0.00091 

10. 17,900 X 264,000 

11. 0.49000 X 0.00017 

12. 0.00042 X 0.0000084 

13. 897,000 X 0.000063 

14. 11,100 X 99.9 
16. 191.00 X 919,000 
16. 0.00000013 X 798 


In each of the above problems, divide the first number by the second 
number. Then extract the square root of the second number. Then 
square the first number. See answers on ps^ 317. 

Suggestions in flie Use and Care of the Slide Rule. — 1. Do 
not memorize special “trick” settings. They are of value only in 
routine work where the same type of computation is used many 
times. 

2. Use fixed scales to read answers. The slide & used only for 

adding or subtracting logarithms. Acquire tiie correct method 
and stick to it. 

3. For continued operations, involving multiplication nnd 
division, take a zigzag path through the prohlem. Divide the 


first number in the numerator by the first term in the denomir 
nator, then multiply by the second term in the numerator and 
divide by the second term in the denominator. This will save 
several settings and lessen chances to error. 

4. Avoid longhand chocking^ as confidence cannot be ^ined in 
this way. If there are several numbers, take them in a different 
order as a check. 

5. Keep your elide rule clean and away from dampness. Wipe 
off the face with a damp cloth occasionally, but never use 
alcohol or strong soap, as either of these may remove the markings. 

6. Keep scales and runner properly adjusted as accurate results 
depend on this. 

Exercises 

1. 961 X 378 

2. 14.7 X 7.917 

3. 0.00049 X 7,411 

4 . 9,376 X 1,375 X 0.0006134 

6. 8,761 ^ 1,942 
1,918,000 
0.0002834 
0.0002978 
1,162 

« 962 X 6,443 
248 

^ 0.00092 X 7,134 
345 X 0.71 

10. V9^432 


11 . 

12. v^29m 

13. Va0001392 

14. ^0.0027965 

15. ^0.00039 X 6972 J 

16. 8,967*. 


17. 492* X 789* 




CHAPTER 3 
ALGEBRA 

We must study the fundamentals of algebra if we are to get 
anywhere with radio and communication principles. This 
review of algebra will consider only the fimdamental principles 
met in everyday en^neering work. Nearly all radio engineering 
involves algebra in some form. Enough of the subject will be 
treated here to enable the student to handle circuit theoiy and 
vacuum tube operation. The work presented will be as simple as 
ordinary arithmetic and should not baflBe any student desiring 
to take the subject. 

In this book algebra vrill be used to show derivations of useful 
radio equations. By this means, the student should be better 
prepared to use such equations than if he were simply given 
them to memorize. Equations can often be rearranged and 
solved for a desired term. 

In arithmetic figures are used in equations, while in algebra 
letters are used in order to express more general conditions. 

For instance, in algebra we can write Ohm’s law by the 
expression 


E = IR 


( 1 ) 


By simple algebra this same law can be written in the fractional 
equations 



( 2 ) 


( 3 ) 


In some problems one expression will be more desirable than 
the others. 

When studying timed circuits, we deal algebraically with 
Xi. = Xc, where Xj. is the inductive reactance and Xc is the 
capacitive reactance. The following equation is true for 
resonance no matter what the numerical values happen to be. 


It is 


35 


" 2tVEC 

This is the familiar equation used to determine the frequeni^ of 
resonance. If we know the inductance L and the capacity C, 
we can determine /, the frequency at which the circuit will freely 
oscillate. 

Equations. — W e have so far cited several equations, which are 
merely expressions of equality between two quantities. This 
equality is denoted by (— ), the sign of equality. In Ohm’s law 
E = IR states that the voltage E has the same numerical value 
as the current multiplied by the resistance. An equation is an 
expression having the same value on both sides of the sign of equality^ 
If this is not true, we do not have an equation but an inequality. 
The value of one side of an equation may be changed or varied if the 
other side is changed the same amount. Such quantities are called 
^‘variables.” In this case we are changng the numerical value 
on both sides but maintaining equality; hence, we still have an 
equation. We can apply multiplication, diviidon, addition, or 
subtraction to one side of the equation if we do the same thing 
to the other side. 



lUusiration of Addition, 

Given x + y = z 

Then lH-x + y = 1 + z 

If X = 4, y = 3, and 2 = 7, the above equations read respec- 
tively, “Each side is equal to 7, or (4 + 3 = 7),” and, “Each 
fflde is equal to 8 or (1 + 4 + 3 = 1 + 7).” 

Illustration of Subtraction, 

Given x + y — 3 = 2 — 3 

Substituting values 4 + 3 — 3 = 7 — 3 

Each side is equal to 4. 

TUustraHon of Multiplication, 

Given 2(x + y) = ( 2)2 

Substituting values, 2(4 + 3) = 7 X 2 

Each side is equal to 14. 
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lUnstration of Division. 
Given 


Substituting values. 
Each side is equal to 1. 


X -\- y _ z 

7 7 

4 + 3 _ 7 

7 7 


We see from these illustrations that if an operation is performed 
on one side, it must also be performed on the other, or the 
equality of the equation -vs-ill be destroyed. 

Equations usually can be TVTitten in several forms and still 
maintnm equality. This often permits us to simplifj’’ a compli- 
cated expression. Before going farther we must learn how to 
write algebraic expressions properly. 

Addition. — We may add like terms if we prefix the common 
term with the number of terms added. 


Illustrations. 


(a — i>) + (o 


X X = 2x 
ab ab ab = Sab 

!L-u!L - 

mm m 
— 6) -j- (a — 6) = 3(a — 



When no number is prefixed it is understood to be 1 of that 
quantity; thus, P means IP. 

Unlike terms must be ■written out, thus 


X -h 2/ -f 2 

and cannot be simplified. 

Subtraction. — We may subtract like terms if we prefix the 
common term to the remainder obtained. 


JUnstrations. 


4a 

— a = 

= Sa 

9xy — 

Ixy = 

= 2xy 

m 

8m 

7m 

n 

n 

n 


In the last illustration we have to subtract 8 from 1 which 
leaves —7. 

Unlike terms cannot be handled this way. They must be 
written out; thus, 4x - y cannot be simplified. However, the 
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expression can be rearranged, giving — y + 4x, mtiiont ebaiigiiig 
its value. 

Positive and negative number rules, as already ^ven, will 
always hold true in algebra. What is called algebraic addition ” 
takes into account all signs and may in some cases actually 
involve subtraction. 

As an illustration, the impedance of a circuit can be expressed 

Z* = JJ* + Z* (5) 

where R is the resistance, X is the reactance, and Z is the imped- 
ance. EIxtracting the square root of both sides, we get 

Z = y/R^ + Z* (6) 

In this form we can solve for the impedance, while in the 
original equation we had to deal with the square of the impedance. 

If this circuit contained inductive reactance, Xl, and capad- 
tive reactance Xc, this expression can be written 

Z - Vfi* + (Xx - Xc)* (7) 

In this case the capacitive reactance must be subtracted 
from the inductive reactance and then the quantity squared 
before being added to the square of the redstance to obtain the 
square of the impedance. 

We see that the algebraic language in the above equation is 
very dear and dmple in comparison with the expression of the 
relationddp in a sentence. The exsLCt and simple statement of 
relationshix>s is one of the main objectives in mathematics. 

Multiplication. — ^We may multiply like terms by raising the 
like term to the power corresponding to the number of tenns 
multiplied. 

lUustratians. 

NXNXN-=^N^ 
ab Xab = (a6)* 

We may indicate the multiplication of unlUce terms by simply 
writing the terms to be multiplied in succesdon with no dgn 

between terms. 

lUustraUans, — To multiply I, the current, by H, the resistance, 
to obtain the voltago, X, we write 

E^IR 
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As another illustration, for resonance, 



c 


but Xl = where w is the angular velocity in radians per 
second and L is the inductance in heniys, and Xc = 1/coC where 
C is the capacity in farads. Since things equal to the same thing 
are equal to each other, we can write 



or, multipl^dng both sides of the equation by w, we get 



1 ^ 

C 


Now, if we multiplj^ both sides by l/i, we get 


but 

so 



Multiplying through by 



we get 


^ (27r) ^LC 

Now, if we take the square root of both sides, we have 


27r y/LC 

which is the familiar equation to determine the resonant fre- 
quency of a circuit. 

In this development we have had several occasions to multiply 

u nlik e terms such as co X Lj written simply coZ/. Several times 

we have multiplied both sides of the equation by the same thing 

so the equation must still hold true. Then in the last step we 

took the square root of both sides to get the answer in a familiar 
form. 



ufl now Apply the Above niks 
AH illustration. 


BMW prnblwiM 


2ade X 3o&e « Ga^hde* 

^ numerical eoefficienU 2 and 3 am 
i^Uphed to get 6. Then we have a X a ^ a* and e X c « c* 

The d and 6 must appear in the answer beeause they are 

te^, and hence the muhipKcation can only be indicated. 

trat^-**^^ ^ reasoning is applied to the foOowing iDu»> 

(5z|ft) s» 2QbExaryyyyee 

It wffl be noted that the theory of exponents eomes into play 

here; that is, when like terms are multiplied their exponents are 
added. 

A pair of parentheses indicates one Quantity. If we jA^w M 

have (4o*6)» it would mean that every unlike term in the quantity 
must be raised to the third power, thus getting 


4»(o*)»h 


64a%* 


An CTponent foUowing a letter refers to that letter only. 
For example, xy* means that only the w is raised to the second 

power. If we want the X also raised to second power we must 

nr (xy)*, which are the same and xzyy. 

So far we have dealt with smgle t^ms. We must learn how 
to deal with quantities with more than term 


IBusiralions. 


abe 

a — he 
a + 6 


(sini^ term) 
(two terms) 
(three terms) 


This illustration shows that several terms in a quantity are 
grouped togeriier by plus and mimia wi gna. One quantity 
mulliplied by another quantity, as (a + &) multipUed by can 
be expressed c(o -f- 6) and if multiplied out gives ea + db. 
This shows that cock term in the quaniiiy must he midiipiied 
individuoOy , To multiply more com pKea t ed quantities where 
the answer is not so evident, the following method is suggested: 
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a + & 

c multiplier 
ac he answer 

As another illustration, 

c{ah cd — e^) = ahe c^d — ce* 

To show this a6 + cd — 

c 

abc + c^d — ce^ 


After the multiplication has been performed there are still 
three terms, but the parentheses have been removed, and the 
multiplication by c has been indicated in each term. 

Careful attention must be given to the signs when multiplying. 
The following rules are, therefore, important to keep in mind. 

1. Multiplication of terms with like signs gives a plus product. 

2. Terms with unlike signs give a minus product. 


Illustrations. 

+ y) = xz yz z(x — y) = xz — yz 

—z{x + y) = —xz — yz —z{x — y) = —xz + yz 


The application of these rules can be extended to expressions 
having more than one term, as illustrated by the following: 

+ y){x + y) = 2xy + 1/2 


To show this 

{x + y) multiplied by x 
(x + y) multiplied by y 
Adding 


X y 

X -{■ y 
x^ + xy 

+ xy + 

+ 2xy + y2 


+ 2/)(x — y) = z2 _ y2 


total product 


To show this 


X + y 


(x + y) multiplied by x 
(x 4- y) multiplied by — y 
Adding 


X - y 
x2 -I- xy 


- xy - y"^ 



total product 
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To show this 


(r - unx - 


(jr - t/i multiplied by j 
(■r — yi multiplied by ->/ 
Adding 


y< = r- ~ 2xy + yi 

^ - y 

_ 

J-- - jry 

T + J/‘ _ 

~ '^y ~b y total product 


[a ci{d -i- /. ^ ad — c(i + af - cf 


To show this 


a ~ c 


{a - c) multiplied by d 

(.0 — c) multiplied by/ 
Adding 


</ + f 
ad — cd 

+ «/ — cf 

ad -- cd ai — cf 

♦ • 


total product 


In the first three examples common terms were placed in the 

same column and added, but in the last example there were no 

common terms, so the complete expression had to be written out. 

articular care must be taken to keep the signs of the individual 

tern^ correct. If the student follows this procedure, ver>- little 

trouble should be experienced, because each step in itself is 
ver^^ simple. 

Division.— To reverse the above process, the law of exponent^ 
IS readily applied. 


lUu^tratiojis. 


r 

= C’ = 1 

(■ 

C’ 

cccc 

c- ~ 

cc ~ 

abc- 

_ abcc 

be 

be 


= r- 


= ac 


(by cancellation) 
(by cancellation) 


The first illustration is an important one to remember. .\s 
mentioned in the previous lessons, any quantity raised to the 
zero power gives 1. In the second example the two C’s in 
the denominator canceled the two C’s in the numerator, gi^nng 
1 to be multipHed by C\ but to simplify, the 1 is dropped in the 
answer and it is understood that the coefficient of C- is 1. The 
1 is used only when there are no other factors in the product. 

The dndi^ion of unlike terms must be indicated because thev 
cannot be further simplified. 



Illustrations. 
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X 1 E 

R 4ir‘^LC I 

As in multiplication, if a quantity is to be divided by a term, 
each term in that quantity must be divided by that term. As 
an illustration, 

+ + x^z ^ ^ ^ ^ 

X 

In this illustration the division could actually be performed, 
but when there are imlike terms the di\’ision must be indicated. 
To illustrate, 

afc + cd , . cd 


The second term in the numerator did not contain a, so 
the division was indicated. 

Reciprocals. — Reciprocals are very convenient in problems 
involving fractions. As shown before, the reciprocal of 10 is 

Ho = 0.1. 

Extending this principle, we get illustrations like the following: 


The reciprocal of y is that of Ho is 

y Ho 


10, of - is 

X 1/x 


= X 


Instead of di\dding by a number, multiply by its reciprocal. 
To illustrate. 


1. 

y _ 

\/x 

X 

y ^ = yx 

2. 

I 

100 

^ Goo) ~ 0.017 

3. 

xy + zy 

{xy + zy){x + z) 

y/(x + z) 

y 


= (x + z){x + z) 
= + 2xz + z^ 


Removal of Parentheses. — A single pair of parentheses can 
always be removed from an algebraic expression. In case the 
sign before it is plus, no change is necessary j but if a minus is 
before it, the sign of all the terms ^dthin it must be changed. 
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IUusiralton&. 


® + (6 erf) 

a (—5 + erf) 


a + 6 — erf 
o + 6 — cd 


changed in the first illus- 
tion, but beca^ of the native sign in the second iUustiation 
brfore the parentheses, the signs between them had to be 
when they were removed. 

Fairing.— Already, in division, some factoring in effect has 
done. For example, we wish to remove a from within the 
foUowing parenthesis without changing the value of the quantity. 

(ax + 6^* — cxy) 

*• t^ * appears in each term, we can divide each term by 


az 


= a 


is the way the first term is handled. Applying this to each term. 


ax + 6^ — cxv ... 

o + 6^ - 

^oe z is now divided out, 

ax + 6V — cxy 9^ a + IA: ~ qf 

lliis unequal sign, s^, means that one side is not equal to the 

other side. To make it equal we must multiply the li^t-hand 
side by x, thus 

ax + b*x* — cxy = x(a + b*x — ey) 

Pnm multiplicatimi we see that if * is multiplied by the 

quantities in the parenthetis, the left-hand side of the equation 

is obtained. So, factoring is really the reverse of multqilicatian. 

It is usually done to obtain a dedred result which will be Ohis- 
trated later. 

&^titutiiig Terms. — ^Torms may be substituted in an equation 
provided each term substituted has tire same value as tiie term 
it reffiaces. To illostcate, the formula for the velocity is 

X/«e 
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Now in the equation, / 


1 

S’T v'LC 


we can substitute for f and 


have 


£ — ^ 

^ ~ 2x ViC 


Complex expressions are often simplified by substitution 
when several operations are to be performed, thus sa\'ing the 
labor of wTiting the whole expression out each time. The 
impedance of an alternating current circuit can be expressed 

z = yja-- + (2rfL - gA ) ’ 

This can be simplified by making the following substitutions: 


and 


which give 



z = VR- + (Xz. - XcV- 

Xow if we let X = Xl — Xc we can simplify still further and 
have 


Z = V-ff- -h A'2 


In this case we assume Xl larger than Xc. U Xl were smaller 
than Xc, the value of X would be negative, but X multiplied bv 
itself, X^, would be positive. This means that the assumption is 
not necessary' to get the correct answer. 

Solving Equations. — ^AU the necessary theory has now been 
covered to solve equations. Summarizing, these rules are 

1. The ^me quantity can be added to both sides of an 
equation, without destroj'ing the equality of the equation. 

2. The same quantity can be subtracted from both sides of an 
equation, without destrojdng the equality of the equation. 

3. A term can be transposed from one side of an equation to the 
other, if sign is changed, without destrojung the equalitj* of 
the equation. (This is a result of Rules 1 and 2.) 

4. If aU the stgnc in an equation are changed, the equality of 
tbe equation will not be destroyed. 
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0 . Both side* of an equation can be multiplifd by the same 
quantity without destro\-ing the equality of the equation. 

6. The same quantity can be divid'd into both sides of an 
ec}uation. without destroying the equality of the equation. In 
other words, terms can be canceled. 

1. Both sides of an equation can be rahrd to the same povfr 
without destroying the equality of the equation. 

8. The reciprocal of one side of an equation Ls equal to the 
reciprocal of the other side. 

9. Both sides of an equation can have the same root extracted. 
without destroying the equality of the equation. 

10. Terms in an equation can be replaced bv terms that are 
equal in value. 

To solve or evaluate an equation we use the above rules in 
order that the term for which we are solving can be placed on only 
one side of the equation. With all other terms of kno\\-n value on 
the opposite side, we have a solution and thus know the value of 
the unknown quantity in terms of known quantities. The usual 
practice is to arrange unknown terms on the left-hand side of 
the equation and all known terms on the right-hand side. 

For example, E = IR is an expression of Ohm’s law. If 
1 = 8 and /? = 6, we can replace I and R by the values they 
equal and then solve for the unknown value of E. thus 

E = (8) (6) = 48 

Sometimes an algebraic equation is indeterminate; that Ls, it 
cannot be solved as explained above. To illustrate, 

IX L = 2r/Z/ 

where L = 30. 

/ = 60. 

2r = 6.28. 

A'l = 11.300. 

f 

Substituting 11.300/ = (6.28) (60) (30)/ 

11,300/ = 11,300/ 

I = I 
1 = 1 

In such cases as this it is not possible to place the unkno^ms on 
)ne side of the equation and the knowns on the other side; there- 
ore, no solution is possible. 
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Illustrations of the Use of Above Ten Rules. 

Given x — y = z 

add A- y — y (Rules 1 and 3) 

X = z A- y 

To make this perfectly clear, let x = 10, y — S, and z = 2. 
Then, substituting, 



10 - 8 = 2 


or 

10 = 2 -h 8 


Now, use Rule 2 and subtract x from each side of the equation 

Given 

X — y = z 


Subtract 

A-x = A-x 


giving ^ 

Substituting, 

—y — z — X 
-8 = 2 - 10 


This is seen to be true. 
Changing all signs, 



or 

y = —z A- X 

8 = -2-1-10 

(Rule 4) 


This also is true. 

Even though the value of both sides of the equation is changed 
in each of these cases, the equality is not destroyed. 

For an example in multiplication and division we have the 
general form of Ohm’s law, 



E 

Z 


It is desired to solve for the voltage E. Multiply both sides 
by Z, giving 

~ ^ (^) (Rule 5) 

On the right-hand side, ~ (Z) = ^ = E 

^ Zi 

But we want E on the left-hand side so we turn the equation 
around and have 

E = IZ 


(the solution) 
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Now let US solve this equation for Z. 
/ gives 


By canceling I , 



IZ 

I 



Dividing both sides by 


(Rule 6) 


As abo\ e, turning the equation around gives 



(the solution) 


As another illustration, the Q of a circuit is given by the equation 

If we know the Sgure of merit Q, the frequency/, and the resist- 
ance Rj e can solve for the inductance L as follows 


^ R 

Multiplying both sides by R removes the denominator on the 
right-hand side, thus 

RQ = ^irfL 

Dividing both sides by 2x/ transfers the 2x/ from the right side of 
the equation to the left. Thus 


RQ _ T 

2x/ 

Then, by turning the equation around, 



(the solution) 


Suppose we wish to find the plate resistance (Rp) in a vacuum 
tube from the following equation : 


A _ 

R + Rj, 

Clearing of fractions, by multipl 3 *ing both sides by the denomi- 
nator on the right side, giv'es 

A{R -f- Rp) = nR 


ALGEBRA 


49 


Removing the parentheses and multiphdng each term inside 
them by .4, we get 

A-R “h ARp = yiR 
Subtracting AR from both sides, 

ARp = jiR — -422 

Di\dding both sides by 4 , 

^ _ M/e - AR 
Rp 

This is the required solution for Rp, 

The procedure of remo\dng the denominator and clearing of 
fractions, showm above, is one of the most useful in sohdng 
equations. TMien any equation with fractions is to be solved 
thev should be removed b}" this means. 

«r 

The last step is also important, for the desired term is often 
multiplied by other known factors. In such cases dividing both 
sides of the equation by this knowm term will leave the unknow n 
alone on the left-hand side and give the desired answ^er. 

Solve the above equation for R. 

4 _ 

R + Rp 

Clearing of fractions, 

A{R + Rp) = 

Removing the parentheses, 

A/2 -h ARp = fiR 
Subtracting AR from both sides, 

ARp — m/? — AR 

Factoring the right-hand side by dividing through by R and 
multipl>ing by /?, 

Turning the equation around to get R on the left-hand side, 

/?(m — 4) — ARp 
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Dividing both sides by (/* — il), 

R = 

It — A 

^ Solving for R was sli^tly more complicated but each step n 
Itself was quite simple. The student should write out each stei 
when solvmg problems untU the procedure is thorou^y under 
stood. If the steps are written out in detail, Tnisfa^ir^ ^ 
less likely to occur. 

In an alternating current drcuit. 


/ 


E 


VR* + Z* 


To solve this equation for Z, proceed as foUows: 
Clea ri ng of fractions and turning tiie equation around. 


Dividing by I, 


E = I y/R* + Z* 


E 

I 


VR * + Z* 


Squaring both sides (Rule 7) and turning the equation around. 


R* + Z* = 


Transposing R* (subtracting R* from both sides). 



Z* 


E 

p 


R* 


Reducing to a common denominator. 




Extracting the square root of both sides (Rule 8), 




VZ* - RH* VZ» - R*/* 

X = 7= = — = 

Vp ^ 


Tbe student should become familiar with these proeesses,and 
be idde to prove such problems. To prove this problem, take 
the answer and solve for I. 
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^ ~ 1 

Clearing of fractions, 

IX = Ve^ - 


Squaring both sides to remove the radical, 




Transposing I^R^, 


I^X"- + I^R^ = E'^ 


Factoring /*, 


D{X^ + R'^) = E"^ 


Dividing by (X* + /?*), 


/2 = 




X* + R"^ 


Extracting the square root of both sides by rule 9, 



E^ 


Ve 


E 


/e* + X* y/Ri + X2 y/R-t + X 


Which is the original equation and indicates that the solution is 
correct. 

Another help is to substitute known values in the equation 
and prove the answer is correct for a particular case. If it is 
true for a particular case, it ANill likely hold in the general solution. 
Thus, let = 100 volts, i? = 8 ohms resistance, and X = 6 
ohms reactance. 

Then 



E 

vr^ + X* 


100 


100 

V64 + 36 


100 

10 


= 10 amp 


Substituting these values in the answer and solving for X give 



VE^ - I^R^ 

1 


VlOO" - (10)*(8)2 

10 

_ V3,600 
10 


V 10,000 - 6,400 

10 


60 

10 


6 ohms reactance 


This checks the value given above. 
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In case the student may not know when to square or when t 

extract a square root, it may be helpful to rem^ber tha 

X - so if X* is ^ven, extract the square root to ge 

X and if y/X is given, square the quantity to get X. Of corns 

rules 7 and 8 must be remembered when performing thes 

operations on equations. Both sides of the equation must b 
treated alike. 

In the equation, 

Xi = Xe 

we know that 


Xi = 2atfL and 



Therefore, by substituting as pointed out in rule 10, we can wrih 



^•*+y=a-~5. Find y, 6. 

2. az + hy ^ cz ^ R, Find 6, z. 
S. RST = XF - JQ. Find S, Q. 

=ab. Fmd z, y. 


6 . 


z 

X + y 


~ a + 62 . Find 


z 

x-y 

X + T 


6 . — ~~ — az + c. Find y, o. 


7. = ^Q- 

8 . — ^ Z ^ Knd T, S. 


9. 


X 

T* 


T 

R -SP 


X + Y 


Find T, P. 


10 . xy* + z — Vo'+T. Find a, y. 

^ FindE. 


11 . I 


R+JX 


12. i ^ Find C, Cu 

IS. L = - j; ' °***--. ■ Find a, n. 


14. e 


9a + 106 
AT 


I X 10* 


Findf. 


16. IF = Find /. 

4.187 
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16. F — 2xr ~ Find r. 

17. T = 2i, \ ^r Find H. 

’ m// 

18. K = -^L=- Find Lu 

Vl.l, 

19. Rt = Ro{l -h aO- Find i. 

20. X = 1884 VTC. Find C. 



CHAPTER 4 


GEOMETRY 

This lesson will be concerned with the study of the right 
triangle. Conventional geometry' as given in high school is not 
touched upon in this lesson. All the student need remember 
from high-school geometrj' is how to find the h3’potenuse of a 
right triangle if the two legs are given. 

In studj-ing electrical engineering, it is often desirable to add 
voltages and currents that are not alwaj’s in phase. These 
voltages and currents can be represented bj’’ means of vectors 
and added bj’’ means of geometric addition. 

Arithmetic addition concerns itself with adding positive num- 
bers onlj'. Graphically, this means that onl^' numbers from the 
origin out along a positive axis can be considered. This permits 
the addition of vectors in onlj* one direction. 

Algebraic addition concerns itself "with adding both positive 
and negative numbers. Graphically', this means that all num- 
bers on a straight line through the origin can be handled. This 
number sy'stem is twice as large as that of arithmetic addition. 
This permits the addition of vectors acting in the same direction 
or in exact opposition. 

Geometric addition concerns itself with adding vectors in a 
plane and hence has generalized algebraic addition much as 
algebraic addition has generalized arithmetic addition. 

A vector is a quantity' which has both magnitude and direction. 
Quantities such as dimensions, weight, and temperature have 
magnitude only'. Quantities with magnitude only' are called 
“scalar quantities.” Quantities such as displacement, velocity', 
force, voltage, current, and impedance have direction in addition 
to magnitude. These quantities are called “vector quantities”; 
they' are represented by' directed lines called “vectors.” The 
length of the line represents the magnitude, and the line is 
drawn in the direction of the vector. An arrow on the end of 
the line indicates its sense. 
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Arithmetic Addition. — ^Let us consider a force vector A = & 
pounds, and another force vector 5 = 8 pounds, acting in the 
same direction on point 0 (the origin), as illustrated in Fig. 5. 

0 A=6 B=S 

A-bB=14 ^ 

Fig. 5. — Arithmetic addition of vectors. 

In this case arithmetic, algebraic, and geometric addition are 
the same. The point 0 is acted on by the total force, 

^+5 = 6 + 8 = 14 pounds Arts, 

Example 1. An automobile going east is stuck in the mud. A tractoi 
coupled to the front of the automobile exerts a pull of 400 lb. If the car is 
able to exert an aiding force of 300 lb., what is the total force, acting in an 
easterly direction moving it out of the mud? 

Solution^ Let A — 400 lb., the tractor force. 

B = 300 lb., the auto force. 

C - A + ^ = 400 + 300 = 700 lb. Ans, 

Algebraic Addition. — Now let the force A act in the opposite 
direction as shown in Fig. 6. The resultant force is in the direc- 
tion of vector B. That is, A + B = -6-h8 = 2 pounds. Am. 

A--e 0 B=S 

1 > — >. 

A+.5=2 

Fig. 6. — Algebraic addition, of vectors. 

Since A in this case is a negative quantity, arithmetic addition 

does not apply in this case, but algebraic and geometric addition 
do apply. 

Example 2. If the tractor is connected to the back of the auto in Exam- 
ple 1, determine the total force acting on the auto in a westerly direction 
Solution. C = A + B = -400 + 300 = -100 lb. Ans. 

Geometric Addition.— Now let the force ^ = 6 act at right 
angles to the force 5 = 8 as shown in Fig. 7. ^ 

Since vectors A and B are not in the same straight line, neither 
arithmetic nor algebraic addition applies, so we must rely upon 
geometric addition in this case. Our common sense tells us that 
mth these forces acting on the point 0 it will tend to move in the 
direction of both forces A and B and the resulting movement 

* The complete expression for a vector will be given later, see n. 80. 
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will be in a direction somewh^e between vectors A B. 
If vectors A and B were of the same magnitude, the lesnlting 
movement would take place halfway between the two vectors, 
but since vector B is greater than A the movement will be in a 
direction nearer to the direction of vector B th5m in the direction 
of vector A, 


Geometzic sum of 



Flo. 7.— Geometric additioii of veciocs. Fio. 8. — Geome^c addition of 'veetom 

by completing the lectangle. 

The geometric sum of vectors A and B is obtained by com- 
pleting the parallelc^ram (rectangle, in this case) and drawing 
the diagonal from the origin O to the oppoate comer. This 
diagonal the parallelc^ram is in the correct direction and has 
the correct length to represent the geometric sum of vectors 
A and B. Figure 8 illustrates this geometric addition. The 
geometric sum of A + ^ is the hypotenuse of a ri^t trian^e 
made up of vectors B and A as the two sides shown in Fig. 9. 


Resaltant=hs^teiia3e = 
Geometrie sum of A+B 


B= base=aide 

Fig. 9. — Geometrie addition of vectors Iqr nring the li^t t rianrje . 

Figure 8 ^ves the same result as Fig. 9, but Fig. 9 gives the 
true vector triangle for addition geometricsJly. Vector A can 
be moved from its position in Fig. 8 to its position in Fig. 9 
without altering its magnitude or direction and therefore is the 

same vector. 

The hypotenuse o/ a right trUmgJe is equal to the square root 
of the sum of the squares of the other two sides. 

If C is the hypotenuse with A and B the two aides, then 



C= VA* + B* 



Applying this base prinmple of geometric addition to the above 
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illustration we find that the magnitude of the resultant in terms 
of the magnitude of the sides is* 

Resultant = v^l^l* + |R|* = •>/ 6* + 8* = \/36 + 64 

= vioo = 10 Ans. 

Then the total force acting on the point O is 10 pounds and 
will be in the direction of the resultant vector + R as shown 
in Fig. 9. Note: “A + R” in this case means geometric addition 
and is equal to 10 instead of 14, the algebraic sum of the magni- 
tude of A = 6 and R = 8. 

The hypotenuse of a right triangle must always be longer than 
either of the other two sides. It is always the side opposite the 
right angle (90 degrees) in the triangle. 

Example 3. If the tractor is connected to the side of the automobile of 
Example 1 and pulls due north, determine the magnitude of the force acting 
on the automobile in a northeasterly direction. 

Solution. 

|C1 = V\A\* + |B|* = \/400* + 300* 

= \/l60,000 -f 90,000 = V250,000 
— 500 lb. Ans» 

Parallelogram Law. — ^This law is the fimdamental principle on 
which it is possible to determine the effect of a group of vectors 



10. — Semicirciibur protractor. 

(forces). The law states that the resuUunt of two vectors (forces') 
which act at any angle upon a rigid body, or point, is represented in 
magnitude and direction by the diagonal of a parallelogram, the 

* The vertical bars placed on both sides of A and B are used to denote 
magmlude only of the quantity between them. 
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sides of which represent the magnitude and direction of the two 
vectors (forces). The diagonal repiesenting the resultant starts 
from the comer where the two vectors start and extends to the 
opposite comer. The parallelogram is constructed hy drawing 
lines through the end of each vector parallel to the other vector. 
Usually dotted lines are employed. The end of the resultant 
will then be at the point where tiie dotted lines intersect. The 
angle of the resultant can be determined by means of a pro- 
tractor as shown in Fig. 10. 


magnitude 



Fio* 11. — Geometric 
▼ectors by completing 


between them is 90 d^rees as diown in 
Fig. 11. Determine the direction and 
magnitude of the resultant. 

Sdutum. Firsts always draw a vector 
diagram^ to scale, of the given relations, 
in this case vectors A and B, 

Second, complete the paraDelc^ram by 
means of dotted lines as shown in Fig. 11. 

Third, draw the resultant vector, i2, 
from the intersection of the two vectors 
to the intersection of the two dotted 


les. This is the desired diagqnal of the parallelogram 
Fourth, calculate the magnitude of the resultant, thus 


\R\ - VlAl» + |B|* 

In this 

|5| = V(7-07)* + (7.07)* 
= VSO -1-50 
= VWO = 10 Atu. 


Fifth, measure the an^ of the resultant, which in this case is 45”. Ans. 

The above example is of special importance. When two equal 
forces act at ri^t angles to each 
other the resulting movement is 
halfway between them, that is, 45 
degrees hrom either force. 

For a general case, let us consider 
vector A and vector B with an 
angle of $ di^rees between A and B 
as shown in Fig. 12. 

From the parallelogram law, the resultant vector R in Fig. 12 
is the geometric sum of vectors A B. But A and B cannot 



Fzo. 12. — Geometric addition 
of vectors by oomjpletiiig the 
parallelogram* 



GEOMETRY 


59 


be added as in the above example, since the^’^ are not at right 
angles. Such problems can always be worked graphically but, 
since it is seldom convenient to do so, the necessary mathematics 
will be given to handle them analytically. Since geometric 
addition depends upon right triangles, this problem must be 
broken up into right triangles. 

Resolution of a Vector, — So far it has been shown that two 


vectors can be added to get the resultant vector. The reverse 
of this process — namely, the resolution of a vector — is also cf 
great importance. Taking a horizontal line, called the x-a\is, 
and cutting it at right angles by a vertical bisector, called the 
2 ^-axis, gives us a basis on which to work to resolve the vectors 


into other vectors at right angles to each other. In Fig. 12 


the vector A is dra\^Ti acting on the point 
O, called the origin, where the t/-axis 
intersects the x-axis. Dotted perpen- 
dicular lines are drawm from the extreme 
end of vector A to the two axes. The 
dotted lines that are perpendicular to 
one axis are parallel to the other. The 
dotted perpendicular to the x-axis in 
Fig. 13 marks oflF the vector on this 
axis and the dotted perpendicular to the 



Fig. 13.— Resolution of 
vector A into its x and y 


V-axis marks off on this axis. It can 


b© S66n that Ax and A^, being at right angles, can be added geo- 
metrically to obtain the diagonal vector A which is the resultant 
of their sum. That is, the magnitude of* 


I^I = + A* (2) 

These vector forces Ax and A, are known as the “vertical” 
or “y-component” and “horizontal” or “^-component ” of A. 

The vector A can then be replaced by vectors Ax and acting 
at right angles to each other.* 

Similarly, vector B of Fig. 12 can be drawn from the origin 
O as shown in Fig. 14 and be resolved into its components Bx 

*■^6 components Ax and A. are also vectors; hence, by rights, they 
ohould be exprrased as magnitudes |A.l and \A,\ in this equation. For the 
sake of sunplicity, however, and where it will not cause confusion, these 
comiwnents which Imve their direction specified by the subscript will be 
Wiiiten without vertical bars to designate magnitude. 

* The subscripts are used here to designate the direction of the vectors. 
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along the honzontal or x-axis and along the vertiGal or y-axLs. 
N ow we have in place of B its components Bx and B^ which ate at 
right angles and can be handled in geometric addition. In this 
case, the magnitude of vector B is 


|B1 = + 


(3) 


To solve the general case as iDustrated in Fig. 12 we can com- 




bine the results of Fig. 13 and Fig. 14. 
We add algebraically the vertical or 
2 ^>axis components to get the total jf- 
component and the horizontal or a>-aris 
components to get the total a^ompo- 
nent. The geometric sum of the total 
Sf-component and the total x-component 
^ves the same resultant as was ob- 
tained by using the parallelc^ram law graphically. That is, the 
magnitude of the resultant 



Fko. 14. — ^Resoliitloa of 
vector B into its x and y 
components. 


|K| = V(il- + B,y + {A, + B.)* 


(4) 


The combined results of Fig. 13 and Fig. 14 are shown in 
1^. IS. It should be noted that these components must be 



Fko» 15b'— Geometrio nddittcaA of tlie A and B oon^ponoota to determine the 

fesnltaai vector £. 

added a^^e&nneaB}^. Forinstanoe, in Ilg. 15, iiy must be actually 
sobtrected arithmetically from B^ to obtain ihrir algebraic sum, 
-f* B. because is a negative number, l^ustanoes measured 
to the ri^t of the ori^ O mr the «-axis are podtive and those 
measuied to the left are negative. Distances measured up from 
the O on tiie p^oas are podtive while those measured down 
are ne^live. Ihe resultant vector B fomiB the Iq^pot^niSB 

with ddes of length Am + B.and Am -f ^ ‘ 


V 
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By using the x-axis and y-axis as a framework or reference 
S 3 rstem, it is possible to determine accurately not only the 
magnitude of the resultant but also its direction. The direction 
is usually expressed in degrees measured from the positive 
a;-axis in a counterclockwise direction. Figure 16 plainly 
illustrates four examples. 



Fio. 16 . — Vectors in the first, second, third, and fourth quadrants. 


Since the resultant of two vectors can be added to another 
vector geometrically, it is possible to add any number of vectors 
geometrically by the above scheme, liet us consider vectors 
A, B, and C, as shown in Fig. 17. Resolving these vectors into 
their respective components gives A„ Ay, R., By, C,, and Cy 
along the two axes. As and Cy 


R.- 


B 


Ar^ } 


X 


are the only negative components, Y 

and hence they must be subtract* 

ed from the others when added 

algebraically. The horizontal |\ Ii-B 

components along the x-axis give 

■4* + R* + Cx and the vertical j X 

components along the y-axis gives ' ””” 
Ay By A- Cy. In writing the C 

algebraic expression all signs are — ®®®™«tric addition oi 

positive but, as in this example, ** vectors. 

when numerical values are substituted some of these terms {A, 
and Cy) be negative. The geometric sum of vectors A, B 
and C is given by the resultant magnitude of vector R, thus * 


■ — Geometric ai 
three vectors. 


1^1 - ViAs + Bs+ Cs)^ + (Ay + By+ Cy)‘ ( 5 ) 

This scheme can be extended to add geometricaUy any number 
of vectors. We must remember that each vector must be resolved 
Its two components along the x-axis and the y-axis. Vectora 
<mg the axis in the same direction are added arithmetically 
and those m the opposite direction are subtracted. To illustrate. 
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if the magnitude of A* = 6, J?* = —8, C* = 4, and Z), = — 1 aie 

the components of A, B, C, and D along the x-axis, the algebraic 
sum ^ves the magnitude 

-d. + + C. + D. = 6 - 8 + 4 - 1 = 1 

These vectors are shown in Fig. 18. 





Ab) 



Fig. 18 . — Algebraic addition of four vector components along the x-^uds. 


In order to classify the directions of vectors acting on a point 
the circle is divided into four quadrants as shown in Fig. 19. 
This is easier than stating the angle in degrees between the 
vector and the base line (positive x-axis). The first quadrant 
extends from 0 to 90 degrees, between the positive y~axis and 
the positive a>-axis. The second quadrant extends from 90 to 
180 d^prees between the positive y-axis and the negative x-axis. 
The third quadrant extends from 180 to 270 degrees between the 


T 

Second Quadrant 

180* / 

90* 

First Quadrant 

A 0- X 

1 

J 360" 

Tlurd Quadrant 

PourCh Quadrant 


270* 


Fxo. 19. — The four quadraats of a circle. 


Dilative x-axis and the negative y-axis. The fourth quadrant 
extends from 270 to 360 degrees between the negative y-asds 
and the poeitive x^axis. The 360 degree line coincides with the 
0 degree line or the podtive x-axis; the 90 degree line coincides 
with the pofidtive y-axis; the 180 d^ree line coincides with the 
negative x^axb and the 270 d^ee line coincides with the ne^tive 


If-axis. 

In Fig. 16^ diagram a illustrates a vector in the first qiiadzaii!l^ 
diagunm h fflustrateB a vector m the second quadiantj diflgemi 
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c illustrates a vector in the third quadrant, and diagram d 
illustrates a vector in the fourth quadrant. 


Example 5. Vectors A, B, and C have the following components; 

Az = 10, Ay = 26, Bz = -20, By = -20, Cz = 6, C, = -3. 
Determine : 

1. The components of the resultant vector R. 

2. The quadrant of each vector. 

3. The magnitude of each vector, (four-place accuracy) 

Solution. 

1. + C, . 

= 10 - 20 + 6 = -4 

Re “ + Be + Ce 

= 26 - 20 - 3 === 3 

2. ii is in the first quadrant. 

B is in the third quadrant. 

C is in the fourth quadrant, 
i? is in the second quadrant. 

3. |d| = \ /aI + Al = VlO* + 26* = 27.8 6 

|B| = y g* + Bj = y(-20)« + ( -20)* = 28.28 

jcj = Vci + Cl = Vo* + (-3)* = 6.04 
iRj = y/K + Rl - \/(-4)* + 3* = 5 


S ummar y. — ^The resultant of a group of vectors (forces, 
voltages, impedances, etc.) is obtained by the following procedme: 

First, draw a diagram showing the vectors to be added geo- 
metrically, drawn from a common point O, the ori gin . This 
diagram should represent the magnitude of these vectors to a 
convenient scale and the actual direction with their an gle 
designated. 

Second, draw perpendiculars from the extreme end of each 
vector to the x-axis and the y-axis. Mark these components 
with the vector subscribed with x or y as the nq-«»e may be. 

Third, add algebraically the x-components together and the 
y-components together. 

F ourth, determine the magnitude of the resultant by 



V z-cumponenis/ \oi y-components/ 

K one component of a vector is known the other component 
can be easily determined, for if the magnitude 

then As = y/\A\‘ - 

^9 = V\A\* - Al 


\A\ ^ y/Ai -f a; 


Al 


and 
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The leader should go through this developmeat. 
the vector and its an^e are pven, the problem must he wmhed 
out graphically with a rule and protractor by means of the 
parallelogram law. Smple trigonometry is valuable to work 
t.hifi type of problem, for by means of it the x- and y-components 
are readily obt^ed. This type of problem will be treated in 

the next chapter. 


Right triangles, 
a. Altitude = 40. 

Base = 30. 

I^d the hypotenuse. 

Hypotenuse = 7.07. 
Find the base. 

= 1.3. 

Hypotenuse “ 1.7. 
Find the altitude. 


e. Base 


5. Altitude ~ 5. 

Base = 8.66. 

Und the hypotenuse, 
d. Altitude “ 18. 
Hypotenuse = 30. 
Bind the base. 

== 678. 
Hypotenuse = 843. 
Find the altitude. 


/. Base 


foUowing €xani|de3| find the resul t a nt vector 

in whidi quadrant it lies. The Sections of the vectors are ^ongl 

axes as shown in Kg. 20. The magnitade of the vectors, if drav 
as 10 to 1 , 20 to 1 , 100 to 1, etc., on a large sheet of paper 
von to undostand the problem dearfy and solve it correctly. 


b. 


= 6, iBl = 10. 

= 14, iDl = 11. 

A\ - 49, 1^ - 99. 

- 391, iDj = 441. 
= 7.0, (b1 = 3.4. 





= 0.2, Iffl = 0.6. 

- n 1 IdI =1 O 45 Pro- 20 .— Directioii d ww- 

_ ai, \u\ «-«»- ^ emreiae piol]lem2. 

S. In each of the following problems draw a vector diagram (not 
aarily to scale) showing the varioos vectors, their component magnitudes 

mS; B. = 70.7 (vectors A and B in 
5. W |B1 - 80. B. « 60 (vectors A and B in the 

c “ 3.2.B, » L6 (vector A in first quadrant, 

d. = 3. B. = 2 (vector A in second qumtoid. 

veetor B in fourth). 



e. (.41 “ 340, .4, - 100. j/#! - IHO, li, - 80 (vcM-tor .4 in third quad- 
rant, vector H in first). 

/. |.4l - 400, .4, - 150, \H\ - .500, H, - 2.50, lr| - 300, C. - jWW 
(vector A in first quadrant, vector H in second, and vector C in 

third). 

Sole: .Ml the x- and y-components are expressed as positive nun»l>ers in 
the problems above. The actual siRn is to Ik- det« rinine«I by the student 
from a knowletlge of the quadrant in which the vector lies. 


CHAPTER 5 
TRIGONOMETRY 

In the last chapter we learned how to resolve a vector or force 
into its horizontal component along the x-axis and its vertical 
component along the y-axis. After this operation had been 
performed to each vector to be added, the algebraic sum of the 
x-components gave a resultant x-component and the algebraic 
sum of the y-components gave a resultant y-component. The 
h>-potenuse of the triangle formed by the resultant x-component 
and the resultant y-component is called the geometric or vector 
sum of all the vectors or forces added. But this gives us no 
information concerning the value of the angles in this triangle. 
We also mentioned in the last chapter a problem that had an 
angle given, but we could not solve it with the tools we then had. 

Trigonometry is the tool that deals icith the angles of a right 
triangle and their relationship to the sides of the triangle. If we 
have one angle and one side of a right triangle given, we can 
determine the other two sides and angle by using simple trigo- 
nometry'. W e can now appreciate the value of this new tool and 
how by its use we can solve practical vector problems invoB-ing 
forces, impedances, voltages, currents, etc. 

Trigonometric Functions. — Trigonometry' deals with what are 
known as “trigonometric functions” of the angle. Such a 
function is a ratio between two sides of the right triangle. 

In Fig. 21, a line is drawn through the point O at an angle a 
(alpha) with the horizontal line the x-a.xis. At some point 
Ri on this line drop a perpendicular to A'l on the x-axis. This 
perpendicular of course, cuts the x-axis at right angles, and we 
have the right triangle with sides a, b, and c. In this right 
triangle it is possible to make three different ratios of the sides, 
that is, a, b, c/b, and c/a. 

Xow, let us take some other point Rt on this line and drop 
another perp>endicular to A'j on the x-axis. In this case we have 
formed another right triangle with sides A, B, and C. It is 



TRIGONOMETRY 


67 

possible in thia triangle to form the different ratios of the 

sides, that is, A/B, C/B, and C/A. 

We coxild continue to drop more perpendiculars from this line 

to the x-axis, forming more triangles, but the results would not 
he different, so we will consider the two right triangles abc and 
ABC. K we compare these ratios it will be found that a/h is 
the same as A/B, that c/h is the same as C/B, and that c/a is the 
same as C/A. Referring to Fig. 21, we find that both sides A 
and B are straight lines. Therefore, a proportion exists such 
that if a point is moved a unit distance along the side B it mov es 
to the right a proportional amount, which if extended by a 
perpendicular to the x-axis, cuts off the proportional distances 
on the x-axis. Similarly, the movement of this point a imit 
distance along the ride B raises the point a proportional distance 



Fio. 21. — Relationship between siinilar trian^es. 


which in the above example was measured by c and C. The 
important thing to see, however, is that when these ratios are 
equal, regardless of the size of the right triangle, the correspond- 
ing angles of the two triangles are also equal. The triangles are 
said to be ‘‘similar” triangles. 

If we are given a voltage V\ and the ratio between it and 
another voltage F*, it is easy to find the other voltage. For 
instance, if Fi = 10 volts and we know that Fj is five times as 
large as Fi, then F 2 = 50 volts. Mathematically, we say 

Ratio = = — = 5 

Fi 10 

Now if we have the ratio of a to 6 equal to one third and know 
that 6 is 27, then a must be 9. Since the ratios of the sides of a 
right triangle remain fixed for a given angle, we can find the other 
rides of this triangle if we know the various ratios and one side. 

If we have any two straight lines intersecting to make some 
angle a, it is always possible to drop a perpendicular from a point 
on one line to the other and the result then be a right triangle. 
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Side 

C=6 


9r 

Adjacent Side 
A=S 

1 adjacent side 


= 0.8 
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hypotenuse (the longest side 
w^ch IS always opposite the right angle) ; the adjacent side (the 

+k ^ in question) ; and the opposite side (the side 

trirr^l ^ ^ question). In Fig. 21, the ht-potenuse of 

_n^gle ohc IS 6, the adjacent side is a and the opposite side is c. 

n nangle the hjqjotenuse is B, the adjacent side is A and 
the opposite side is C. 

theTelVh^ ^ regardless of 

the length of the three sides, we can always form this angle by 

using a protractor to dete rmin e 
the correct angle between two 

Hypotenuse Opposite straight hnes. Now, 

Side ^ perpendicular from a point 

C = 6 on one of the lines to the other 

90 ' i^o complete the right tri- 

Adjacent Side the 

A = 8 triangle can then be measured 

Ratio — = side _ ^ _ ^d the ratios worked out from 

B hj-potenuse ~ 10 ~ ® ® these measurements. This will 
C ^ ^^te side ^ ^ ^ result in the following ratios : 

p ,. C _ opposite side 6 adjacent side to hypotenuse, oppo- 

** A adjacent side “ 8 ~ to hypotenuse, and 

Fig- 22. — Names of the sides of a opposite side to ddjdCefit side^ 

^Mnangie with respect to the acute Knowing the angle and ratios, we 

can determine the length of the 
other sides if the length of one side is given. This can be applied 

to any other triangle ha'ving the same angle and, pro\dded one side 
is known, the other sides can be determined. Figure 22 represents 
the relations discussed in this paragraph. 

Now, if we have another triangle with the same angle a and 

the adjacent side equal to 40, the other two sides can be deter- 
mined from the above ratios. 

This problem is shown in Fig. 23. From the above problem 
we know that the ratio A/B = 0.8 where A = 40. Solving, we 
get B = 50, the length of the hj'potenuse. From the ratio 
C I A ■=■ 0.75 we can solve for C and get C = 30, the length of the 
opposite side. To prove this we can take the other ratio 

C/B = 30/50 = 0.6 

which checks with the ratio obtained above for this case. 


Ratio - = side 

B h>'pot€nuse 

Ratio - = side 

B hypotenuse 


10 

6 


= - = 0.6 


Fig- 22. — Names of the sides of a 

right triangle with respect to the acute 
angle a. 
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This type of problem can always be worked graphically by 
using a rule and protractor as outlined above. For that matter, 
a table of these ratios could be made in this manner for all 
angles from 0 to 90 degrees, but there is no need of this, since 



they have been computed very 
accurately and compiled in mathe- 
matical tables called “natural trigo- 
nometric functions of angles or 
natural sines, cosines, and tangents. 

When speaking about the trigo- 
nometric functions of an angle, we 
are talking in terms of right tri- 
angles as discussed above, but it is 
not always necessary to draw in the perjjendicular to form the 
opposite side. 

Definitions of Trigonometric Functions. — In order to simplify 
expressions we define the ratios by giving them names, as follows : 


A=40 

Adjacent^ ^ ^ 

Opposite 
Side 

Hypotenuse 

Fig. 23. — The names of the 
respective sides of a right triangle 
are not altered by its position. 


Cosine = 
Sine == 
Tangent = 


/ ratio of adjacent \ 
\side to hypotenuse / 

( ratio of opposite \ 
side to hypotenuse/ 

( ratio of opposite 
side to adjacent side 


adjacent side 
hypotenuse 

opposite side 
hypotenuse 

opposite side 
adjacent side 


( 1 ) 

( 2 ) 

(3) 


The reciprocal of these ratios gives three other functions, as 
follows : 


Secant = 
Cosecant = 
Cotangent = 


( ratio of hypotenuse\ 
to adjacent side / 

( ratio of hypotenuse^ 
to opposite side 

/ ratio of adjacent 
\side to opposite side 


hypotenuse 
adjacent side 

hypotenuse 
opposite side 

adjacent side 
opposite side 


(4) 

(5) 

( 6 ) 


These last three functions can always be replaced by the first 

three, and since they are used veiy seldom they will not be 

treaty here. However, they can be found in tables and used 

just like the other functions in problems. Instead of writing out 

the whole word for these functions they are usually abbreviated 
as follows: 
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Sue == sin 
Cosiiie = eoB 
aneent = tan 


Cosecant 

Secant 

Cotangent 


Value of Function as the An^e Varies.— The above idatioi^ 
ships can be associated with the radius of a drde as it "rim m 
around the circle making a vaiying an^ witii a fixed line 
the “base line” or “positive z-axis,” as shown in Fig. 24. 

The h 3 rpotenu 8 e of the trian^ in any event is the mHii^ ol 
the circle and is always the same length. As it rotates firom its 
position oa on the z-axis to the position oe on the 2^axi% 
angle it makes with the z-axis varies from 0 to 90 



VtQ,. 24. — ^Value of trigonometric functions Taiy as ibe hypotenose of bl 

traces the are of a circle. 


In the position oo, the hjrpotennse coincides with the adjacent 
side and is equal to it, while the opposite fflde is aero. In tim cm 
the ratio of the adjacent side to the hypotenuse is 1 (cos 0^ » 1), 
and the ratio of the oppoate side to the hypotenuse is aero 
(sin 0^ = 0), and the ratio of tiie opjKisite to the adjacent side is 
also zero (tan 0^ = 0). Note: Zero divided by any mimbeir is 
zero. 

In the position oe, the hypotenuse coincides with the oppoeile 
ade and is of the same length, the length of the adjaocait side 
being zero. Then the ratio of the opposite side to the hypotenose 
is 1 (sin 90^ = 1), theratio of the adjacent tide to the hypotennae 
is zero (cos 90^ = 0), and the ratio of the oppotite tide to tbe^ 
adjacent tide is ini^ty (tan 90^= <»). jVofe; Any ninnbcapi 
divided hy zero gives infinity, vdiich is larger than az^ nssiDiiQ^ 
mudi as zero is smaller than any number. Zero and 
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really not numbers and hence must not be handled as numbers in 

mathematical operations. , ■ t 

If the h^TJotenuse (radius) is made of unit length, the ratio o 

the adjacent side to the hj-potenuse is equal to the length of the 

adjacent side and the ratio of the opposite side to the hypotenuse 

is equal to the length of the opposite side. 

Referring to Fig. 24, we can see that the adjacent side decreases 

from oa, Avhich is 1, to os when the h>T)otenuse is in the position 
ob. As the hj'potenuse takes on the positions oc, od, and lastly oe 
the adjacent side decreases from no to mo and then finallj' becomes 
of zero length. This means that the cosine of the angle varies 
from unity for 0 degrees to zero for 90 degrees, decrea,stng as the 

angle increases. 

The opposite side is of zero length when the hypotenuse is in 
position oa and increases to bs when the hj'potenuse takes on the 
position ob. As the hypotenuse takes on the positions oc, od, 
and finally oe, the opposite side increases in length from cn to 
dm and lastly is of unit length oe. This shows that the sine 
of the angle varies from zero at 0 degrees to umty at 90 degrees, 

increasing as the angle increases. 

Consider the ratio of the opposite side to the adjacent side as 
the angle varies from 0 to 90 degrees. This ratio varies from 0 
when the hj^potenuse is in position oa to oc (infinity) when the 
hypotenuse is in position oe. ^^^len the hjTpotenuse makes an 
angle of 45 degrees with the x-axis this ratio is unit 3 % so the 
tangent of the angle varies from zero to unit\^ in the first 45 
degrees and from unit^*' to infinitj^ in the next 45 degrees. The 
tangent of the angle increases as the angle increases. 

It is of interest to note that the sine and cosine, opposite and 
adjacent sides in Fig. 24, never grow larger than the h^'potenuse, 
which is 1, but the tangent, which is the ratio of the opposite 
side to the adjacent side, or sine to cosine, has both terms in the 
ratio varying. The opposite side grows larger while the adjacent 
side grow smaller. The result is that the tangent grows larger 
rather slowly up to 45 degrees but then grows larger rapidly as 
the angle increases to 90 degrees. In the case of the sine and 
cosine, onlj^ one term in the ratio varied. 

The student should now inspect a table of trigonometric 
fimctions (a brief table is at the back of this book). These 
functions may be listed as natural sines and cosines in one table 
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and natural tangents and cotangents in the other Hbl e. The 

investigation of these tables should verify the above discussdon 

when the student is in doubt about trigonometric functions it 

will often help to draw a figure of a quadrant, as in Mg. 24. 
Other aids are given on page 304. 

In trigonometric tables, angles up to 90 degrees only 
pven. That is one reason for dividing the circle into four 90- 
d^ree quadrants. In case an angle between 90 and 180 degrees 
m given, the trigonometric function of that an^e is equal to 
180 d^rees.minus the angle in question. Then this angle will 
be between 0 and 90 d^rees. The rule is to measure the angle 
to the nearest base line — that is, to ^ x-axis. For an lying 

in the third quadrant subtract 180 degrees and tlim thra 
an^e up in the tables. In the fourth quadrant, subtract tfie 
an^e from 360 degrees, which will again ^e aTigl«.g between 
0 and 90 degrees. This shows that tables from 0 to 90 degrees 
are sufficient to handle any angle one may meet in practice. 

As shown before, the trigonometric fimctions are expressed in 
terms of ratios. Each function can be expressed in three diffrav 
ent ways by changing the equation. Using the abbreviations 

hyp = hypotenuse sin = sine of an^e 

adj = adjacent side cos = cosine of an^e 

opp — opposite side tan = tangent of an^e 

we can now write 


opp 

sm = 

hyp 

(7) 

hyp = 

sm 

(8) 

opp = sin hyp 

(9) 

adj 

cos — i— ^ 

hyp 

(10) 

COS 

(11) 

adj = cos hyp 

(12) 

tan = ^? 
adj 

(13) 

adj=^ 

* tan 

m 

opp = adj tan 
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The above equations are valuable when solving for unkno^ra 
sides or angles in a right triangle. If any two sides of a n^t 
triangle are given the angles can be found by using one of the 
above equations and then looking in a table of trigonometric 

fimctions for the angle. 


Example 1. In Fig- 25 we have given 

adjacent side a = 8 

hypotenuse c =10 


opposite side h 
angle a. (alpha) 
angle p (beta) 


Solution. By Eq. (10), 


cos cc 


hyp c 10 


= 0.8 


Hypoteniase for both 
angles ct and jS 



Fig. 25.- 


Adjacent side 
for ^ 

Opposite side 
fora 


^ Adjacent side for €t 
Opposite side for /5 

The names of the sides of a right triangle in terms of either acute angle. 


Looking in a six-place trigonometric table, we find that the cosine of 
36®52' (36 degrees 52 minutes) gives 0.800034, which is close enough for 
practical purposes. Hence 

a = 36®52' Ans. 


The opposite side b can now be found by means of Eq. (9) or (15) given 
above. Using Eq. (9), 

opposite side b = sin a hyp 

= (0.6) (10) 

= 6 Ans. 

By application of Eq. (15), 

opposite side b = tan a adj 

= (0.75) (8.0) 

= 6 Ans. 

(tan €t was found for 36^52' in the tables) 


Angle P can be found by iising Eq. (7), (10), or (13), but it must be 
remembered that when using angle P the adjacent side is b and the ODDosite 
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side is a. Using Eq. (7), 


sin ^ 


= ^ 


hyp 10 


= = 0.8 


Then, from the table, 


^ — 53°08' (nearh’) J.ns. 


Note: This must be read up from the bottom of the page 
The minutes are given on the right-hand side instead of the 
left-hand side when the angles at the top are used. (See Allen 
“Six-place Tables.”) 

It will be noted that cos a = 0.8 and sin )3 = 0.8. This is due 
to the fact that the sum of the interior angles of a trianale is 18rt 
degrees. Sinee .e are usmg right triangles, oL of thle 
equals 90° and hence the sum of the other two angles equals 
180° - 90° = 90°. This says that a -f p = 90°, so if a = 36°52' 

^ ^ — a = 90° — 36°52' == 53°08'. Since the sum of a and 

^ is 90 they are called “ complement arj' angles.” That is, if 
one angle increases a certain amount the other angle must 
decrease the same amount and Auce versa. 

If one side and an angle of a right triangle are given it is 

possible to find the value of the other sides and angles bv means 
of trigonometrj'. 

Example 2. In Fig. 25, let 5 = 20 and a = 30°. Find a, c, and 


kj 


ohition. 


Angle /3 = 90° - a = 90° - 30° = 60° Arw. 

By Eq. (11) and the use of the trigonometric tables. 


c — 


h.vp = 
20 

COS 60° 


adj 
cos ^ 

= ^ 
0.5 


cos ^ 

— 43 A ns 


By Eq. (15), 


a = opp = adj tan = 20 tan ^ = (201(1.732) 

= (20)a.732) = 34.64 Ans. 

The work can easily be checked by using other equations such as Eq. (12), 
as follows: 

adj = hyp cos a 
34.64 = (,40) (cos 30°) 

= (40) (0.866) 

= 34. 54 Check. 


Substituting. 
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Applying this knowledge of trigonometry, we are able to work 
the problems mentioned in the preceding chapter. In o er 
words if we have a vector or force with magnitude and ^ection 
given it is a simple matter to find its components along the 
x- 3 jds and the y-axis. This type of problem will be handled m 

the next chapter on vector addition. 

Inverse Trigonometric Functions.— In logaritl^ we used the 
antilogarithm, which is the number corresponding to a certmn 
logarithm. In trigonometry it is advantageous to u^ sumlar 
expressions. The angle corresponding to a ^ven ratio can be 
expressed in three ways, as follows : 

tan-» 0.5 = 26*34' 
sin~^ 0.5 = 30* 
cos-‘ 0.5 = 60° 

These equations can be rewritten in the familiar form as follows : 

tan 26*34' = 0.5 
sin 30* = 0.5 
COS 60® = 0,5 

The student should not confuse the above forms tan^^, sin**^, 
and cos“^ with negative exponents — they are merely abbrevi- 
ations to simplify the mathematics. 

IiOgaiithms of Trigonometric Functions. — Also, the student 

should not confuse logarithmic sin, cos, tan, and cot with the 
natural functions. This tabie (such as found in Allen s Six- 
place Tables ^0 of logarithmic trigonometric functions is merely 
a table of logarithms of ratios for use in problems when dealing 
with logarithms and will not be referred to in this book unless 

so specified. 

Exercises 

In each of the following problems, construct the triangle, showing values 
of all the sides and angles. In solving them, use the equations on page 72 
and the fact that the sum of the angles of a triangle equals 180^ 

1. Hypotenuse = 60, angle == 40®. 

2. Opposite side = 35, angle 25®. 

3. Adjacent side = 7.07, angle = 45®. 

4. Adjacent side 10, opposite side = 20. 

5. Hypotenuse 15, adjacent side = 5. 

6. Opposite side = 50, hypotenuse 90. 

Each of the above problems should be checked by several other equations 
untD *he student is positive that he is familiar with each type of problem. 



CHAPTER 6 
VECTOR ADDITION 


Already we have been using vectors in geometry but could 
not in all cases arrive at a solution until the principles of trigo- 
nometry were introduced. We are now ready to solve any such 
vector problems. 

Reviewing, we remember that vectors in the same direction 
can be added arithmetically, vectors in the same direction or in 
exact opposition can be added algebraically, and vectors at 
ri^t angles to each other can be added geometrically. General- 
iring stUl another step, veciors in any direction can he added 
lectori ally. 

Perhaps the simpl^t geometric addition is when the two 
vectors are of equal magnitude and at right angles. In this 
case the resultant lies halfway between the two vectors (45 
degrees from either one) and has a magnitude of 

\ R \ = Vial* + = 'n/2o* = la| \/2 

when a represents the magnitude of either vector. In words this 

says that the resultant m^nitude 
is equal to the square root of the 
sum of the squares of the magni- 
tudes of the two vectors. See Fig. 
1 1 for a similar illustration. 

Vectorial Addition. — When the 
vectors are not at right angles, as 
illustrated in Fig. 26, it is custom- 
ary to resolve the vectors into 
their components along the x-axis 
and the y-axis. The algebraic sum of the x-components gives a 
resultant x-component and the algebraic sum of the y-component 
gives a resultant y-component. These resultant x- and y-compo- 
nents are added geometrically to obtain the resultant vector. 

Graphically, the vectors P and Q are resolved into their 

components P„ P„ Q* and as shoisTi in diagrams a and h of 
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acting on the point O at angles of 
a and fi respectively. 
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Fic. 27. If these two diagrams are superimposed the result 
shoMVTi in Fig. 27c is obtained. Here the resultant magnitude 
of the x-component is obtained by algebraic addition of the 

i-components, thus 



(c) Components of vectors P id) Algebraic sum of P and Q components 

and Q. to determine geometric resultant vector R. 

Fig. 27. — Steps in resolving vectors into their components, which are added 

geometrically to determine the resultant vector sum. 

Similarly, the resultant magnitude of the y-component is 
obtained by algebraic addition of the y-components, thus 

Sum of y-components = Ru = Py + Qu (2) 

The geometric sum of the resultant x- and y-components 
{Rx and Ry) gives the resultant vector R as sho\NTi in Fig. 27c. 
Since vectors R^ and Ry are at right angles to each other the 
resultant magnitude can be written 


\R\ = VRI + Rl 


(3) 
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Substituting for the magnitude of i?, and in this equation we 
have the magnitude of the resultant 


— V 1-Px + Ox)- + {Py + (4) 

The complete graphical solution to the problem is shown in 
Fig. 28. 

bince it is usually inconvenient to work problems out graphi- 

cally, we shall proceed to solve this problem analvticallv bv 
using our new tool, trigonometry. 

Figure 27a shows that vector P makes an angle of a with the 
JT-axis. If a perpendicular is drawn from the extreme end of 



Fig. 2S. — Complete graphical solution for the vector adt^ition of two vectors. 

P to the x-axis it will cut the x-axis at P*. This gives us a right 
triangle with vector P as the h^'potenuse and having sides of 
length P. and Py. But this vector makes an angle a mth the 
x-a.xi.', so by trigonometr>' we have 



cos a = 

II 

II 


or 

II 

H 

= IPj cos a 

(5) 

Similarly, 

sin a = 

opp _ P, 
hyp \P\ 


or 

- 

^ I ' 

= r\ sin a 

(6) 


Similarly, in Fig. 276 we have a right triangle with h\'potenuse 
= Q. opposite side = and adjacent side = <?*- This will 


give 


or 


cos = 



adj _ 
hyp 101 
101 cos 


(7) 
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a - 2EE - 

and sm0 - |q| 

or Qy = IQI sin ^ (8) 

Substituting Eqs. (6) and (7) in Ekj. (1) gives 

J?, = P, + Q* = \P\ cos a + IQl cos 0 (9) 


Substituting Eqs. (6) and (8) in Eq. (2) gives 

Ry = Py + Qv = |P| sin a + IQl sin 0 (10) 

Now, by substituting Eqs. (9) and (10) in (3), we get the 
resultant magnitude of the vector R in terms of the magnitude 
of vectors P, Q and trigonometric functions of the angles a and 

jS, that is, 

\R\ = Vd^l cos a + |Q| cos 0y + (|P| sin a + 1Q| sin 0)* (11) 

This equation is perfectly general for findin g the magnitude of 
the vector R, which is the sum of any two vectors, P and Q, 
mftlring ftnglftg a and 0 respectively with the positive x-axis. 

It is of interest to note that in Fig. 27 we have a right triangle 
with the magnitude of vector R the hypotenuse, the magnitude 
Ry the opposite side equal to |P| sin a + |Q| sin 0, and P* the 

side equal to |P| cos a + |Q| cos 0. If we call the 
ftnglp that vector R makes with the positive x-axis “y ” (gamma), 

we have 

. opp Ry |P1 si n ot -t- IQl sin 0 rio\ 

^ adj Rx |Pl cos a |Q| cos 0 

Since we know the length of the opposite and adjacent side, 
the angle y can be found by referring to any trigonometry 
table. 

Ekjuation (11) gives the magnitude of the resultant vector and 
Eq. (12) gives the angle; therefore, the resultant vector is com- 
pletely determined. 


Example 1. Referring to Fig. 26 we have given 



a = 30“ 
P = 60“ 


Determine the resultant vector R. 
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Solution Smce P and Q are not at right angles with each other, we 
must use the above method to determine the resultant, that is. find the x- 

and ^/-components, which will be at right angles and hence can be added bv 
geometric addition to obtain the final resultant. 

The JT-component of P by Eq. (5) is 



P 


cos q: = 10 cos 30 


= 10 ( 0 . 866 ) = 8.66 


The x-component of Q by Eq. (7> is 


Qx = |Q| cos /3 = 5 cos 60° = 5(0.5) = 2.5 
The resultant x-component by Eq. (1) is 


== Px + Qx = 8.66 + 2.5 = 11,16 
Now, the y-component of P by Eq. (6) is 

= If] sin u: = 10 sin 30° = 10(0.5) = 5 
and the y-component of Q by Eq. (8) is 

Qu = ](?! sin (3 = 5 sin 60° = 5(0.866) = 4.33 
The resultant y-component by Eq. (2) is then 


Py = P« + Qu = o + 4.33 = 9.33 
Equation (3) will now give us the magnitude of the resultant, thus 

R\ = -y/ Rl + Rl = \/ (,11.16)2 -b (9.33)2 

= V^124.6 -1- 8T04 = ^/2I^6 
= 14.54 ^4«3. 


Xow that we have the magnitude we will solve for y (gamma), the angle 
the resultant vector R makes with the positive x-axis. 

From Eq. (12) we have 

. R ;f 9.33 ^ OQA 

tan T. = - = ^- = 0.836 

From trigonometric tables, y = 39°54' 

This gives the complete solution of the resultant vector R which is often 
written in engineering form as follows:^ 

R = \R\H 

= 14.54/39°54' Ans. 


This answer is read, “magnitude R at an angle of gamma/^ or “14.55 at 
an angle of 39 degrees 54 minutes.” 


^ This form of notation is adopted here because of its common use in 
engineering. Furthermore, it lends itself readily to handwriting. Some- 
times vectors are noted by boldface type or by a dot or bar placed above the 
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/ ' pSr*” a vector has both magnitude and direction, the above 
of wilting vectors is very convenient; it ^ves the magnitude 
(1465) Uie direction with respect to the positive avaxis 


(39‘’540. 

This problem was worked on the slide rule an< 

answer is not absolutdy correct, but for ordinary 

work it is entirely satisfactory. 

Tt oniild have been solved by substituting directly 


and (12) thus 


|iJ| = V(|f*l cos a + IQI cos PY + (|f*l sin a + \Q\ sin /*)* 
Substituting the numerical values, 


1^1 = V(10 COB 30“ + 6 cos 60®)* + (10 sin 30“ -j- 5 sin 60”)* 
Looking up the trigonometric functions, 

\R\ = V[10(0.866) + 5(0.5)]* + [10(0.5) + 5(0.866)1* 

Performing the indicated multiplication, 

\R\ = V(8.66 + 2.5)* + (5 + 4.33)* 

AHHing inside the parentheses and squaring, • 

IKl = V(1116)* + (9.33)* = V124.6 + 87.04 
AHHing under the radical and extracting the square root. 


|jB| = •v/211.6 = 14.64 Ans. 

This answer is the same as was obti^ed above. Now, 
substituting in Eq. (12) we have 

_ 1P| sin a + |Q| tin P 
^ “ [PI cos a + IQI cos p 

symboL Then the equation can be written without vertical bars to denote 
magpitude, thus 

R = = g = B/y 




ITfiing this notation requires boldface type, a dot, or a bar to denote eveiy 
vector quantify. With such a system, the boldface type could be used in 
pnnt and the dot or bar placed above the vector symbol when written 
longhand. T?wwn the standpoint of making the system consistent in both 
pf^taiid script, and in order to save time and effort, it is more oonvement 
the vertical bars the few times that they are needed to denote the 
or magnitude only. 
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Substituting numerical values. 


tan 7 = 


10 sin 30° + 5 sin 60° 
10 cos 30° + 5 cos 60° 


Looking up angles in trigonometric tables, 


tan 7 = 


10(0.5) + 5(0.866) 
10(0.866) + 5(0.5) 


Performing the indicated multiplication, addition, and division 


tan 7 = 


5 + 4.33 _ 9.33 
8.66 + 2.5 11.16 


0.836 


From tables 7 = 39°64'. .4r!.s. 

This answer ako checks ^dth the above results. 

^e r^dU now work some examples to illustrate how vectors 
in quadrants other than the first are handled. 


Example 2. Find the vector sum of .4 



= 8 '20° and B = 20 /120° . 

Solution. As in the preceding prob- 
lem we find the magnitude of the x- 
and ^-components: thus, by Eq. (5.), 

Ar = ,A\ cos a 
= 8 cos 20’ 

= 80 . 9397:1 = 7.5175 

By Eq. (6), 

Aj = jAj sin a 
= 8 sin 20’ 

= 8'0.545) = 2.737 

It will be noted that vector B is 
in the second quadrant, so the x-com- 
p>onent will be along the negative x- 


ixis. In this case we subtract the angle from 180’ and get 



Phis is the angle that vector B makes with the negative x-axis. 
Proceeding as before, using Eq. (7), we get 

B: = jBj cos ^ 

= 20 cos 120’ 

= 20( — cos 60’ ' 

= 20(-0.5) = -10 
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By inspection of the problem we can see that this must be i 

by Eq. (8), 

By = |B| sin p 
= 20 sin 120® 

= 20 sin 60® 

= 20(0.866) = 17.32 I > 

The sum of the x-components by Eq. i\ 

(l)is |1 

Ry = Ay + By j I 

= 7.515 - 10 = -2.485 i 


Now. 


The sum of the y-components by Eq 

(2) is 

Ry = Ay + By 

= 2.737 + 17.32 = 20.057 

These components are shown in Fig. 30. 


A, X 




Fig. 30.- 


-Vector diagram 
Example 2. 


for 


The magnitude of the resultant vector R by Eq. (3) is 


|R| = 


fix + «; 


= V{ -2.483)* -H (20.057)* 

Note: The square of a negative number is a positive number 
Squaring and adding under the radical sign, 

|fei = Ve. 175 + 402.5 
= V408.675 

Extracting the square root, the magnitude is 

\R\ = 20.22 Ans. 

The angle of the resultant vector R by Eq. (12) is 


tan y = 


R. 

20.057 

-2.485 


= -8.062 


Note: This is negative because it is in the second quadrant instead of the 
first. From trigonometric tables, 

7 = 82“56' 

This, however, is the angle vector R makes with the negative x-axis. If we 
subtract this from 180° we get the angle vector R makes with the positive 
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2 -axis, thus 


y = 9rt)4' A«s. 

The complete result (resultant vector) can be wr i t te n 

R = |Bl/V 

= 20.22/97 W Ans. 


The complete vector diagram of this problem is shown in 
Fig. 31. 

It is of interest to note that graphically the resultant vector 

iZ can be found by completing the 
parallelogram having sides A and 
B, as shown in Fig. 31. 

A thorough understanding of 
these two problems is sufficient to 
work most vector problems. One 
must be very careful to note the 
sense of the and s^components 
so that they can be added algebrai- 
cally. Drawing a vector diagram 
will make this part of the problem 
clear. 

We can generalise and handle 
any number of vectors by this 
process. Each vector must be reduced to its x- and y-components 
and the resultant vector will be the geometric sum of the resultant 
X- and jH^omponents. 



Fig. 31. — Complete vector dia> 
gram for Example 2. 


Example 3. We have given the following veetois: 

A « \A\fa = 10/45” 

B <= \E\(^ = 20 /330° or 20/30^ 
C = |C|^ = 5 /200° 


Find the resultant sum R iB j/ir. 

Bohdion. Draw the vector diagram as shown in Fig. 32. Themagnitude 
of the resultant vector R for three vectors is given by 


i«i- v+ 


(m coa a + 1B| cos ^ + 1^1 cos «)* 

(jii 1 sin a -h 1^1 an ^ + \C\ sin «)• 


113) 


* It is practice to use Che nymbol/ to denote that the an^eis 

ne^idve, while the symbol / is used to expiess positive angles. 
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It will be noted that this equation is like Eq. (11) with the exception that 
|c| cos « and |(7| sin are added. If more vectors were to be added they 
too would be included in each term under the radical, like C/w. 

Substituting in the values of this example, we get 


\R\ 


V 


(10 cos 45° + 20 cos 330° + 5 cos 200°)* 
+ (10 sin 45° + 20 sin 330° + 5 sin 200°)* 


It will be recalled that if the vectors are not in the first quadrant we must 
find the angle they make with the ava'xis and attach the correct sign. The 


Y 

1 

II 

o 

s 

w=200° 

.yA «=46' 

c 

A \ X 

C—5 /200* 



B= 2 o/ 80 ^ 

Fig. 32. — Vector diagram for Example 3. 
sign to be attached depends on the sense, thus 

cos 330° = cos (360° - 330°) = cos 30° 
cos 200° = - cos (200° - 180°) = - cos 20° 


Note: This is along the negative «-axis. 

sin 330° = - sin (360° - 330°) = - sin 30° 

iVote; This is along the negative y-axis. 

■< ' ■' 

^ sin 200° = - sin (200° - 180°) = - sin 20° 

N oie: This is also along the negative y-axis. 
l/joking up these angles in a trigonometric table gives 

1221 = -J [10(0.707) + 20(0.866) - 5(0.9397)]* 

^ + [10(0.707) - 20(0.5) — 6(0.342))* 

Performing the indicated multiplication, 

- 1E| = V (7-07 + 17.32 - 4.698)* + (7.07 - 10 - 1.71)* 
i: Adding terms within each parenthesis, 

[E| = V (19.692)* + (-4.64)* 
jP^daring the term in each parenthesis and adding, 


|E1 = V'387.7 + 21.53 
= \/409.23 
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Ejctracting the square root. 


lEi = 20.23 Ar8. 


Now the angle y ^or three vectors is determined by 


tan TT = 


|A| sin flt -I- |B1 sin -t- 1C| sin ca 
lAl cos a + 1^1 COS |C| cos u 


( 14 ) 


This equaUon is similar to £q. (12) with the exception that another 
vector’s components are added. If more than three vectors are to be added, 
their components are simply added to the numerator and denominator as 
shown in Eq. (14) for 

C = lCl/« 


It will be noted that the numerator is the opposite side and the denom> 
inator is the adjacent side. These terms were found when solving for the 
magnitude of R and hence we can take from that work 


^ R^ -4.64 

~ 19.692 


— O 


From trigonometric tables we find tan * (0.2358) is 13®16'- [%nce the 
quantity is negative, the resultant is located — 13**16' from the positive 


^= 10 / 46 ! 


B-ie, 



X 


C=5 /2D0* } 

iR= 20 . 23 ^ 46 * 44 *^ 

^H=20 /30^ 

Resultant sum of vectors 
Band C 

Fio. 33. — Vector diagram sho'wing vectors B and C, their and ir-rom- 
ponents, the resultant vector sum of vectors B and C, and the resultant sum R for 

all three vectors in Example 3. 



Drawing the 
Fig. 33). Then, 


diagram is the best way to make this dear 


346 


OA 


Ant. 


The vector sum can now be expressed 


R - - 23.23 /346°44' 


= 2(L23/13“16' Ans. 


VECTOR ADDITION 




Graphically, if there are three vectors, two (such as |B| and 
\C\ in Fig. 33) can be added by the parallelogram law to get 
their resultant. Then this resultant can be added to the remain- 



Fig. 34. — Vector diagram showing the magnitudes and angles of vectors A« JS, C, 

and R for Example 3. 


mg vector to get the total vector sum. The three vectors A, B, 
C and their sum R axe shown in Fig. 34. 

Solution of Ri|^t Triangles wifli the Slide Rule. — ^There is a 
short-cut method of obtaimng the hypotenuse of a right triangle 
when the two sides are given. Since we ahall 
be solving many right trian^es, the devdoj)- 
ment will be given here. 

Referring to the tight triangle in Fig. 35, we 
have 

a» + h* = c* 
or c = Va* + 6* 

Always select a as the shortest side. Then 



since multiplying both numerator and denomi- 
nator of a fraction by the same thing (o* in this 

case) does not change the value of a fraction, the 

above equation can be written 


Fig. 35. — Right 
triangle for slide- 
role solution by 
Eq. (16) when 
6 > a. 


a 


This may then be written 
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laking two separate fractions under the radical ^ves 



lince both numerator and denominator are squared under the 
adical, we can write 

C = O ylQy + 1 (15) 

rhis is the desired equation. Let us take an illustration to show 
LOW it is used. 

lUusiration. — Let a = 6, 6 = 8; to find c the hypotenuse. 
Sohiiifm. First, set the hairline over 6, (8), on scale D and 
nove the slider so that a, (6), is also under the ha i rline . (Scale C 
>n the slider.) 

The quotient of h divided by a will be found oppoate the 
ni ti^l index of Scale C on Scale jD. In this case it will be 1.333. 
The student should follow this on the slide rule.) 

Second, move the hairline over the initial index and read the 
square of the quotient 1.333 on scale A under the hairline . In 

:his case it will be 1.777 and is 


2 

Third, add 1 to this number and slide the hairline to that 
k alue on scale A, which in this case wiU be 2.777. We now have, 
5 n scale A, the quantity 

2 

+ 1 

Fourth, the square root by looking under the hwline on 
scale D. In this case you wiU find 1.666, which is 





+ 1 


Fifth, move the initial index of scale C under the hairline 
then move the hairline to a on scale C, which in this case wiU be 
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6. The answer will be found on scale Z> under the hairline and i 
this case will be 10. We then have the complete expressio 
solved for c, that is, 

Note: In the development a was the shortest side, while i 
some of the above examples this is not true. Therefore, tt 
a and 6 will have to be interchanged in these cases. 


In each of the following problems, draw a vector diagram approximate! 
to scale and solve for the resultant vector sum (magnitude and angle) : 

1. Voltage vector Vi = 1 10 /0° (110 volts at an angle of 0® with posith 

x-axis). 

Voltage vector Vj = 115/75® (115 volts at an angle of 75® vrith pos 
live x-axis). 

2. Impedance vector Zx — 100/40®. 

Impedance vector Zt = 50/15® or 50/345®. 

3 . Current vector h = 3/215®. 

Current vector = 4/300®. 

4 . Voltage vector Vx = 150/60®. 

Voltage vector — 100/180®. 

Voltage vector Fj = 50/300®. 

6. Force vector Fi = 17/110®. 

Force vector Ft = 15/320®. 

Force vector Fa = 10/190®. 

Work each of the following exercises by the slide-rule method an< 
check for the resultant hypotenuse by the longer method: 

6 . a = 3, 5 = 4. Find c. 

7 . a = 5, 6 = 5. Find c. 

8. a = 14, 6 = 11, Find c. 

9. a = 76, 6 = 21. Find c. 

10. a = 1.28, 6 = 0.91. Find c. 
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The title of this chapter should not frighten the student, 
because we have been studying complex quantities in the last 
chapter. The vectors of the last lesson were complex quantities, 
because they had two components at right angles. In other 
words, a complex quantity may he represented as a vector resolved 
into two components 90 degrees apart, the x-component and the 


j/-comp onent . 

In the last chapter the x-components were designated by 
using X as a subscript to the vector and the y-components were 
designated by using y as a subscript to the vector. The only 
way we could represent the complete vector was in engineering 

“ c = Icl/a (1) 


It would often be an advantage to represent the vector in 
terms of the x and y-components. To do this with a minimum 
of labor the x-components are written without subscripts and the 
y-componenis are prefixed with the letter j. The above vector c 

can then be written 

c = a+jb (2) 


Where o is the adjacent side and b is the opposite side of a right 

triangle, as shown in Fig. 36. 

In Eq. (2), the vector a always lies 
along the x-axis. When numerical val- 
ues are substituted they are either 
positive or negative numbers which 
measure a magnitude along the x-axis. 
Since the magnitude and direction are 
specified by the numerical number, it in 
effect is a vector; however, it is not 
ordinarily wTdtten as a vector in bold 

face type or with a dot or dash over it. When using complex 

numbers it is understood to be a real number along the x-axis. 

90 



Fig. 36.— 

sen t ation 
quantity. 


Graphical repre- 
of a complex 


The letter j is known as an “ operator” much like the operators 
of algebra already familiar to the student, for example, the plus 
(+) sign, minus (— ) sign, division (^) sign, multiplication 


(X) sign, and radical (\/~ ) sign. 

As the above signs tell us the operation to perform, so does the 
j operator teU us what to do. Thus the j operator, when multi- 
plied by a number, has the effect of turning the vector 90 degrees 
counterclockwise from its original 
position. 

In Eq. (2) and Fig. 36 the vector 
6 is a real number which always 
lies along the a;-axis. Multiplying 
this real number by the operator j 
makes it lie along the y-axis. When 
a numerical value is substituted for 
6 it is not ordinarily written as a 
vector, but understood to lie along the y-axis when midtiplied by j. 

Let us apply the operator j to the vector a along the positive 
X-axis as shown in Fig. 37. The vector ja must lie along the 
positive y-axis. Now if we apply another j we get y*o which 
rotates vector jo 90 degrees and hence it will lie along the negative 
rc-axis, but according to ordinary algebra this vector is negative 
and must be —a: therefore 


^1 



i 

j^a or —a 

[ja 

a 

X 

j^a^ 

f or - ja 


Fig. 37. — Graph showing effect 
of y operator when successively 
applied to the vector a. 


= —a 

Dividing by o, we get 


or, taking the square root. 




(a definition of j) 



If we multiply by j the line is turned through another 
90 degrees and will lie along the negative y-axis as shown in 
Fig. 36. If the J® is replaced by — 1, we have 


= j*ja = —ja 

Again, if —ja is multiplied by j the vector along the negative 

y-axis will be rotated 90 degrees and will lie along the positive 
x-axis. That is 



and we have returned to the starting point again to get the same 
vector a. This shows that the svstem is consistent. 

Expressing Vectors in Complex Notation. — We can now repre- 
sent vectors not onh' in the first quadrant, as shown in Fig. 36, 
but in all four quadrants. Figure 38 shows impedance vectors 
in each quadrant. Z is the hjq>otenuse of a right triangle having 
sides R and jX, where R = the resistance component and 
X = the reactance component. (Large X, which is the react- 

Zx 

X 


Fig, 38 . — Impedance vector Z represented in all four quadrants. 

ance, is not the same as small x, which is the x-axis.) The 
impedance vector Z\ can be written 

= jR + jX (first quadrant) (4) 

the impedance vector Z% can be written 

= —R -\- jX (second quadrant) (5) 



the impedance vector Zs can be written 

Z 3 = —R— jX (third quadrant) (6) 


and the impedance vector Z 4 can be written 

Zi = R — jX (fourth quadrant) (7) 

Just as in the last chapter the magnitude of the Z vector is the 
square root of the sum of the squares of the two sides of the right 

triangle, that is 

\z\ = VR- + ( 8 ) 


Also the angle 4> (plii) is determined, as it 


chapter, bj" the equation 


tan 


opp 

adj 


A' 

R 


was in the last 



The above equations for Z,. Z., Z, and Zt are valuable for 
adding vectors because the i- and y-components are at right 



angles. The resultant x- and y-components can then be added 
geometrically' to obtain the resultant. 


Example 1. .A.dd vector Zi to vector Z 2 . 
Solution. Zi = R JX 

Z, = -R +jX 

Zi Z 2 — "H 2JX. ^715. 

Example 2. Subtract vector Zz from vector Zt. 
Solution. Zi = R — jX 

Zz = -R - jX 

Zi - Zz = 2R. Ans. 


Multiplication of Vectors in Polar Form. 

multiplication the other form .-1 = 

\Al/^ is advantageous. For illustra- 
tion, multiply vector .-1 by vector B 
where, A = \A\/a 


However, for 


B 


\B\ 




These vectors are expressed in polar 
coordinates ; that is, they are expressed 
as a magnitude rotated through an 
angle from the base line. 

To multiply two vectors expressed 
in polar coordinates, obtain the prod- 
uct of their magnitude and add the 
angles. 

Thus 



C= 



g=6/50° 
>1=10/30 


X 


Fig. 39. — Multiplication of 
vectors A and which results 
in vector C. 


C = AB 


i\A\-cx)CB[’0) 


A\\B 


r / 


a + 


( 10 ) 


Example 3. Multiply vector A by vector B where d = 10/30° and 
B = 5/^ 

Solution. Substituting these values in Eq. (10), 


C = (10)f5) /30° -t- 50° 

= 50 /80° the product Ans. 

Oivision of Vectors in Polar Form. — The division of vectors is 
just as easy as their multiplication. The rule is to divide one vector 
by another in polar coordinates, obtain the quotient of the magnitudes 
and subtract the angle in the denominator from the anale in the 

numerator. Applying this rule, let vector C be the quotient of 
vector A diWded by vector B, thus 



c 


( 11 ) 



Example 4. Divide vector E by vector Z where E = 100 /60° and 
Z = 5 /5° 

Solution. Substituting these values in Eq. (11), 



100 /60° 

5/5° 


Dividing the magnitudes = 20 and subtracting the denominator angle 

from the numerator angle gives 


60° - 5° = 55 




Hence / = -s = 


E 

Z 


100/60= 100 


5 . ' 5 = 


60= 


5° 


— 20 /55° the quotient. .4rus. 

Example 5. Divide vector E by vector / when E = 8 /10° and I = 16 /40 
Solution. Substituting these values in Eq. (11'. 



8 / 10 ° 
16 40° 



= 0.5/30° or 0.5 330° the quotient 


Ans. 


Trigonometry Applied to Complex Numbers. According to 
what we learned in the last chapter, the magnitude of the 
x-component of c is \c\ cos a and the magnitude of the y-com- 
ponent of c is jcl sin a. In complex numbers we vrrite 


c = a + jb 


but a is the x-component \c\ cos a and b is the y-component [cj 
sin a; therefore, we can write 


c = [c] cos a + JiC] sin a 

Factoring out the Ir', on the right-hand side gives 

c = [cl (cos a j sin a) 



In this equation lc| is the magnitude of the vector and 

(cos a + J sm a) 

is the Irigonometric operator «hich rotate the vector through 
the angle a in a counterclockwise direction from the positive 







j sm a 


The quantity (cos a + j sin a) always has a magnitude of 
unity. It is a unit vector specifying the 
direction the magnitude must take. It 

can be thought of as the radius of a unit 3 « 

circle, as illustrated in Fig. 40. 

Relationship between Polar and Rec- ^ ^ 

tangular Forms. — The above relationship yig. 40.— Unit vector as 

provides a method of changing from geometric sum of cos a + 

the rectangular form (a + jh) to the ^ 

polar form (cj/a or vice versa. We can now WTite /a. = cos a + 


cos <x 

Fig. 40. — Unit vector as 
geometric sum of cos cl -h 
j sin ct* 


COS <x + 


j sin Of, hence, 


cl/ 


\c\ (cos a + J sin a) 


|c| cos oc + \c\j sin a, 


but 

and 


|c| cos a 


c\ sm or 


Therefore, c = a + 


Example 6. Given c = 2 0/30"^ (polar form) 

Change to rectangular form. 

SolutioTi. Replacing ^ct by the operator, (cos ct j sin cr) and substitut 
ing the trigonometric values, 


c = 20(cos 30^ + j sin 30°) = 20(0.866 + jO.5) 


Multiplying, 


r = 17.32 +yi0 


(rectangular form) Ans 


Example 7. Give c = 30 + jbO 


Y 


j6=y|cfsin <x 


^\c\L 

a^jb 


tt== |c|co 3 cr 

^ 41. — Polar and rectangular forms 
of representing a vector. 


(rectangular form) 

Change to polar form. 

Solution. The magnitude of c is 
given by the relationship of Eq. (8). 
Thus 

= Va* + 6* 

Substituting numerical values, 

= -\/(30)* + (50) » 

Squaring the terms under the radical 
and adding, 


Id = -s/ 900 + 2500 = a/3400 


Extracting the square root, 


c\ = 58.33 


(the magnitude) 



The angle is obtained by Eq. (9), thus 

tan a 

From trigonometric tables, 

Then the complete answer in polar form is 

c = \c\'ct = 58.33 /59°02' Ans. 


— 2PP — ^ — 

adi a 


30 


= 1.666 


a 


= 59'’02' 


(approx.) (the angle) 


It is important to note that the magnitude 


cos oe = cos 59'02' = 0.514539 
sin a = sin 59=02' = 0.S57467 

Hence, a = jcj cos a 
Substituting numerical values. 


a = 58.33(0.514539) 

= 30, which checks Check. 

and, b = jc} sin a 
Substituting numerical values, 

b = 58.33 (0.857467) 

= 50, which also checks Check. 

This process of changing from polar to rectangular form and 
vice versa Avill be used to advantage later in the studj of alter- 
nating current circuit theor>'. 

True Mathematical Polar Form. — The polar form c = \c\/a 
has been adopted because of its convenience in expressing a vector 
which has a magnitude V; and makes an angle a with the reference 
axes. From pure mathematics it is easy to develop the exact 

character of this quantity. j r- j u v. 

The magnitude of sin x, and cos x can be defined by the 

follo^^■ing series; 


1 + X -b 


o 

X- 
2 


sin a 


a 


cos a 


1 


X 

+ — + 

^34 

a® . a® 

- T ■'■"5 

• 

a* , a* 


+ ^ + 


( 13 ) 


( 14 ) 


0 0 


( 15 ) 


In these equations the three dots at the end indicate that on y 
a few terms of tlie series are written. Enough terms are usually 
written to indicate how the rest of the senes can be wntten 



The expressions '2. ^3, etc., in the denominator mean factorial, 
thus 

2 = 2 • 1 = 2, ’3 = 3 • 2 • 1 = C, 4 = 4 • 3 • 2 ■ 1 = 24. etc. 

Xow if ja is substituted for x in Eq. (13 i. it can be written 




1 joc -\- 






Substituting these values in (I6j gives 




1 ja — 





Separating the j terms, gives 


ja 


1 


a* a 

~o ' 


4 


J a 


a 


.3 


3 


+ 


a 


,0 


(18) 


But the two series of (18) are the same as those of (14j and (loq 
hence, 

= cos a j sin a (19) 


This shows that the true mathernatical polar form of c is jc 
where « = 2.718 • * • the base of natural logarithms. This 
establishes the exponential character of the angle, showing why 
the angles are added when vectors are multiplied. The vector 
c can be written in several forms, as follows: 



— jc| (cos a + f sin a) 

= [cl cos a + j'c\ sin a 



Multiplication of Vectors in Rectangular Form. — The multi- 
plication of vectors in rectangular form is more cumbersome than 
the multiplication of vectors in polar form. Usually it is easier 
to change from rectangular to polar form for multiplication than 
to perform the multiplication in rectangular form. However, 
in some cases, such as certain theoretical developments, multi- 
plication in rectangular form is valuable, and it should therefore 
be understood bv the student. 



Illustration. MuhiDlv a — jh-.t.c — id 

Solution. Performing the algebraic multiplication, as out- 
lined in Chap. 3. result.s in 


i a 




c 


Jd 


: ac 


Id 


j . ad 


he : 


( 21 ' 


) 


In checking thi.- ecpiatiom the student must remember that j- 
can be replaced b_%' —1. 


Ez 




Liiven : 


Jb = 3 — i4 = 5 o3=0S' 
ji = S — ;'6 = 10 36^52' 


First ntultiply the?-- vectors in rectnneuiar form and then check by 

p*'w‘ir 


using 




Bv 


n • 


It ^ • i A wl i. - ^ i .A i A %..} ^ i C L i V ^ i I , 


:'4 S 


;6 = 3 

k 

= 0 


> - 4 6 — 3 6 
joO = 50 90= An^s, 


7 4 


i 'r 


-cne 


lev D.ylar n^uitipl:';-:* ::on. 

w ^ * 

■ .->3 'OS 10 36h-'2' = 50 00' 


= 0 


;'50 Ckc-k. 


Division of Vectors in Rectangular Form. — The di5'ision of 
vect'.')rs in rectangtilar fi.‘rm is even more cumbersome than their 
rriultinlicati'in in that form. In order to divide two vectors, it 

A 

i' nec essary t-j rati-cnalize the fraction, as fc'll-jws: 

Hi'ust^'ation . lOivicie a — jh t>y c ~ jd . 

Sedution. First, set up the prcjldem in fraction form. 

Se-c.n'i. multinlv Iccth nun'iC-rat'-r and deri'jminator Vjv the 

A % ^ 

c.ieH' cminat ' cr with the J term sign changed. 

Third, nvultinlv out hccth numerat'.>r and denc.'iminat'or. 


The operati’*n- are illurtrate'.l a- fc.ilh.cws; 


a 


r 


V' 

• ^ 

f 

J - 


'7 




J-' 


J- 


a c 




J 


/ i 


ad I 


rt r 




r- 


? 

1 • 




Tho C — 1'^ is crillt^vl tllO ‘ * C‘ 'Tljupiltt? of c ~ jd. bccausB 

it has the sa^ne but its ancle is the ?(\gat:i€ oi c jd. 

The product ‘.''i a number by its conjugate is a real number since 
the j term disappear'^. This removes all j operators from the 
rl^nh'>mina t ' *r and ri'uikC'^ a rati* »nali zed comple^x numoer. 

Fourth, the qinuient can l.^e written in rectangular form as 

follows : 

a — jb _ an — bd . .be — ad 
"-vi ^ 


c 


r- 


1 

n - 


^ r- 


d- 


(. 22 ! 



Example 9. Given: a + jb =3+^4 — 5 /53°08 

c jd ~ 8 jO — 10/36 52 


First divide these vectors in rectangular form and then check by using 

polar form. 

Solution. 


3 + y4 (3 + y4)(8 - j6) _ 24 + 24 + j(32 - 18) _ jJA 

SlfTe “ (8 +/6)(8 - j6) (&4) + (36) 100 

= 0.48 +i0.14 = 0.50 /16°16' Ana. 

Checking by polar division, 


5 /53°08' 

10/36°52' 


= O-S/lO^ie' = 0.48 +>0.14 


Check. 


1. Write c = \c\(a — 50 /30° in rectangular form, (a + >b). 

2 . Write c = [cj/a = 10 /300° in. rectangular form. 

3. Write c = a jb = — 20 + >30 in polar form. 

4. Multiply A = 25/^ by B = 60/80°. 

5 . Divide A = 25/15° by B — 60 /80° and express in rectangular form. 



CHAPTER 8 
CURVES AHD GRAPHS 

Curves and graphs are widely used to show relationships 
clearly. They bring together the principles of both algebra and 
geometry in a pictorial way that greatly increases their utihty. 

A cur\'e is a smooth line representing the relationship between 
two or more variables. Such curves are often used by engme^ 
for visualizing design relationships. A conomon procedure to 
obtmn a curve is to vary one quantity and note the rimul- 
taneous values of the other quantities. After sufficient data 
have been obtained, the points are plotted on appropriate graph 
paper and a smooth line is drawn through them to show the 
relationship. Algebraic equations can also be solved by plotting 
curves. These methods are not so readily adapted to high 
accuracy as pure algebraic methods, yet they often permit the 
solution of problems so difficult that pure algebraic methods 
become impractical. A curve is a special type of graph. A 
graph is a pictorial representation showing the relationship 
between two or more quantities. Graphs are used extenrivdy by 
newspapers, magarines, technical journals, en^neers, and biiri- 
ness people concerned with relative values. In one of the most 
common types of graphs, the adjacent points are joined by 
straight lines. This should be done unless there is a good reason 
for drawing a smooth curve through them. Common grapl^ of 
this type are those that show temperature plotted against ^e, 
stock market values plotted daily, and volume of bu. tine s s 
plotted monthly. Business men often base important decisions 

upon information obtained from graphs. 

Engineering curves are usually plotted on cross-section paper. 
Cross-section paper comes in a variety of forms to meet various 
needs. Some of the more common forms are rectangular 
coordinate paper, logarithmic paper, and polar coordinate p^ier. 

System of Rectangular Coordinates. — ^We have already bem 
a system of coordinates. Such a system is diown m 
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Fig. 42. Here we have the x- and 2 /-axes at right angles. Let 
each axis be considered as a number scale with the intersection 
of the axes as the zero point of each scale. The point P, any 


^oint on the plane, can be located by dropping perpendiculars to 


the two axes as shown in Fig. 
42. Let X represent the dis- 
tance to the y-axis and y repre- 
sent the distance to the x-axis. 
The point P given in Fig. 42 can 
be represented by the symbol 
(3, —2) which means that start- 
ing at the origin the point P is 
located by going a distance +3 
along the positive x-axis and 
then going down a distance of 



Fig. 42. — Rectangular coordinate sys- 
tem. 


—2 parallel to the negative ^/-axis. The +3 and —2 are often 
referred to as the coordinates of the point P. 

In order to make it easy to locate any such point P (the point P 
is said to be plotted), it is very convenient to use cross-section 



F»g. 43.— Kectangular coordinate system superimposed on cross^ction paper. 

paper,^ as shown in Fig. 43. Such paper is made by ruling off the 
plane into equal squares with sides parallel to the axes. The side 
of a square may be taken as unit length to represent a number. 

If we do not know the coordinates of a point P we can refer to 
them as (x, y). In the above case x = -(-3 and y — —2. and 
hence the coori^ates are (3, -2). Note: The first number in 
the parenthesis is always the x dimension and the second number 
is the y-dimension. The point is often subscribed with the 
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symbol (x, y), thus; To illustrate, the point 

definitely locates the point P on the plane shown in Fig. 43. 

Figure 43 illustrates the way to place the axes if all four 
quadrants are to be used in plotting a curve. The point Q(„) 
shown in Fig. 43 is located by going +5 units along the positive 
i-axis and +2 units parallel to the positive y-axis. Therefore 
both nutnbcTS ore positive in the first quodront. Thus, Q is repre- 
sented by the symbol (5, 2). To locate a point /i(x.») m the 
second quadrant we must go —3 units along the negative x-axis 
and up +4 units parallel to the positive y-axis. The x value 
is negative and the y value is positive in the second quadrant. 
Thus, P(s.v) is represented by the symbol (—3, 4). ^ To locate a 
point S(,.,) in the third quadrant we must go —4 units along the 
negative x-axis and -4 units along (or parallel) to ^e negative 
y-axis. Therefore, both numbers are negative in the third quadrant. 
Thus iS(s.y) is represented by the symbol (—4, 4). The point 

P,, yy in the fourth quadrant is represented by a positive z valw 
and a negative y value. As mentioned above the symbol m this 

case for is (3, —2). 

Rectanguuab Coordinate Signs 
Quadrant 

First 
Second 
Third 
Fourth 



It should now be clear to the student that ev^ i»int on tte 
plane can be found by substituting deBnite values for i and » 

in the symbol (x,y). . . „ j • 

An illustration of curves in aU four M^es 

w^ B represents the lines of induction and H 

magnetic field strength. In Fig. 44 the m^etic for^ fl is 

along the x-axis and the magnetization B is along the y- • 
uLaUy it is not necessary to use aU four quadrants to plot a 
curve men only one quadrant is needed the usual practice 

Iu this case all numbers 

When negative numbers are mvolved, other result in a 

used. Usually some study of the problem will 

judicious selection of quadrants. 
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Vacuum tube characteristic curves furnish a good illustration of 
using the first and second quadrants. When the plate voltage is 
held constant, the plate current can be plot- 
ted as a function of the grid voltage. This 
means that a current meter is placed in the 
plate lead and a volt meter connected from 
the grid to the cathode or filament. The 
grid voltage is changed in steps and for each 
grid voltage reading a corresponding plate cur- 
rent reading is recorded. These coordinate 
points are plotted on cross-section paper I k.. 44. — Typical 
marked off in the first and second quadrants. eur\e. 

Such cur^'es can be found in vacuum-tube books. 

It ^^Tll be noted that the curves found in vacuum-tube books 
are smooth lines. This means that the values change graduall^^ 
between points. ^^Tien taking data to obtain such a curve, any 
irregular points should be checked to be sure that thev are not 
errors in taking the readings. It is always a good practice to 



Fig. 45.— Three.cycle semilogarithmic graph paper. 

plot the cur\'e as the data is taken, so any irregularities can be 
checked before destrojdng the e.xperimental setup. 

When a 'nude range of values are to be plotted it is often 
desirable to use a logarithmic scale or scales. This t^-pe of 
paper has other distinct advantages, such as that of keeping the 
percentage accuracy the same for all values. An illustration 
of the use of this tj^je of paper is to show the frequency character- 
istics of an audio amplifier. Semilogarithmic cro.ss-section paper 
is generally used for these cur\es. It has a logarithmic scale 
along only one side, as shown in Fig. 45. 

The y-axis values are usually marked voltage amplification, or 
at* gam. The x-axis values are marked in cycles per second along 
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a logarithmic scale. Typical examples are to be found in the 
other books of this series. 

RiTiof* curves are so frecjuent ui radio and com muni cation 
engineering practice, the student should have a thorough under- 
standing of how to make and use them. It will often require 
considerable ingenuity to select proper scales so that the curves 
xvill not be crowded. The foUowing pointers are given to guide 
the student in making any graphical representations. 


T 


O 


i_i 





Fig. 46. — Selection of scales. 


Scale 


selected so that the curve 


wHl cover the Umite of the paper. However, ^ ®oma ^ 
taken to keep from using fractional divTsions, as tlus^ make the 
curve difficult to plot. To illustrate, suppose we tove a curve 
having a maximum i value of 17 and the cross.secUon paper hM 
only 10 lines. U 17 is plotted on the tenth Ime, ^ toe 

^vision were marked to represent 2 . *he « woffi^rt 
This is iUustrated in Fig. 46. Each major division is marked 
^DeSrlble Slope.— The scales should be selected 

rea<^g will be lowered. Therefore, the scales 

+Lat the curve is as nearly 45 degrees with the x^xis ^ 

practicable. This is especially true if the 

t -S; toe t rc^e‘’’^™im;jc,^ straight 

toTipLtty .Tpacitor given a straight-toe curve when capacrty 

is plotted gainst the dial sett^. obtained but the 

Not only should the proper dope ^ ^'"^Xmined. 

student should be fam^ curve in Fig- 47, which 

As a practical illustration, consider the curve m J? g 
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is the plate characteristic for a tj’pe 250 vacuum tube with zero 
grid voltage. It is desired to find the plate conductance of the 
tube when the plate current varies from 60 to 80 mUs. As wiU be 
given later, the plate conductance is the slope oithelp — Ep charac- 
teristic curve as presented in Fig. 47. In other words, the slope of 
a curve b the angle it makes with the positive x-axis. It can 
abo be thought of as the tangent of the angle the line makes with 
the positive x-axb. In thb particular case the slope b tan 0 
given Fig. 47, but tan 0 opposite side/adjacent side. Per- 
haps the best way to determine thb is to form the triangle as 
shown in Fig. 47. The opposite side has a length of 80 — 60 = 20 
mils change in plate current. The adjacent side has a length of 
190 — 160 = 30 volts. The slope of thb^>cur^'e b then 

_ I 2 - h _ 0.08 - 0.06 

blope - El 190 - 160 

= = 0.000666 mho, = 666 m mho 


Sf80 

I 60 

E ..A 
OS 40 


which b a measure of the plate conductance of the vacuum tube. 
The slope of a curve is of great importance in many engineering 

problems. Calculus^ for example, is 120| — — — — j—, — 

based upon this fundamental idea, so jqq J_ 

the student should learn all he can / 

about it. 7^ 

In the above illustration we had a ^ y 0 

change in plate current for a given ^ 40 ^ 

change in plate voltage. A more § 20 — ^ 

familiar ratio is that of the miles 0 - 4 _ 

covered in an hour, commonly called 0 10 0 200 J[p0 400 

“miles per hour.” Many engineer- 

• V A j 1 -Ai- A* Fig. 47. — Slope determination. 

mg problems have to deal wath ratios 

and each of these ratios or rates can be represented graphically 
as the slope of a curve. 

Many Points Are Desirable. — ^^Tien taking data to plot a 
curve it is advantageous to plot many points. This is especially 
true when the values do not fall on a smooth cur\^e. The general 
practice in such cases is to plot many points and then draw a 


0 100 200 30 0 400 

Volts Ep 

Fig. 47. — Slope determination 


smooth curve through the greatest number of points in order to 
minimize any errors in obtaining the data. The simplest curv^e 
to plot is a straight line, which requires a minimum of only two 
points. 
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laatittaaa taaaa taaaa aaaaaaaaaa 
fatal aaaaa aaaaa laaaa aauaaaara 
itaaiiaaaa taaaa aaaaa aaaaa Baaaa 
fttat mat aaaaaaaaaa taaaa laaaa aa< 
tttat itaat nan tvmaanwmau 

laat taaaatuaaaaaa at taaaa ai 
sat it taa a a taaaa aaaaa aaaaa 81 
fitttttat a taaaa aaaaa tana aaaaa aaan ai 
saaaaaaaaa taaaa aaaaa aaaaa aa: 
saaaaaaaat taaaa aaraa aaaaaa« 
itiattaaaaiaaaataaaa aaaaa av 
itati taaaa taaaa aaaaa aaaaa 8a« 
amt aaaaa taaaa aaan aaaaa a«i 
lataataaaatataaaaaaca taaauaai 
taaaa taata aaaaaaaaaa aaai 
mat taaaa taaaa aaaaa aaaaa ai 
sta ta lataa taaaa aaaaa aaauamna mmm 
tta at taa aa taaaa aaaaa aaaaa aaaaa aaai 
tttta taaaa aaaaa nan aaraa aaaaa aaai 

■atmaaaataama taaaa aaaaa aaaaaaj 

sataa taaaa taaaa aaaaa aaaaa aaaaa ai 
taaaa taaaa taaaa aaaaa aaaaa tat 
sta aatmau aaaaa aaaaa taa aaaat 
sttaataaaa aaaaaaaaaaaaanaai 
St taa taaaa aaaaaaaaaa aaaaa aa' 
sttastatataaaaauaataaaaaaamaa aaaaa tnai 
itt at aaaaa aaaaa aaaaa aaaaa taa aaaaaaaaat 
* *88 1 taaaa taaaa taut taaaa taaaa auara mm 
St it t taaaa itaaa aaaaa taaaa taaaa Baaaa aa aaa Mata 
stamaaattaMauuaaaanutMa m 
•taaatmrax taaaa taaaa taaaa taaaa aai 
stnttaaaa maataaaa aaaaaaaaaa tai 

■ ttat taaat aaaaaaaaat aaaaa aaraa taj 
taaat taaat taaaa aaaaa taaaa aaaxa mm. 

St taa taaaa taaaa tvrat mat taaat a taa a aaaaa aaai 
rtatt tatat taaaa nan t mmmm taaaa naaa a«aaa aaai 

statatatat itaaatraattaarataaAaaasmatun 
taa 89 laaa aaaaa taaBt aaamaMavuaa mmmmm 
•SSSSS5222 !22** taut aaaaan tra aaau t ram 

• taaa taaaa taaaa uaaa aaaaa taaat aaaaa t aaaa 

S2255!22ttattrafaatrttaa«a«aai 
S8ara atarairaaa laaaa aaraa aaa 
f Sffl ta aaa taaaa taaaa taai 

staat taaat laatamat aaau taa: 

*8188 Btaas taaaa uaaa aaaaa aaaaa taaaa taaa a aaaj 
f t taa taaaa taaaa aaaaa taaaa tman taaaa raraa aaa! 
*888* tatat taaaa taaaa aaaaaaaaaa taaaa raaaa ara 

mai laaaa taaaa aaaaa aaaaa aaua taaaa aSan aaS 

s : us s; naa* «■» 

}888 5 1*221 J 2212 ?f SI* taaaa aaaaa taara tai 
2S252 !2222 !1222 SI*** ■**** taan taaaa aaaaa m 
S5J2J!1222!2112!21228****8*“*“*** aaraa a: 

riu : iiuz Ksn s;.::::?]: * 

St tta tatat t ^aaa taaaa taaa a taiaaa taatsa t aaaa aaavi 

tSS22!22!SS£222 525** 81 aaa taaaa aaaaa aaaaa raaai 
riSS2 S222SS2222 52225 8aaaa taa at taaat aaaaa raaaa 

'*8tt tttat It atm taa tta at aa aaa taaaa aaaaa aaaai 


rat 


mmmmi 


Fig. 50. — Millimeter cross-section paper. 
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that \\-ill help to convey a complete picture of the conditions 

and the results of the experiment. 

of Polar Coordinates. — Some data are best presented 

on polar coordinate paper. Common illustrations are field 

patterns of microphones, loud-speakers, and directional antennas. 

To specify a point P by polar coordinates it is necessary to 

know the distance from the reference point to the point P and the 

a nole this line makes with the reference line. In the mathematical 

form, as shoism in Fig. 48a, the reference point corresponds to the 

origin used in rectangular coordinates and the reference fine 

corresponds to the positive ar-axis. To reach the pomt P t^ 

distance r is laid off along the x-axis and then the Ime is rota^ 

counterclockwise through the positive angle 0. The same pomt 

could be reached by rotating the Ime clockwnse through a negative 

antde which would be equal to —(360° — B). , , 

fn commercial practice, such as na^^gatlon and directional 

antenna design, the reference line is north and the angles ^ 

Tnolr coordinate svstem. The true azimuth of the pomt 
meLired bv and its dLstance from the reference point is d 
A sample of polar coordinate paper for commercial apphcations 

“ can be represent^ “ S'ei; 

„ mbol (r. « or W so J p^r IT 

to locale any ^uc pom^^ 

^ meaau^ and many cimlea around rvhich the amde can be 

measured. 



Experimental data give the .oUenina information in n*anl to a aampk 
of transformer steel: 
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0.6 
0.8 
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Plot the R-H curve on cross-section paper, as shown in Fig. 50. 

2. Field intensity measurements on a radio broadcasting station are 
made by going due north of the transmitter. Plot the ground wave field 
intensity on log-log paper ^ from the following data: 


Miles 

Millivolts 
per Meter 

Miles 

Millivolts 
per Meter 

1 

94 



1.5 

61 

12 

5.0 

2 

45 

14 

3.9 

3 

28.5 

16.5 

3.0 

4 

20.5 

20 

2.1 

5 

15.5 

25 

1.4 

6 

12.5 

30 

1.0 

8 

8.6 

40 

0.55 

10 

6.4 

60 

0.26 



80 

0.12 


'What is the distance to the 25, 10, 5, 2.5, and 0.5 mv per m contours? 
Draw the inverse distance curve through the point 100 mv per m at 1 mile. 

3. The computation of field intensity measurements at 1 mile for a 
1-kw broadcast transmitter using a three-tower directional antenna system 
results in the following data: 


Azi- 

muth 

Millivolts Azi- 
per Meter muth 

Millivolts 
per Meter 

Azi- 

muth 

Millivolts 
per Meter 

Azi- 

muth 

Millivolts 
per Meter 

0 

369.5 

90 

33.3 

180 

129.6 

270 

29.2 

10 

337.5 

100 

58.6 

190 

182.6 

280 

61.5 

20 

288.3 

110 

87.3 

200 

220.0 

290 

99.5 

30 

228.5 

120 

108.1 

210 

229.3 

300 

150.2 

40 

175.0 

130 

113.6 

220 

222.2 

310 

208.4 

50 

126.6 

140 

100.2 

230 

194.3 

320 

268.5 

60 

88.1 

150 

64.5 

240 

157.4 

330 

320.6 

70 

65.9 

160 

27.0 

250 

116.0 

340 

361.4 

80 

33.7 

170 

67.5 

260 

76.6 

350 

378.1 


Plot these data on polar coordinate paper. Draw the root-mean-square 
fidd intensity circle at 191 mv per m. The area of this circle is the same as 
the area within the irregular pattern. This value can be checked by squar- 
ing the thirty-six readings of millivolts per meter, dividing their sum by 36, 
and retracting the square root. A sample of suitable polar coordinate 
paper is diown in Fig. 49. 

^To plot such data, the Federal Communications Cmnmission normally 
uses liOgarithmic, 7 X 2.2 cycles, No. 358-127, printed by Keuffel and 
Baser Co., N.Y, 


CHAPTER 9 

SIMULTAUEOUS EQUAHOHS 


In radio and commnnication engineering, proWems rften arise 
in which two desiied unknown quantities can be detemuned when 
two sets of conditions are known. This method of atta«*B very 
powerful and can be expanded to find an n number of desired 
unknowns if a set of n independent conditions are kno^. 

Sets of Two Linear Equations.— The foUowmg dlustration 
shows how a problem may lead to a set of two equate^, 

sometimes called “rimultaneous equations. Let us consider 

theformula Rk-ci^l (D 


where R = resistance of a metal after being heat^throu^ L 

k = constant, the redprocal <rf the resistance at the 

initial temperature. . . 

a = constant, the temperature coefficient of the resist 

t = temperature change in degrees centagia*^ 

It is found by trial that B = 108 when I = 20 and tot 
R - 128 when t = 70. With these two sets of conditw^ itw 

«»d the t .. Subelitotto* the 

of information in Eq- (1) results in ^ ^ 

108]b-20a-l (using first set of cmditioM) (») 

128ft 70® ^ ^ (using second set of conditdons) ( ) 

n » to Itod eembet. for t Mi . that ® 

tTe-r-Tr . 

The to tu. i. 

k = 0.01 Aw. 

fjg ss= 0.004 ilfis. 
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•irhB student can check these answers by substituting them 
back in Eqs. (2) and (3) and finding that both sides of the 
equations are equal. 

This is a practical illustration, showing that the resistance of 
copper changes 0.4 per cent per degree centigrade. 

Equations (2) and (3) represent straight lines. The one 
point at which they cross in a plane gives the solution. In this 
case k is plotted along one axis and ct is plotted along the other. 

Mefliods of Solving Simultaneous Equations. — There are 
four ways of solving simultaneous equations, the graphical 
method^ the midtiplicatianr^Mitian method^ the svbsHtulion method^ 
and the determiriant method. The determinant method is the 
result of a systematic application of the multiplication-addition 
method. 

Illustration of the graphical method . — ^The following set of two 
equations is to be solved by the graphical method: 

a; + 2y = 3 (4) 

X — 2y — 2 (5) 


> i^rst, make a table of values for each equation as shown in 
Fig; 51a. When making a table of values it is convenient to 
solve tiie equation for y. 


T^us 



X + 2y = 3 is written y = 





51.--~-Gia>pliical method of solving two mmnltAn^ wa eqpiations. 

^ Second, draw on one set of axes the two graphs as shown in 
F%. The two lines cross at only one point, the point where 


X = 2.5 ilns. 
y == 0.25 Ans. 
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This pair of numbers is liie solulion to 'the set ofcatosflttfireOiis 
equations. They give the point of intersection of the two strain 

lines. 

In plotting a linear (strai^t-line) equation it is only necessary 
to solve the equation for two points and draw a stiai^t Mae 
through these two points. The line can be drawn more accu- 
rately if the two points are not too dose together. 

Example 1, Solve the foHowing a- 
mi^t^eotis equations by the graphical 

method: 

4flf "1“ y “ 16 ^ 6 

Solution^ 

y = x + l y = 16- 4x 



6^* 


w * 4' 


0 

5 


IL JL 

1 4 

6 3 

X = 3 Ans. 
y 4 AflS. 


0 

4 




Fio. 52. — Graxdiical solution for 

Example 1. 

Illustration of MuUiplication-additMn Mdhod. The^ f^owi^ 
set of two equations is to he solved by the multiphcatioife 

addition method: 5 ^ ^ 3 ^ ^ 14 

4 x + 7fi = 2 

First, to diminate R, inspection of the terms +3B 
reveals that 21 is the L.C.M. aeast common inulti^e) of ^d^ 

bSth ddes by +7. Equation (9) can begged to con^ 
hv —3. This glVCS , v 1 



T 


35 * + 21B =98 
— 12* — 21B = — 6 

Adding 23*+ 0 

Dividing both ffldes by 23 gives * = 4 ^ 

Second, in order to detenmne R, substitute the answer 

* in Eq. (8), giving 

20 + 3B = 14 






' ‘ 1 * 


Adding —20 to both ades 


fl^es 


3S« 
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Dividing both s 


gives 

Check: 
(9), thus 


R = —2 A ns. 

Substitute 4 for .r and —2 for R in both Eqs. (8) and 

ox + SR = 14 4x + 7R = 2 

20 — 6 = 14 16 — 14 = 2 

14 = 14 2 = 2 


Hence, the solution x = 4 and R — ~2 has just heen proved 
correct. 

Example 2. Solve the following simultaneous equations by the multi- 
plication-addition method: 

ox -r 7y — S 
3x + 14y = 6 


MultipKdng the first equation by —2 and adding the second gives 

-lOx — 14y = -6 
3x -h 14y == 6 

gives — 7x =0 

Hence, x = 0 4 ns. 


Substituting x = 0 in the first equation, y = A ns. 

Illustration of the Substitution Method . — The following set of 
two equations is to be solved by the substitution method: 


42* -j- 3-?? = 5 (12) 

6.r — 7R = 10 (13) 

First, solve Eq. (12) for R, obtaining 



(14) 


Second, copy Eq. (13) but in the place of R write the fraction 
IS given in Eq. (14). This is permissible because R is equal to 
:his fraction. The result of thrs substitution is then 



This equation contains only one unknown number, x. The 
inknowm number R has been eliminated by substitution. INIulti- 
)ly both sides of the equation by 3. giving 

^ 4x) = 57 

4 


18x — 7(5 
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Removing the parentheses 


gives 

Collecting terms, 
Hence, 


18-c — 35 “h 28 j — 57 

46x = 92 

X - 2 


A ns. 


Third, substitute 2 for x in Eq. (14), gi\dng 



1 Ans. 


Check: Substitute x = 2 and R = —I in Eqs. (12) and (13), 


thus 


4x “j“ 3R — 5 
8 - 3 = 5 

5 = 5 


6x — 7/2 = 19 
12 + 7 = 19 

19 = 19 


Hence, x = 2 and /2 = — 1 is the one and only solution to this 
set of simultaneous equations. 

The substitution method, just shown, can be used in more 
difficult situations than the multiplication-addition method. 
This can be illustrated by noting the foUo^'ing pair of equations: 

3x -I- 2/2 = 4 (16) 

J.2 + ftz = 5 (17) 


Equation (16) is a linear equation (of the first degree, since 
X and R appear to the first power). Equation (17) is a quadratic 
equation (of the second degree, since x and R appear to the 

second power). 

First, solve Eq. (16) for i?, obtaining 



Second, substitute this value of R in Eq. (17) to obtam 


X- + 


- 3x 


or 


+ 


16 — 24x -b 9x^ ^ g 


Multiplying both sides by 4, 

4 j.i! 16 — 24x -b 9x* = 20 

Collecting terms, 13x® — 24x — 4 = 0 


(19) 


This is an equation in x only and can be 
easily by the methods of the next chapter. T e a o^ 
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simultaneous equations could not be solved by the multiplication- 
addition method. 

Example 3, Solve by the substitution method the following problem: 
The sum of the three angles of a triangle is 180^. If one acute angle of 
the right triangle is four times the size of the other, determine the size of 
the two acute angles. 

Solution. From the first statement let a and ^ be the two acute angles 
to get 

« + ^ + 90^ = 180° 
or « + /? = 90° 

From the second statement, 

Of = 4/9 

Substituting this value of a in the first equation gives 

4/3 + /3 = 90 

& = 18° Ans. 

and a = 4/3 = 4(18r = 72° Ans. 

Classification of Linear Simultaneous Equations. — Some sets 
of equations have no solution. To illustrate, the equations 

2x + 3R = 5 

2.r + SR = 7 

contradict each other, and are inconsistent. The graphical 

method shows that they are parallel lines and hence do not meet 
to give a solution. 

Some sets of equations are dependent, because one equation 
can be made exactly like the other by multiplying by some 
number. To illustrate, the first equation of the set, 

3j: + G/? = 7.5 
2x + 47? = 5 

becomes the second when it is multiplied by 2 ^. The graphical 

method shows that both equations represent the same straight 

line, hence they have an infinite number of solutions.- Such 

equations are sometimes called “indeterminate equations.” 

All sets of equations that are neither inconsistent nov dependent 

are called '‘independent.'' Their graphs are distinct nonparallel 

lines and they always have a single solution. That is, they 

cross at only one point. If the equations are written in general 
form, we have 


dix -f- hiy = Cl 
a,iX + h^y = Ci 


( 20 ) 

( 21 ) 
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V^•here ax, b^, d, a^, b,, and d are any numbers 
that the equations are independent if 

Qlb^ — 0.2^1 9^ 0 


It can be sho\NTi 


( 22 ) 


and either dependent or inconsistent if Oxb. a^bx 0 (23) 

Illustration of Indepe7idcnt.— Consider the simultaneous equa- 

2x + 4y = 10 (24) 

5 .- 1 = 8 ( 25 ) 

From the notation of Eqs. (20) and (21), the quantity 

0162 — ^2^1, 


for example, can be written 

(2)(-l) - (5)(4) 5^ 0 


or 


-2 - 20 5*^ 0 


• • jind bave onlv one solution. 

O^^^enf.-Consi^ the simultaneous equations 

2x + 4y = 10 (^) 

5x + lOy = 2o 


From the above notation, Oxbs 

(2) (10) — (5) (4) = 0 


Gob X for this illustration is 
or 20 - 20 = 0 


denendent or inconsistent, in 
fiTje" are dependent because, tf E,. (26) U 

“"nHS e/iS-^"onsider the stoultaneoue e,„a- 

2x + I8y = 9 

k /7 h . f or this illustration is 
From the above notation, aM - a^5x 

(2)0) - (1)(18) = ^ 18 - 1» - " 

,„ndn. that the e.na.(„. .e ^ 

IVcfdornor"^ *e rUt-hand side of Et,. ( 28 ) then., 
tion method, a handy tool kno^^'n as a 

developed. 
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Two simultaneous equations can be written in general form 
as follows: 

a\X + = Cl (20) 

a^x + b^y = Co (2f) 


To develop this new tool multiply the general Eq. (20) by bo 
and Eq. (21) by — giving 


and 

Adding, 

or 


a\h^x -h biboy = Cxb^ 

--azbix — bib^y = ^c^bi 
(ai?>2 “ a2fei)x = 62C1 *— biC 2 

62C1 — ^^lC2 
CLibo — Cl 2b I 


(30) 

(31) 

(32) 


Similarly, multiply Eq. (20) by — ao and Eq. (21) by ai giving 


and 

Adding, 

or 


— aia 2 X — Qobiy = —02^1 

aia 2 X + a ib^ y — a 1 C 2 

(a 162 — (i 2 by)y = a iCo — a 2 Ci 

CLyCo — 02^1 
^ (lybo — Cloby 


(33) 

(34) 

(35) 


Equations (32) and (35) are the desired equations which will 
give the solution of the general Eqs. (20) and ( 21 ). 

It is more convenient to write these solutions by the notation 
of determinants, as follows: 




The term 


ki 

bi 

C2 

62 

Ui 

61 

Go 

6, 

Iqi 

Cl 

lao 

1 • 

Ci 

ai 

bi. 

<22 

(>2! 


61 

C 2 

b 2 




is called a determinant and is equal to cibj — 61 C 2 . In other 
words, from the product of the two elements Cih-, in the principal 
diagonal the product of the elements hic-< in the other diagonal 
is subtracted. This is the numerator in the fraction of Eq. (32) 
expressed in plain algebra and also the numerator of Eq. (36) 
expressed in determinant notation. 
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Illustration of Determinants. — The following two equations are 
to be solved by the method of determinants: 

2j + By = 6 

3j- - 8y = 24 

Substituting in Eq. (36) for x gives 

! 6 3 

_ '24 - 8 _ (6;u-8) - (3)(24) _ -48 - 72 _ 120 
^ ~ 2 3 (2H-8) - (3)(3) -16 - 9 25 

3-8 

= 4.8 Arts. 

Substituting in Eq. (37) for y gives 


(2) (24) - (6) (3) _ 48 - 18 _ 30 
(2H-8) - (3) (3) -IG - 9 -25 

— —1.2 .4 ns. 


2 6 
3 24 



(38) 

(39) 


The student should substitute these values in the original 
equation to check that they are correct. 


Example 4. Solve determinants 


Solution. 


By Eq. (36) 


2x - y = 1 

X + 3i/ = 11 



3 -h 11 

6 -f 1 



AnSn 


By Eq. (37) 


2 1 

1 11 ' 
2 -1 
1 3i 


22 - 1 
6 + r 



3 -4n^. 


Sets of Three Linear Equations. — With three linear equations 
it is possible to solve for three unknowns, provided the equations 

are independent. 

One linear equation constitutes a line (one dimension). Two 
linear equations define a surface (two dimensions). Three 
linear equations define a solid (three dimensions). The paphical 
method is not so useful with three linear equations since it is 
normally only two dimensional; hence it will not be treated here. 
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The multiplication-addition method and the substitution method 
will be treated by means of examples. 

Illustration of MultipliccUion-addition Method . — The following 
set of three equations is to be solved for x, y, and z: 


2x — 3y — z = —4 (40) 

Zx + y + 2z = 7 (41) 

4x — 2y + Zz = — 1 (42) 


The plan is to e limina te x from the 6 rst two equations and 
then from the last two equations of the above set. This will 
result in a new set of two equations in two unknowns, namely y 

and z. This set can then be solved by any of the methods just 
explained. 

Proceeding with the solution. 


Multiply Eq. (40) by —3 — 6 a: -|- 9y -|- 3z = 12 ( 43 ) 

and multiply Eq. (41) by 2 6 z 2y + 4z = 14 ( 44 ) 

Adding, iiy -I- 7z = 26 (45) 

Now multiply Eq. (41) by 4 12r -f- 4y + 8 z = 28 (46) 

and multiply Eq. (42) by -3 ^12x -h 6 y — 9z = 3 ( 47 ) 

Adding, lOj, _ « = 31 ( 43 ) 


The new set of Eqs. (45) and (48) when solved give 

y — Z Ans. 
z — — 1 Ans. 

Substituting these values in Eki. (40) show's that 


X = 2 Ans. 


The check consists of substituting these values in all three of 

the original Eqs. (40), (41), and (42) to see if they are true. 
This is left to the student. 

There are many possible ways of using this method. In the 
above example, what multipliers should be used to eliminate y 
from Eqs. (40) and (41); and from Eqs. (41) and (42)? What 
multipliers should be used to eliminate z from Ekis. (40) and 
(41); and from Eqs. (41) and (42)? 

mutation of Substitution Method.— The foUowing set of three 
equations is to be solved for x, y, and z: 


3x -f- 2y — 4z = 3 

2x -f- y A" Zz — 8 
5x 3jf -f- 2z = 14 


(49) 

(50) 

(51) 
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The method is to solve for one of the irambets ac, y, one 

of the equations, substitute its value in the other two equatus^, 
and solve the resulting set of two equations. 

For illustration, solve Eq. (50) for y, anoe its coefficient is 

y = 8 - 2x - 3z (52) 

»tiKct.itiitme this value of t# in Eqs. (49) and (51) and ampli^png 



3x 

5x 




2(8 

3(8 


2x 

2x 


3z) 

3z) 



4z = 3 OTX 102 
2g = 14 or X + 7z 


13 

10 


(53) 

(54) 


Solving Eqs. (53) smd (54) yields 


X 

2 


3 Ans. 
1 Ans 


Substituting these values of x and z in Eq. (52) results 


y 


8 — 6 — 3 


1 Ans. 


The student can now check these answem by substitution 
te original Eqs. (49), (50), and (51) to verify 

Third-order In a manner 



^ second-order determinants, it is possible to set 

up ^t^^4 for the solution of three 

The three rimultaneous equations can be written m general 

form, as follows: _i. - , 

oix 4- oiy + Ciz 
a*x + b*y + c*z 
oax + 5sy + «3S 


d^ 

dt 

dj 


(55) 

(ST) 


The solution of these equations is by ^ flowing 

and the eoneeponding slgebnue equations. 

dibsCs + hiPad* + Cxdd>i 
d xcjbi — bidaPs — ctbadi 
tbsCs + biC*a» + CiOab* 

.Ciba — biOtPi — Cibaa* 




idaCs “b dijCsa* 4" €io*il# 
tCsds — diOaP* Cidxftt 

_ _ 'iCtOs 4" CiOabi 

aii^i — bto^ — 
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(ti bi di 

Oz bz dz 
\(ii 63 dz 
ai bi Cl 

dz bz Cz 
dz bz Cz 


dibzdz bidzdfZ “ 1 “ didzbz 
didzbz ~~ bidzdz — dibzdz 
dibzCz + biCzdz + Cidzbz 
~~ diCzbz bidzCz — Cibzdz 



The positive terms are obtained from the product of the 
three elements in the diagonals running down from left to right 
and the negative terms are obtained from the product of 
the three elements in the diagonals running down from right to 
left. 

It will be noted that the denominators are the same in each 
case, being the coefficients of x, y, and z of the original Eqs. (55), 
(56), and (57). The numerators can be obtained from the 
denominators by replacing the coefficients of the unknowns in 
question by the known terms di, dz, and dz. 

lUustralions of Determindnts . — The following set of three 
equations is to be solved by the method of determinants; 

X — y — z = —6 (61) 

2x + y + e = 0 (62) 

3x — 5y + 8 = 13 (63) 

Substituting the coefficients in Eq. (58) gives x. 


X 


y 


-6 

-1 

— 1 

0 

1 

1 

1 13 

-5 

8 

1 

-1 

— 1 

2 

1 

1 

3 

-5 

8 

e coefficients 

1 

— 6 • 

-1 

2 

0 

1 

3 

13 

8 

1 

-1 - 

-1 

2 

1 

1 

3 • 

-5 

8 


78 


39 


2 Ans 


39 

39 


1 .4 ns. 
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Substituting the coefficients in Eq. 60 gives z. 


1 1-1 - 6 ; 

2 1 o' 

3 -5 13 




Ans. 


The student can verify these answers by substituting them 

back in the original Eqs. (61), (62), and (63). 

After a little experience with using determinants, the tool 
becomes well polished and easy to operate in sohing otherwise 

rather tedious problems. 


Example 5. Solve by 


determinants, 

2 j + 3;/ + z = 4 

X +2y +2z = 6 

ox + y + 4z = 21 


Solution. 


By Eq. (5S) , x = 


By Eq. (59 , y = 


By Eq. (60 1 , z — 


4 

3 

1! 

) 

6 

2 

1 

2 

21 

1 

4! 

2 

3 

1 

1 

2 

!! 

1 

O 

1 

2 

4 

1 

1 

6 

2 

5 

21 

4 

1 

3 

1 

ji 

2 

2 

d 

\ 

1 

4 

:2 

3 

4 

1 

1 

\ 

2 

6 

1 

1 ^ 

5 

1 

21 

2 

j 

3 

1 

;o 

2 

2 

1 

4 


32 + 1 26 + 6 
16 + 30 + 1 


-42-8-72 


-10-4-12 


42 

21 


= — = 2 Alts 


48 -h 40 + 2 1 - 30 - 84 

16 -f 30 -h 1-10 -T 


- 16 


12 
21 


= — 3- := — 1 Ans, 


84 


16 -h 30 


90 + 4 — 40 — 12 — 63 
L 1 — 10 ^4 - 12 


63 

21 


= 3 Arw 


w 

Any Number of Linear Equations.-From the ^ 

cet^ of two and three equations, it becomes apparen , ^ 
number of independent equations is the same as ^h- 

numbers. The multiplication-addition and substitution me 
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ods, or a combination of the two, can be applied to any number 
of equations. One equation is necessarily used in eliminating 
each, unknown number until there remains only one equation in 
one unknown, which can be solved for that unknow'n. If one 
equation of the set can be changed into the exact form of another 
equation of the set, then they are dependent. If two of the equa- 
tions of the set contradict each other, then the set is inconsistent. 

Determinants are especially convenient in solving simultaneous 
equations of the higher order. The procedure is to set down the 
general form of the set of equations, then form the denominator 
by setting up the array of coefficients of the unknowns. The 
numerators can be made from the denominators by replacing 
the coefficients of the unknown with the knovTi terms. The 
diagonals running down from left to right are positive and those 
r unnin g down from right to left are negative. Furthermore, 
the theory of minors must be used to secure all the terms. For 
illustration a fourth order determinant will contain 24 terms. 
In the fourth order determinant, 

cti &i Cl di 

flta 62 C2 <^2 
O'Z &3 C3 dz 
OfA 2^4 C 4 dx 

the term ai must be multiplied by its minor which is the determi- 
nant remaining when the row and column containing a\ is 
removed. This gives 6 terms. Performing this operation for 

the terms bi, Ci, and di results in 18 more terms to make the total 
of 24 terms. 

Su mm ary. Fust let us define some of the terms used in this 
chapter. 

1 . A lincoT €QUcition is a statement of equality with the un- 
knowns only of the first degree. In other words, it states that 
everything on the left side of the equal sign is exactly equal to 
everything on the right side of the equal sign, and if there are 
two unknowns (such as a: and y) , they are only of the first power, 

not squared (such as x* or y^) or multiplied by each other (such 
as xy). 

2. Simultaneous eqwaions are statements of equality that are 
true at the same time and have a common solution. 
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3. Independent cqiuitions are statements of equality that are 
all different, but have a single common solution. 

4. Dependent equations are statements of equality that are 
alike and therefore have an infinite number of solutions. 

5 Inconsistent equations are statements of equality that cannot 
both be true at the same time, and therefore do not have a 

common solution. , 

Xoiv i\-ith these five definitions clearly m mmd, you can see 

what the problems at the end of this chapter are like For 

example, suppose you have two equations that are not ^e and 

do not disagree. Then they fit definitions 1, 2, and 3 above and 

are called “independent linear simultaneous equations. if 

both of them have x and y and there are no other unkno^, then 

the two equations can be solved for x and y. \ ou vnll be able to 

find one and only one value of x and one and only one ^ alue of 

V that will make both equations true at the same time. 

" If thTiqu^tions are dependent you will tod that any «t ot 

valuer for x and y that suit one equation will also smt the o^ 

equation. This means that you reaUy have only one equation 

“LTif th^equations are inconaiatent you cannot tod one ^t of 

values tor i and y that will suit both equations at the same tune. 

Hence vou do not have a problem that you can so a e. 

Manv students have trouble trying to solve dependent Md 

inconsistent sets of equatio . ^ ^ 

be solved. The f of simultaneous 

held back - J'“a:^ndent ones. The eaer- 

cises ol thu cnap and mconsistent 


problems. In doing . ' a _ illustration, the currents of a 

of simultaneous equation-. - imoedances are known, 

network can be found u t & un turn out to be 

WTiat is to be ^tLv are dependent, it means that 

the student has not obtained ^-,,ations until he has as 

Hence he nnll have to set up for unknowns) 
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to be determined. If the equations are inconsistent, it means 
that he has taken some wrong steps. Therefore, he must go 
back and correct the equations that he set up wrongly. 

Now that it is clear that you must have independent simul- 
taneous equations before you can solve them properly, you will 
see that this chapter tells you how to solve for them in four 
different ways. Sometimes one way is better than another. 
Therefore, you should become acquainted with all of the methods 
of solving simultaneous equations. 

1. The graphic method is used only wath two equations involving 
only two unknowns, but it is very useful in helping to understand 
the meaning of independence, dependence, and inconsistence. 
Try it on each kind of problem and see for yourself. 

2. The multiplication-addition, method is not very often used 
except for the more simple problems. Sometimes, however, 

you 'n'ill find that it will save you time, and you should practice 
it until you know how it works. 

3. The substitution method is more useful because it can be used 
in all problems of simultaneous equations. Therefore you must 
become thoroughly acquainted with it. 

4. The method of determinants is quite fully explained in this 
chapter. There are no tricks intentionally not told to you, but 
the more j'ou use this method the more you will see that it is a 
\ ery practical method to use in solving sets of equations. It is 
veiy important that you get the equations in the standard form 
before you start to apply this method. Then the expansion of 
the determinants by diagonals must be thoroughly understood. 
The following illustration should make this clear for you. 

Rewrite the first two columns on the right-hand side of the 
determinant and draw diagonals as indicated, the product of the 

terms in the right-hand diagonals being positive and those in 
the left-hand diagonals negative. 


I 2 8 4 6 6 

+ oei + 6/y + cdh — ceg — afh — bdi 

Instead of rewriting the columns the arrows can be curv’ed around 
to get the same terms, as follows. 
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1 6263 4 



The arrows show you how to uaibe down liie plus and minus 
as the chapter explains. Thai wethod of detenni^ts avmds 
much of the algebraic work that is required in the other methods. 

Leam to use it. 

Kzerdses 


Inspect the fonowing sets of eqwrtioiis for dependence or inconsDstence 
and solve the independent sets: 


1. * + 3y =» 7. 

*4* 12y “ 28» 

2. * + 2y = 13. 

2 * — y = 1. 

S. 3* + y = 10- 
9* + 3y = 13. 

4 . 3 Bi + B» - 2 K« = 5 . 

12lii + 4Ji* ~ 8Bi = 20. 
B. IB +2E - IZ = 21. 

2Z — 2 j — 8B = 16, 

3JB+IZ -E-‘7. 


6. 2* + 3y + s = 17. 

jg -|- y 22 — 23. 

14x 4“ ^ 



S, ax + hy = 2ab» 
b® + ay = a* + h\ 

9. 1.2® - 1.7y = 8. 


0.4® + l.ly == 5. 

10. 10 =* 0-5^1. + 0-25Bi- 
20 = lOBi — 4Kj. 



familiar with them. 



CHAPTER 10 

QUADRATIC EQUATIONS 


Many problems arise in engineering which can be Avorked by 
an equation containing the unknown quantity scjuared. The 
quadratic equation is an equation ichich contains the unicnown 
quantity to the second power. The values of the unknown quantity 
which will satisfy this equation are called “roots of the equation.” 
There are in general two roots that will satisfy the equation. 

The simplest type of quadratic equation is called a “pure 
quadratic.” In the pure cpiadratic ecjuation the unknown term 
is squared and there is no unknown term raised to the first 
poAver. The general form of a pure quadratic is 

ax- + c = 0 (1) 

The solution of this eciuation is to soR'e for x by transposing c 
to the right hand side, diA'iding both sides b3' a, and extracting 
the square root of both members, thus 





Example 1. Solve: 2x- — 8=0. 



Solution, Transposing, 2x- = 8 

Dividing by 2, x- = 4 

Extracting the square root of both sides, x = +2 Ans. 

X = -2 An,s, 


I/luslrafio?! of a Quadratic Equation, 
tion shows how a problem may lead 
to a quadratic equation. Referring 
to Fig. 53, it is desired to select the 
resistance E such that the resistance 
between terminals 1 and 2 is 4 ohms. 
The conditions of the problem can 
be expressed by the equation 


The following illustra- 


E 6 



4 IG. 53. — Series-parallel 


tors. 


2 

o 


resis 


R{R + 6 ) 

/? + (/? + 6) 

127 


( 3 ) 
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Multiplying both sides of the equation by 2R + 6, to dear the 
equation of fractions, 

4(2R + 6) = fi* + 6B (4) 

Transposii^ all terms to the left-hand dde, 

- 2jK - 24 = 0 (5) 


Tins is a quadratic equation in JK. K factored, it can be written 

(R - 6)(B + 4) = 0 (6) 

This equation is true if R = 6, hence (6 — 6) = 0 or if R = -4 
so that (—4 -H 4) = 0. The reastance R can then be dther 
6 nhinR or —4 ohms. The value normally sdected would be 
6 nhms, because it is easier to obtiun than a —4 ohm reastance 
device. The two answers are the two roots of the equation. 

Exampk 2. Solve the fdlowing equation by factoring. 

** - 4x - 21 = 0 


The product of the two factors must equal -21 and their sum must eq^ 
—4. It is soon discovered that +3 and —7 are that meet this 

condition, hence the equation can be factored and written 


The solutions, then, are 


or 


(X + 3)(x - 7) = 0 
X = ~3 Ans. 

X ^ 7 Ans. 


iirj 


Methods of Solution.— Quadratic equations can be solv< 
the methods of graphing, factoring, completing t^e ^ 
using the quadratic formula. The most useful method i 

quadratic formtda. 

The faciaring method is illustrated above. The other me 
will be illustrated below. 

lUtistration of the Graphic Method.— Solve the quadratic 
equation, **-2*-3 = 0by graphing the curve 

y = X* 2x — 3. 

Since the sero is replaced by y, the solutions of * wiU be the 

value of I when y = 0. , i r 

To draw the graph of y = x* - 2r - 3 the 

obtained when x b given values as _j 

solution will be the values of x when y - 0. In this case 



and X = 3 are the desired roots, ^vloreover, if 0 is substituted 
for y in the equation these same roots can be obtained by any 
of the other methods of solution. 



(a) (6) 

Fig. 54. — Graphical method of soKdng a quadratic equation. 


The solution can be checked by substituting first one root and 
then the other to see if the original equation is satisfied, thus: 

For X = — 1 

(-1)2 - 2(-l) - 3 = 0 or 1 +2-3=0 Check. 
and X = 3 

(3)2 - 2(3) - 3 = 0 or 9-6-3 = 0 Check. 

Illustration of Completing the Square. — Solve 

x2 + 6x - 16 = 0 
by completing the square. 

Transposing, —16 x2 + 6x = 16 (7) 

Adding 9 to both members x2 + 6x + 9 = 25 (8) 

Taking the square root of both members, 

+ 3 = +5 (9) 

Hence, x = 5 — 3 = 2 A ns. 

or X = —5 - 3 = —8 Ans. 

h e ing by multiplying the factors is as 
follows: If X = 2, then x — 2 = 0;ifx = — 8, then 

X + 8 = 0; 

and the product 

(x - 2)(x + 8) = x2 + 6x — 16 = 0 
This checks the original equation. 


( 10 ) 
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Quadratic Formula. — The general form of the quadratic 
equation can be expressed 

ax^ + 6x-|-c = 0 (11) 

In the above illustration, + 6x — 16 = 0, we have a = 1, 
h = 6, and c = — 16. 

Dividing the general quadratic equation by a, 

x2 + -x + - = 0 (12) 

a a 


Transposing cja 




This corresponds to Eq. (7) in the above illustration. Adding 
to both members the square of 6/2a, 


x^ + - X 

a 




In the above illustration note that H of 6 when squared gives 

9. See Eq. (8). . 

Find the square root of both members of the equation, using 

both -h and - roots of the right-hand member, thus 



This corresponds to Eq. (9) of the illustration. Using first the 
positive value and then the negative one results in two new 

equations of x, 



These equations correspond to x — 



= 2 and 



in the above illustration. , 

If the 6 2a of Eci- (15) is transposed to the other side, t 

c a term multiplied by +a in both numerator and denominator, 


and the two terms under the radical reduced to a common 
denominator, then 



Since the square root of 4a- is 2a, it can be written outside the 
radical as a common denominator, thus 



— & + ■\/b~ — 4ac 

2a 



This is the quadratic formula, which should be memorized. In 
words it is usually stated “a: equals minus b plus or minus the 
square root of b squared minus four ac, all divided by two a.” 

Example 3. Solve the following equation by means of the quadratic 
formula : 

3/?* - 7/? + 4 = 0 


In apph-ing the formula it is noted that a is +3, 6 is —7, and c is 4-4, the 

unknown number being R instead of x. Making these substitutions in 
Eq. (19), the formula gives 


R = 


_ -(-7) ± V ( -7)- - 4(3)(4) 


2(3) 


Simplifying fiirther, 




r, 7 ± ^49 - 

® “ 6 

- 48 

Hence 

Tt 7 + 1 4 

“ - 6 "3 

Ans, 

and 

II 

1 

II 

05 

Ans. 


Check by the sum and product of the roots method is done as follows; 
Adding the two roots as given in Eqs. (16) and (17), 

— fc , — & _ — b 

2a 2a a 

Adding the two roots in the answers, 


or 



Multipljdng the two roots as given in Eqs. (16) and (17) by the method as 
illustrated on page 41 for (x -h y) (x — y) = x* — y*, 
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In this example the product of the two roots is (^)(1) = which should 
and does equal c/a. 

The quadratic equation will now be explained in more detail. 
The general form of the quadratic equation is 

ax- + f»x -+■ c = 0 (11) 


The first term ox* is made up of a product of a known number 
a and the unknown number x raised to the second power, (x*). 
The second term is also a product of a known number, b, and 
the unknott-n number, x. The third term is simply another 
known number, c. It might be asked why these terms, added 
together, make a quadratic quantity that is equal to zero. 
That will be seen to be true when a, b, c, and x are explained. 
First, a is a kno\\'n number. It can be a positive number (greater 
than'zero) or a negative number (less than zero). It can never 
be zero (see definition at end of the chapter). Second, b can 
also be a positive or negative number, but it can also be zero. 
Third, c can be a positive or negative number or zero. Now if 
a, b, and c are integer numbers it is easy to find a value of x that 

\N-ill make the quadratic quantity 

ax- + 5x + c 


equal to zero. To illustrate, if a = 2, b — 5, and c — 3, then 

oj.i _|_ t)i -I- c \N-ill be the quadratic quantity 2x* — 5x + 3. 
Hence it is plainly possible to find a value for x that ^^'ill make 
this quadratic quantity in x equal to zero. In fact there are 
two values of x that will make 2x* — 5x + 3 equal to zero. 

But instead of going into the methods of finding these values 
of X it is more important at this point of the discussion to under- 
stand what the problem is. These coefficients a b, and c even 
though thev are known numbers, might cause the student con- 
siderable trouble unless he realized what they meant. In^ 
of being numeraLs, each of them might be a quantity, so we sho^d 
really consider them as expressions. Just as a stands for e 
!Xole thing bv which x* is multiplied, b stands for the whole 
thing bv which X is multiplied, and c stands for the whole thing by 
which unitv (1) is multiplied. Since c is made up of the constant 
terms, it is often referred to as the constant of the equ^ion^ I 
the quadratic equation is not arranged so that the coefficie 

which is a, can be seen and dealt with as a term or quantity, 



it must be rearranged. Likewise the coefficient of x, namely b, 
must be rearranged and collected into a quantity. When a. 6, and 
c can be written down and the equation Is arranged according 
to the descending powers of x with the right side of the equation 
zero, then the quadratic equation is in its standard form and is 
ready to solve. To illustrate, the quadratic equation 

7 + A'x + 9.r - + A = 17x + 8 kx- + 6 

is rearranged as follows: 

(9 - 8k)x- + (A - 17)x + (A + 1) = 0 

This rearranged equation is the same as the other quadratic 
equation but is in its standard form with a equal to (9 — 8A;, 
b equal to (A — 17) and c equal to (A + 1). When the student 
is able to rearrange any kind of quadratic equation so that it 
will be in its standard form, which is the general form 

ax- + 6x + c = 0, 

then he is ready to solve any quadratic equation he may encounter. 

Use of the Disc rimin a n t b- — 4ac. — The quantity b- — 4ac 
under the radical in the quadratic formula is called the dis- 
criminant because its value decides whether the roots are equal 
or unequal, real or complex, rational or irrational. 

Case I. If b- 4ac is zero the roots are equal and real. 
For illustration, in the equation 

■Ix" — 12.C “b 9 — 0 

a = 4,b = — 12, c = 9 and b- — 4ac = 144 — 144 = 0. 

The usual solution is written 

12 + Vo 12 - Vo 

a; g and x = 

both of which reduce to 1.5. Hence the roots are equal and real. 

Case II. If b- — 4ac is positive (greater than zero) the roots 
are unequal and real. For illustration, in the equation 

3x2 _ 7j. _ 20 

a = 3, b = —7, c — —20 and b- — 4ac = 49 4- 240 = 289 
Ihe roots are 
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and 


X = 


7 + _ 7 + 17 _ 


X = 


6 


6 


= 4 


r • 


17 


6 



which are unequal and real. 

Case III. If b- — 4cm: is negative (less than zero) the roots are 
unequal and complex numbers. For illustration, in the equation 

3x- — 2x + 1 = 0 

a = 3, b = *”2, c = 1, and — 4ac = 4 ~ 12 = —8. The 
roots are 

2 + _ 1 + J V2 

® ~ 6 3 

2 — V— 8 _ 1 — i V2 

and 35 — - -g 3 


where i* = — 1 or, taking the square root, j = V^. 

These roots are unequal and complex numbers. 

Case IV If b* — 4<u; is an exact square or zero the roots are 
rational, otherwise they are irrational. For illustration, in the 


equation 


I® — 5z + 4 = 0 


^ — c = 4 and b* — 4ac — 25 16 — 9. 

The roots are 

5 + V9 _ A 
1 = 

5 — . 

and ^ ^ 2 


These roots are rational numbers. But in the illustration of 
the equation 

- 5x - 3 = 0 

a = 1, b = —5, c = —3, and b* — 4ac = 25 + 12 = 37 

The roots are 

5 + \/37 

® 2 

_ 5 - V37 

and ® 2 
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These roots are irrational numbers, because v37 cannot be 
expressed as a fraction. 

It is very important to have a clear understanding of what the 
solution of a quadratic equation means. A further discussion 
of the discriminant should assist in giving a clear meaning of the 

solution. 

A quadratic equation in one unknown number has two values 
of that unknowTa that will make it true. If x is the unkno\%'n 
number, there will always be two values of x that will satisfy 
the equation, but they don’t have to be integers. They can be 
fractions, irrational numbers, or complex numbers. There is 
only one case in which the two values of x are equal and that is 
when the quadratic in x, namely, ox* + 6x -f- c, is a perfect 
square. Probably the best way for the student to understand 
the meaning of all these different situations is by graphing the 
quadratic as illustrated in this chapter. Then the student w-ill 
see for himself that the curve of the quadratic function y (y 
being the value of ox* + 6x + c) crosses the x-axis twice in all 
cases but two. One is w'hen the two values of x are equal and in 
this case the curve just touches the x-axis. The other case b 
when the curve does not touch or cross the x-axis. In this case 
both values of x that make y equal zero are complex numbers. 
One way of expressing the meaning of thb solution b to say that 
the curve crosses the x-axb in twro imaginary places, because the 
complex numbers involve the imaginary number \/— 1, 


Example 4. Solve the following equations by the quadratic formula: 


z* - 8* -b 15 = 0 
z* - 8z + 16 = 0 
z* - 8z -b 17 = 0 


(a) 

(b) 

(c) 


Determine from the value of the discriminant the case number. Plot 
a graph of the equations. 

Solution. By the quadratic formula the solutions are 


For Eq. (a), 
For Eq. (b). 
For Eq. (c), 
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The values of the discriminant are: For Eq. (a), b- — 4ac = 4, 
a positive number : hence the roots are unequal and real. 

Case II. A /IS. 

For Eq. (b). b- — 4ac = 0; hence the roots are equal and real. 


— Case I. Ans. 

For Eq. (cb b- — 4ac = — 4, a negative number; hence the 

roots are unequal and complex numbers. — Case III. A /is. 

By Case IV. the roots of Eq. (a). (5), and (c) are rational. 

The graphical solutions are as follows: 



Eq. (o') 

= j- - Sx + 15 




Eq. 

{b) 

Eq. 

(c) 

X- 

— 

8x + 

16 y - I- - 

8x -f 1 

y 

X 


y \ 

X 

9 

1 


10 

\ 

1 

4 

2 


5 

2 

1 . 

3 


2 , 

3 

0 

4 

A/15. 

Imaginary 1 ! 

4 Ans 

1 

1 

5 


2 ' 

i 5 

-i 

6 


5 

6 

9 i 

7 


10 

7 


See Fig- 55 for the graphs of these equations. It \s-ill be noted 

that the imaginarj" solution lo- 



cates the vertex of the para- 
bola. 

Higher Powered Equations. 

It is possible to solve equations 
to the third power in a manner 
similar to the above method of 
solving an equation to the sec- 
ond power, but, since this meth- 
od w-iU not be needed, it v,-ill not 

be treated here. 

Some problems invohdng the 

fourth power can be worked by 
the quadratic formula and 
should be treated here, since 
the method wiU be useful for 

These special equa- 


dving a few problems later m the course, 
ons can l.>c reduced to 


(jC + c — 0 

V 


(21) 
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In this type of problem let x — /* and the general form of the 
quadratic formula results, that is, 

ox* + 6x + c = 0 (11) 

Example 5. In a certain series parallel circuit it i« found that the fre- 
quency / can be expressed as 

2 X - 6/» + 4 X 10»* « 0 

It is desired to solve thb equation for / since this solution will give the 
frequency at which the circuit is resonant. At present we are interested 
only in the method; later in the course we shall be interested in the 
results of such a solution. 

Solulion, Applying the quadratic formula, 

6 ± Ve* - 4(2 X 10-»»)(4 X 10»*) 

” 2(2 X 10- «) 

^ 6 ± >/36 - 32 ^ 6 ± 2 

4 X iO ** 4 X 10-** 

- 2 X 10>* or /* » 1 X 10« 

Then, / 1.414 X 10« or / = 1 X 10« Am. 

Some Useful Definitions. 

1. A quadratic equation is an equation of the second order. 
In other words, it is an equation in which the unknown number 
is raised to the second power (squared) and no higher power. 
The first power of the unknown can also be present in the equa- 
tion but it doesn’t have to be present. The second power must 
be present; if only the first power of the unknown is present, the 
equation is linear and not quadratic. 

2. A quantity is a product or sum of numbers. These numbers 
may be known or unknown. Notice that a quantity is not an 
equation because it is not a statement of equality, and that it 
therefore does not have an equal sign in it. 

3. A term is a product of numbers. These numbers may be 
known or unknown. Notice that a term can be a quantity, 
but that a quantity that is a sum Ls not a term. 

4. An expression is a term or quantity ^ except that we think of 
an expression as a symbol that stands for something else or 
possibly for a class of things. 

Exercises 

1. X* — — 7 = 0. Solv'e by the factoring method. 

2. X* + 12x = 28. Solve by completing the square. 
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CHAPTER 11 

HYPERBOLIC TRIGONOMETRY 

Since traveling -waves on a transmission line are very con- 
veniently expressed in terms of hyperbolic functions, this chapter 
^\•ill be devoted to the mathematics of these functions. To 
simplify the presentation, certain parallels will be made with 
circular trigonometry as studied in Chapter 5. Hyperbolic 
functions also have valuable applications in the design of attenu- 
ation networks and electric wave filters; hence they should be 
mastered before proceeding further in the course. 

Real Circular and HyperboUc Angles. — In Fig. 56a, a circle 
with a unit radius is drawn. The equation of this circle with its 
center at the origin is 

X- y- = 1 (equation of a circle) (1) 

If values of y from —1 to +1 are substituted in this equation 
the values of x obtained from the equation will vary from — 1 
to -|-1 and the points (x, y) will be on the circumference of the 
circle, hence this equation locates all points on the circumference 
of the circle and is kno\\Ti as the equation of this circle. 

If the sign of y- is changed from H- to — the equation will no 
longer be the equation of a circle but that of a hyperbola as 
sho-wn in Fig. 566. 

X- — y- = 1 (equation of a hyperbola,) (2) 

If values of y from — oc to -f- are substituted in Eq. (2) 
the corresponding values of x will vary from — a; to -f =c and 
the points (x, y) will lie only on the curve as plotted in Fig. 566 
and a similar branch on the other side of the y-axis not shown. 

If a hne is drawn from the origin O to some point P on the 
circumference of the circle it will make an angle /3 with the 
positive x-axis, as shown in Fig. 56a. If the radius of the circle 
is 1 inch and the shaded area AOP is 0.5 square inches, the angle 
/3 is 1 circular radian. Or, in equation form, 

^ = 2 (shaded area) circular radians (3) 
when radius OA = unitv. 
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Wlien /S = 1 radian the arc AP is 1 in; hence for the above case 
the angle /3 is equal to the length of the arc in inches. If /3 
is to be expressed in degrees the conversion can be made by 
recalhng that in half a circle there are x radians or 180 degrees; 

hence 

1 circular radian = 57.296° (4) 


If a line is drawm from the origin O to some point P on the 
hj-perbola in Fig. 566 an angle will be made ^\'ith the positive 



:) Equation oi L/ircie 

x^y=l 

2 (Shaded Area) 

Fig. 56.— Comparison of rircular and hyperbolic angle. 


Equation of Hyperbola 

X— y — 1 

a = 2 (Shaded Area) 


X-axis. If the distance from the origin O to the hyperbola along 
the x-axis is 1 in. and the shaded area .4 OP is O.o sq m., the 
measure is 1 hMJerbolic radian. Or, in equation form, 

(5) 


a 


2 (shaded area) 


hj'perbolic radians 


when distance 0.4 — unity. 

ExnmpU 1. In Fig. 56 if y = 0.5 determine the value of x for the circle 

<ind for the hyperbola. , • i 

y - 0.5 in Kq. (1) lor Ih. crcle. 


or 


jel ( O. . ) ' ' 1 

jr = \ I - '0.01 = 


V "6.75 


-*-0.866 A ns. 


Substituting y = 0.5 in Eq. (2) for the hyperbola, 

I* - (0.5)2 = 1 

Qj. X = v'^1 "h (0.5)2 _ 'y/1,25 = +1.118 Ans. 

Construction of Trigonometric Circular and Hyperbolic Angle. 

Figure 57 illustrates a portion of Fig. 56, showing the con- 
struction of trigonometric functions for the circular angle in 
Fig. 57a and hyperbolic angle a in Fig. 576. 



\ 

(a) Circular Angle ^ (6) Hyperbolic Angle oc 

PQ=3m P PQ = sinh ot 

OQ=cos/3 OQ = cosh Of 

TA = tan )S TA — tanh ol 

Fig. 57. — Construction of trigonometric function from circular and hyperbolic 

angle. 


It will be recalled that the circular functions were explained in 
Chapter 5. A re\-iew ^^-ill be given here. The circle of Fig. 57o 
is constructed ^Wth a radius of unity, then the hypotenuse of 
the triangle OP is unity and the sine of /3 is the distance PQ over 
OP (which is unity) hence 





Similarly the cosine of is OQ/OP, or simply 



cos /S 


OQ _ OQ 
OP 1 


OQ 


(7) 
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The tangent of /8 is the ratio PQ/OQ or if the similar triangle 
TAO is used the base OA = unity and the tangent is ^mply 


tan P = 


sin p ^ ^ 
cos P QQ 


TA TA 
OA 1 


TA 



Referring now to Fig. 576, similar relationships are drawn, 
[n order to distinguish the trigonometric functions in a h3rperbola 
the letter ‘‘h^* (for hyperbola) is added and the functions are 
called 

sinh = hyperbolic sine 
cosh — hyperbolic cosine 
tanh = h>T)erbolic tangent 

If the hyperbola is drawn from Eq. (2) such that OA = unity 
the hyperbolic functions are readily drawn as shown in Fig, 576- 
In this case the hyperbolic sine is simply the distance PQ, that is 

sinh cr = ^ = ^ = PQ (9) 


The hyperbolic cosine is simply the distance OQ, that is 


cosh a 




The hyperbolic tangent is the ratio PQ/OQ or, if the simil a r 
triangle TAO is used, the base OA = unity and the hyperbolic 

tangent is simply 


tanh a 


sinh a _ PQ _ TA _ TA _ 
cosh <x OQ OA 1 



ExampU 2. Using the positive value of x in Example 1, determine the 
value of the trigonometric and hyperbolic functions- 
SoluHon. The trigonometric functions are 


By Eq. (6) 
By Eq. (7) 

By Eq. (8) 


filn /3 = PQ = y 0-5 AflS- 


C08 = OQ = X — 0.866 An*. 

fA.n ft 5= =t 0.577 Afis. 

^ OQ X 


The hyperbolic functions are 


By Eq. (9) 
By Eq. (10> 

By Eq. (11) 


i^nh cr = PQ “ y — 9^5 Ans. 
cosh a = OQ = X =* 1.118 Afw. 


tanh 


^ = S = 0.447 Ans. 
OQ X 
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It should be noted that the circular angle fi is measured in 
circular radians^ while, the hyperbolic angle a, is measured in 
hyperbolic radians. These definitions are given in equation form 
in Eqs. (3) and (5), respectively. However, for practical purposes 
of determining the circular angle P or the hyperbolic angle cr, 
it is usually more convenient to use one of the trigonometric or 
hyperbolic functions given above. 




Fig. 58. — circular and hyperbolic radian subdivided into 10 equal sectors of 

0.1 radian each. 

Figure 58a illustrates how a circular angle corresponding to 1 

circular radian can be divided into 10 equal parts, each of 0.1 

radian. If the radius is unity, each arc wiU be of a constant 

length of 0.1. Figure 586 illustrates how a hyperbolic angle 

corresponding to 1 hyperbolic radian can be divided into 10 

equal hyperbolic angles, each of 0.1 radian. The arc corre- 

^onding to each subdivision increases as the hyperbolic angle 

increases. The length of the radii also increases (distance OP) 

with the an^e. In this illustration the circular and hyperbolic 

radian are similarly defined on the basis of equal area of circular 
and hyperbolic sectors. 

ExamiOeZ Determine the circular angle /9 and the hyperbolic angle a 
when y = 0.5 and * is positive. 

SohUion. From Example 2, 

sin ^ 0.5 

Then, from the tables of trigonometric functions, 

P 30 57 296 ” 0.5236 circular radians A-tis, 
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Also, from Example 2, 


sinh cr = 0.5 


Then, from the tables of hyperbolic functions and interpolating, 

€K = 0.4810 hyperbolic radians. Ans. 


Graphs of Circular and Hyperbolic Functions. — ^Already 
circular functions have been used to express the phase relations 
of voltage and current, but they cannot be used to express their 
magnitude. H>Tierbolic functions, not being periodic, but 
continuously increasing or decreasing in nature, can be used to 
express the magnitude of voltage and current in a long line or 


tan jS 


tan P 


4.0 
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1.0 

Hyperbolic Radians 


(6) Hyperbolic Functions 

lical representation of circular and hyperbolic function 

reejuiring a change of magnitude of voltage 


current. ^ ^ 

Figure 59a illustrates trigonometric circular fimctions. The 

functions are periodic in nature. The sine function starts at 
0, increases to + 1, returns to 0, continues to — 1 and returns to 0 
ready to start another cycle of 360 degrees or 2*- radians. The 
cosine function starts at +1, drops through 0 to — 1, and returns 
through 0 to +1, ready to start another cycle of 360 degrees 
or 2r radians. The tangent function starts at 0, goes to + «> , 
jumps to — ■* , and comes back to 0 ready to start another cycle 

of 180 degrees or x radians. 

Figure 596 illustrates trigonometric hyperbolic fimcta^. 
These functions are continuously increasing in nature. The 
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hyperbolic sine function starts at 0 and increases to + ^ as the 
hyperbolic angle in radians increases to + * . The hyperbolic 
cosine function starts at +1 and increases to + --c as the hyper- 
bolic angle in radians increases to -f x . For a given A alue of a, 

cosh a is always greater than sinh a, which in turn is alwa\'s 
greater than tanh a.. 

The h\ perbolic tangent function starts at 0 and increases to 
4-1 as the hyperbolic angle in radians increases to -f x . 



(a) Exponentials 
^■'^and 



(b) Exponentials 
e""and 


I iG. 60. Geometric interpretation of e.vponentials. 

Geometrical Interpretation of the Exponentials 
and E “.—It will be recalled that multiplied bv a vector 
AtTll rotate the vector radians in a counterclocktrise direction 
similarly,, e multiplied by a vector will rotate the vector -8 

ra ian.s m a clockwise direction. Figure (iOa illustrates the 

effect of multiplying e- 3 ^nd by a unit vector (0.1 ) originallv 
h^ng along the positive r-axis. v b 

If the points on the hyperbola of Fig. (:06 corresponding to 
^arlous hyperbolic angles are projected <.n the asvmptote (the 
me bisecting the hrst cpiadrant-the hyperbola cur\ e a,iproaches 

from th^ •■’T" u "" ’ """ ‘li-^tance 

om the origin to the respective projection will be a measure of 

+-a values of a the value of 

negative values of a give 
e which IS less than 1 but never less than 0. 
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Exponentials Applied to Circular Functions. — For our use, 
trigonometric functions do not need to be given a geometrical 
interpretation. In fact, they are sometimes defined hy an alge- 
braic exponential form. For example, the identity for changing 
from polar to rectangular form, which is 


= cos j sin (12) 

is added to the form when the sign of ^ is made negative, thus 


= cos (^/3) + j sin (— iS) = cos /3 — j sin 


the result is 

= 2 cos /3 or cos p = 


2 


(13) 

(14) 


cos p is sometimes defined by this equation. Now, if Eq. (13) 
is subtracted from Eq. (12), 


= 2j sin p or sin P 




sin P is sometimes defined by this equation. Tan p can be 
defined by the ratio, thus 


tan P — 


sin P 
cos P 



^-^10 ^—30 

^+10 ^-10 



Also, cot P can be defined as 

_ 1 _ cos P _ . 

^ tan P sin P ^ 



Exponentials Applied to Hyperbolic Functions. — From analogy 
with the circular trigonometric functions, the hjqjerbolic fimctions 
can be defined as follows: 

= cosh a + sinh a (18) 

= cosh a — sinh a (19) 


Subtracting Eq. (19) from Eq. (18) gives 


sinh a 




sinh a can be defined by this equation. Adding Eq. ( 18 ) and 
Eq. (19) gives 

cosh a = 


2 


( 21 ) 
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cosh a can be defined by this equation. 


bv the ratio 


tanh or = 


sinh a _ 
cosh a. e“ 


Tanh a can be defined 





In some equations it is more convenient to use the reciprocal 
o:’ tanh a which is known as “hyperbolic cotangent” and can be 
■ lefined as follows; 


coth a 


1 

tanh a. 


cosh a _ e“ d* « “ 
sinh ot 



Example 4. Determine the values of the exponentials for circular and 
hyperbolic functions when y = 0.5 and x is positive. 

Solution. From Examples 2 and 3 and the use of Eq. (12), 

= cos P j sin 

^/o.M36 = 0.866 + jO.b = 1 ^ 30° Ans. 

From Examples 2 and 3 and the use of Eq. ( IS), 

e“ = cosh a + sinh a 
^o.4sii = 1 iig 0.5 = 1.61S Ans. 

Circular and Hyperbolic Identities. — These identities are 
tabulated on page 307, primarily for reference purposes. The 
proof of many of these identities can Ije made by substitution of 
the exponential forms given above. In these equations a is 
not necessarily a hyperbolic radian nor Ls d necessarily a circular 
radian. In general they can be considered as two different 
angles measured in radians. 

Example 5. Develop the equation 

cosh* ^ — sinh^ /? = 1 
from the circular function identity 

sin- ^ + cos^ ^ = 1 

Solution. In the circular function identity, replace ^ with j& to get 

sin*j^ + cos- 7)3 = 1 
sin /d = j sinh 8 
cos jS = cosh 8 

Hence, sinh- 8 + cosh- 8 = 1 

cosh^ 8 — sinh- #3 — 1 

Example 6. Determine the circular sine and hyperbolic sine of the 
romplex quantity 


y = a +j8 = 0.4812 + 70-5236 


148 


APFEJDSD MATBBl^^^^a 

SolvHovu Ref ecring to the fist of identities^ ■ 

sin y = sin (cr 4*iP) — sin a cosh -\-j cos a sanh p 

= sin (0.4812) cosh (0.5230) +i cos (0.4812) snh (0l5236) 
Converting from radians to degrees, 

saay (27.57*) cosh (0.5236) + j cos (27.57®) anh (0.5236) 

Finding the values from the tables, 

sin V = (0.4628)(1.14025) +i(0.8865) (0.54786) 

= 0.5277 + jO.4857 = 0.717 2/42®38 ^ Ans. 

¥mm the fist of identities, 

ginh y = sinh (a + jfi) = sinh a COS fi +j COsh a ^ P 

== sinh (0.4812) cos (0.5236) +j cosh (0.4812) dn (0.5236) 
= (0.5) (0.866) +j (1.118) (0.5) 

a433 + iD.550 0.7071/52®15' Ans. 




1. ff a circle has a ladins of 1 in. and the vector OP (Fig. 56) Is rotated 
so that the shaded area is 2 sq. in>, what is the v^ue of p7 

8. If a hyperbola measures 1 in. from O to A and the vector OP is fumed 
dockwise so that the shaded area is 3 sq in., what is thevahie of a aid ^ 
(see Fig. 56)? 

5. In Eq. (1) if X = 0.707 what are the possible values of p? 

4L In £q. (2) if x = 2.0 what are the possible values of y? 

6. How does the value of eosAi a compare with sinh a as «t is vaiied? 

What are the corre^xmding values of tanh a? 

6. Between what limits do dn ^ and cos fi vary? What are the lindt^ 

of Ian ^7 ^ 

7. What valuable property does ^ have when multqified by a vecImT 

How k tiiis property different from ^ midiaplied by the same vector?^ J 

8. If CR — 0.76159, determine dnh ct, laish cx, ooth ct, and cx. 


f’ /• 


% 


CHAPTF.R 12 


DIFFERENTIAL CALCULUS 
TREATING ALGEBRAIC FUNCTIONS 

Anthfnciic dculs with tho u>i* (it H'onfn /'.s\ wliich ;tr'' con.-tunt 
C|ti3.ntitic>, hilc oloth/o (h'uls \\*ith tlu' ii>*‘ (»i si/^/thnls i‘(*nrr*- 
seating either constant or \'ariahl(‘ (juantitios. < 'alrul ns , gciiug 
one stej) tarther. deals witli the tifitnrr and \'ariation of the-^e 

(quantities. S>ince calculu.'' use.s Ixjtli aritlinictii' and algelira. it 
is studied last. 

The basic idea.s of calculus are simple and fascinating whf-n iinc 
has a good working knowledge of such subjects as algebra and 
trigonometry. However, the large amount of detail and the 
abstract approach that is often made lead to disinterest :tn.l to a 
false notion that the suluect is (‘.xtremelv difficult. 

Calculu.s in it.s elementai\ lorm.s cati l>e dt\'ided uito <lifierent ial 
calculus and integial calculu.'', much a.s arithmetic j>ri ice,-"e.s 
can be divided into subtraction and addition. In Imth the 
calculus and the arithmetic the proce.s.M'S are inverse opemt ion.s. 

The purpo.se of studying calculus at this time is to bee.. me 
familiar with the nature of changing electrical (piantities, Xot 
that the student will be able to W(.rk out all calculus jirol.lem.s, 
because even the best mathematicians cannot .h. tiii^, l.uf that 
the student can work simple pn.blems ami be al-le to understand 
the meaning of calculus terms when they are foumi in the litera- 
ture. This chapter will deal with differentia! calculus in ele- 
mentary and graphical forms which treat algebraic functions, 
^\hile the next chapter will deal witli transcendental functions in 
a similar fashion. Then a treatment of elementary and graphical 
lorms of integral calculus will be presente.l. 

All algebraic functions of x are rational functions, while all 

other functions of r are tran-scendental or irrational functions of 

^ An algebraic tunction of x can in it< most c<.mj)licated f.jrm 

be e.xpressed as a fraction with values of x in both the numerator 
and denominator. 
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Calculus Symbols.— The letter d is used in difTerential calculus 
to mean “a little bit of,” hence “dx” means ‘‘a little bit x." 
This little bit of x is a difference quantity, commonly called the 
“differential” or “element” of x. d can be remembered as the 

first letter of “difference” or “differential.” “dx” is actually of 

<» 

indefinitely small size. Differential calculus can be simply 
explained as a mathematics of making and using indefinitely 
small difference calculations. 

The symbol / as used in integral calculus is merely an elongated 
letter S which means “the sum of.” This symbol which stands 
for the first letter of sum is usually called “the integral of,” 
which means the whole or total. Integral calculus can be 
simply explained as the mathematics of making and using large 
sum calculations. 

Integral and differential calculus s>'raboLs are often used in 
combination to express a quantity, thus / dx means “the sum of 
all the little bits of x.” In other words, the whole quantity can 
be found by adding up all the indefinitely small little bits of x. 

Limi ts. — In reality quantities must be finite or zero. In other 
words, we have something or we have nothing. This concept 
seems simple. The mathematician, however, has complicated 
the matter by devising two fictitious quantities, as it were, which 
are used to aid him in his reasoning processes. One is called 
“infinity,” and is greater than any number or quantity. The 
other is called “an infini tesimal” and is smaller than any number 

or quantity. 

How do we arrive at these fictitious quantities of infinity and 
an infinitesimal? The answer to this question Ls found in the 
use of limits. A variable quantity, if it increases indefimtely in 
size, is said to reach infinity in the limit. Likewise, if a 'i ariable 
quantitv decreases indefinitely in size it becomes an infinitesimal 
and is said to reach zero in the limit. In the precise language of 
the mathematician; o varuAle is said to approach a when 

its value becomes and remains arbitrarily close to the limit. Arbi- 
trarily close ” means that we can assign a number as close as we 
please to the limit and the variable will ultimately become and 
remain closer to the limit than this arbitraiy or assipied number. 

If the variable x approaches infinity as the limit, the fact is 

stated mathematically as 

lim X = « 
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This states in words that the limit of the variable x equals 
infinity as x approaches infinity. 

On the other hand if the variable x approaches zero as the 
limit it is called an infinitesimal.^’ This means that the 
variable becomes and remains as close as you please to zero. 
In mathematical language^ 


lim X = 0 

x —^0 

This says in words that the limit of x equals zero as x approaches 
zero. 

The quantity dx is known as an infinitesimal, because in the 
calculus process of differentiation it approaches zero as the limit. 
By this limiting method the calculus process becomes an exact 
process. For illustration, the ratio dy/dx pronounced “dee-wy 
by dee-ex” is made up of two differential quantities each of 
which approaches zero in the limit to give 0/0, which as such 
cannot be evaluated. Here is where the mathematician’s 
reasoning process with infinitesimals comes to the rescue. The 
value of y is related to the value of x so long as values can be 
assigned to either one. For illustration, y may always be twice 
the value of x no matter how small x is made. In this case the 
ratio is 2 right up to the limit 0/0, so it is reasonable to believe 
the value of 0/0 for this case is 2. In other words, the indeter- 
minate 0/0 is evaluated by this limiting process. 

The idea of limits is often useful, as illustrated by the following 
mathematical statement: 


lim X* = 4 

z -*2 


This states in words that the limit of the variable x* equals 4 

as X approaches 2. It is easy to see that x* = 2* = 4 in the limit. 

The differential sign d is closely related to the incremental 

sign A (the Greek letter delta). The basic difference is that Ax 

stands for a finite increment of x while dx stands for an infini- 
tesimal increment of x. 


Relative Smallness. — Our calculations will deal with small 
quantities having various degrees of smallness. It is, therefore 
important to know what degrees of smallness we can omit and 
still arnve at an answer with the required accuracy. 
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The size of a quantity depends upon the measiiring stick. 
The earth is very small in comparison to our solar system, yet 
the earth is very large in comparison to a baseball. T\Tien 
dealing with the solar system, the earth should not be omitted, 
but the baseball could for most purposes be neglected. The 
earth, in this case, is said to have a fii-st degree of smallness, while 
the baseball has a second degree of smallness. A flea on the 
baseball would then have a third degree of smallness. 
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X •Ax 

* 
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(a) Square 


X •Ax 


X 


(Ax)* 


Lx • Ax 


Fig. 61 . 


X Ax 

(b) Enlarged square (c) Area of Enlarged 

square 

A. square cularpod to show degrees of smallness. 


The degree of smallness can be illustrated by enlarging the 
square of Fig. 61a. The area of this square is x • x = If the 
square is enlarged by adding a strip having a width of Ax on 
the two sides as shown in Fig. 616, then the total area is 

(x -f AxY- = X- + 2x ■ Ax + (Ax)= (1) 

To illustrate the geometry, let x = 5 and Ax = 1, then the 
area of the original square is x • x = 5 • 5 = 25 and the area of 
the enlarged square is (x + Ax,^ = (5 + 1)’- = 36. Adding the 
areas of the enlarged .square of Fig. 616 gives x= — 5^ — 25, 
2(x • Ax) = 2(5 • 1) = 10, and (Ax)- = 1’ = 1, thus 

J.2 _j_ 2x • Ax + (A.n- = 25+10-1-1 = 36, 


which checks the <rbo\ e ^ nine. 

Now if Ax is made very small 
Fig. Olr, it is readily seen that 
ness and can be omitted, thus 


in comparison to x, as shown in 
(Ax)“ is of second order in small- 


(x + Ax )‘ = X“ + 2x - Ax V / 

^^'ith an accuracy of the first order. To illustrate, let x = 1,0^ 
and Ax = 1. then the area of the enlarged square by Fq. ( ) 





DIFFERENTIAL CALCULUS: ALGEBRAIC 


153 


with accuracy to the second order is 

{x + Aar)2 = (1,001)2 = 1,002,001 
and by iki- (2), the accuracy to the first order is 


+ 2x Ax ^ 1,000,000 + 2,000 - 1,002,000 


By neglecting the second-order term (Ax)*, the answer has 
changed approximately one part in a million. This makes it 
clear that if Ax is made small enough, by approaching the value 
of dx, the second, third, and higher order terms can be omitted. 

Rates. — One of the most familiar illustrations of rate is the 
movement of an object which takes a certain amount of time. 
An automobile, for example, travels at a rate of 60 miles per 
hour. If the automobile has a uniform speed the whole distance, 
X = 60 miles, and the total time, < = 1 hr, can be used to express 
the rate mathematically, thus 


Rate = f = 


distance 

time 



Using the above values, Eq. (3) gives 

60 miles „ , 

Rate = — — — 60 mph 


Since it is unusual to have a constant rate of speed for such a 
long period of time, it is logical to look for a way to express this 
rate at any particular instant. By writing dx as incremental 
distance corresponding to an incremental interval of time, di, 
the rate at any instant can be expressed by 


Rate 


dx 

dt 



where dx == differential of x, pronounced ^‘dee-ex.” 
dt = differential of pronounced 'Mee-tee.'' 
equation states that the mathematical rate of x at the 
particular instant is the ratio of the differentials dx divided by dim 
The differential of any variable quantity is indicated by writing 
the letter d before the quantity, thus in this equation the symbol 
dx is not the product of d and x but represents an incremental 
difference quantity. This difference quantity dx known as a 
differential^ corresponds to the distance covered during the 
corresponding incremental difference quantity dt the time 
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elapsed to cover that distance. Even though dx and dt are 
correspondingly verj', very small quantities, the ratio will not be 
altered. This means that the automobile rate at any instant 
during the whole hour will be 60 miles per hour, since it has a 
uniform speed. However, if the automobile speed is not uni- 
form, Eq. (3) cannot be used and resort must be made to Eq. (4), 
which is a simple differential calculus expression of rate. This 



t+At 


Flo. 62 . — Triangle representation of 

a constant rate. 


equation will hold true no matter 
how rapidly the rate or speed of 
the automobile is changing, be- 
cause it considers such very, very 
small difference quantities. 
This is the heart of the calculus 
method, which makes it a most 
useful tool in expressing ideas and 
solving problems involving rates. 


If the time t represents the base of a right triangle and the 
altitude is a measure of the distance x covered by the automobile 


from the be ginnin g of the hour, as shown in Fig. 62, then the 
instantaneous rate at the end of an hour can be represented by 


the small similar triangle having a base of At and an altitude of Ax. 

This triangle in Fig. 62 shows that as time I passes to become 
I the distance grows from x to become x Ax. In this 



Time t in hours 

Fio. 63 . — A constani-aiope curve. 


case, the distance x depends upon the time t and the small 
distance Ax depends upon the sm a ll time Ai. An important 
thing to note is that the ratio stiff has a definite value even thoug 

both Ax and Ai become indefinitely small. 

Slopes. — IMerentiation is the process of finding or calculati^ 
differentiab of variables. This can be accomplished graphicaUy 
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by plotting the curve of the variable and then determining the 
slope of the curve. Consider the above illustration of an auto- 
mobile traveling 60 miles per hour. This information if plotted 
will give the straight line curve shown in Fig. 63. By substituting 
in Eq. (3), the slope of this curve is found to be 60 miles per hour. 
Now, instead of considering all of the graph, use the portion of 
the curve between points P and Q. The slope of this portion of 
the curve is the change in distance Ar = X2 — Xi divided by the 
corresponding change in time = h — h, or, in equation form. 



where Aa: = the change in x, pronounced “delta ex.” 

M = the change in t, pronounced “delta tee.” 

If the values on the curve are substituted in Eq. (5), the result is 



60 mph 


This checks with the solution obtained by using Eq. (3) for the 
whole curve. 

If the quantity Ax is made smaller and smaller, it cRn be made 
to approach the differential dx. Similarly A< can be made to 
approach the differential dt. For illustration move the point Q 
closer and closer to the point P and the triangle will become 
sn^er and smaller with the result that the slope or rate at the 
point P can be expressed in differential form by Eq. (4). This 
reveals that there are two types of rates, an average rate which is 
computed over a definite interval, such as from P to Q in the 
above illustration, and an instantaneous rate which is computed 
at one particular point such as P in the above illustration. 

For a curve that is not a straight line the ratio of Ax to Af 

as illustrated in Fig. 63 will not always give the slope at the 

pomt P. The slope of the curve, at the point P, is called the 

“tangent” to the curve. Hence, to find the derivative dx by 

df at the point P, <^w a tangent to the curve at that point and 
find the slope of this tangent. 

Slope = tangent = derivative 

■pie slope can also be expressed in terms of the limiting process 
as follows: 
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Slope 


= lim 
0 



di 

~dt 



This savs in words that the limit of the ratio of delta x to delta t 

^ 

as delta t approaches zero is the ratio of the differential of x to 
the differential of t. 

Consider any cuiA'e such as the one sho's\-n in Fig. 64. Select 
any two points on the cur\'e such as P and Q. The slope of the 
line joining these two points is the ratio Ai//Ax as shown in the 



Fig. 64. — A variable-slope curve. 


figure It ^^'ill be noted, however, that this line is not tangent to 
the curve at either point P or point Q. Xow move the pomt Q 
down to Q', which is a step in the process of making \x-^. i he 
slope of the line joining F and Q' is now Ay '/Ax', which is approach- 
ing the slope of the tangent to the cuiA'e marked FT. As the 
point Q is moved closer and closer to the point F, the slope o e 
line joining the two points will approach the tangen . n 
the limit it \\'ill equal the tangent to the cuiA e at pomt F. 

^lope of the cui^ e at point F is then dy/dx. 

.J— U. — rh^ 

.. c„r.-e .hr„„.h 

the point P. The slope of this straight line by Eq. (.3) is 


50 

Slope = 

^ i .o 


L = = 10 

3 4.5 


measured in milliampercs per volt 


Arts. 
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Functions. — When two variables are related in such a way that 
if the value of the first variable is furnished, it is possible to 
determine the value of the second variable, then the first variable 



Fla. 65.— The SQuare law curve of a diode vacuum tube. 

is said to be a “function” of the second. In the diode vacuum 
tube of example 1, it is possible to determine the voltage e if 
the current is known, hence z is a function of e. In this example, 


will 


independent variable” while the current i depends upon the 
voltage e that is applied and is called the “dependent variable*’ 
or “function.” To make this state- 
ment mathematically. 


m 


(7) 


This equation states that z is a function 
of c. It does not mean that / is multi- 
plied by (e), but that if e is known, it 
is possible to determine the dependent 
variable z. Substituting the value of 
f(e) — e* from Fig. 65 gives the exact 
expression from which i can be determined if e is given, that is, 


Y 
4 

3 

2 

1 

% 1 2 3 4 

Fig. 66. — Here y 

constant. 








i 

i 

i 

7 

1 

» 














X 


c. 


Derivative of a Constant. — As shown in Fig. 66, when y is 
equal to a constant, which does not change in value, it has no rate 
or diflerentW. The dope ie rero becui if the Itoe ^ 
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r 


through the point P tangent to the eurve the slope la 
Eq. (5), thus 



Slope 



y« — yi ^ 

Xs — Xx 




Therefore, for the equation y — c, the differential ef a constant is 
zero, thus 

dy = dc = 0 (8) 

and the derivative of a constant is zero, thus 



This merely states that the slope of a horizontal line is zero. 
Since there is no change in y as x varies, there is no change in 
dy for the change dx. 

Derivative of a Variable trith 












b 





P 





a 





■ 



< 




|A45“ 

▼ 1 





to Itself. — When 
y = X as ^own in ¥lg. 67 the slope at 
point P by Elq. (5) Is 


Slope 


For this curve dy 
ative 


Ay _ 4 — 2 
“ 4-2 


2 


dx, hence thederiv- 


O 


12 3 

67. — ^Here y — x, a 


X ai) 


dx 


dx 

dx 


1 




This equation states that when thex and 
y scales sue sJlihe the slox>e of aline making an 
with the x-aris is unity. 

Derivative of a Variable Mtdtlplied by a ConStanti— In 
equation y = cx let the value of y and x increase by an increnieitt; 

thus 


Subtrsuiting 


y + Ay 

y 


cx + cAx 



Ay 


cAx 


IMviding throu^ by Ax, the slope is a constant 

Ay _ 


c 
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Now, if the limit of this fraction is taken, the derivative form can 
be obtained, thus 

(III) Um ^ » c (11) 

Ar-»o Ax ax 

This equation states that the derivative of a variable multiplied 
by a constant is equal to the constant multiplied by the deriva- 
tive of the variable. Referring to Fig. 68, the derivative or 
slope of the line y = 0 is dy/dx = 0, of the line y = 0.5x is 
dy/dx = 0.5, of the line y = x is dy/dx = 1, of the line y = 2x is 
dy/dx = 2 and of the line y = <» x, dy/dx = « . In other 

words, the derivative is the slope of the 
line which is the coefficient or constant 
multiplied by the variable. 

The above method of adding an incre- 
ment to each variable, subtracting the 
original function, and then taking the 
limit of the increment is the basic meth- 
od for finding the derivative of a func- 
tion. For practical purposes this 
procedure can be simplified by using 
differential quantities at the beginning 
instead of incremental quantities. Ap- 
plying this idea, the above derivation is 
Let the value of y and x increase bv difl 


Y 

4 


0 


a 

8— « 
1 

/ 


7 

1 








y=0 


4 X 


0 12 3 

Fio, 68. — Here y = cjt, 
curves of various constants 
multiplied by a variable. 


Subtracting the original function 
Then the differential 


y + dy 

y 


cx cdx 
cx 


dy = 


and. the derivative 


dx 


= c 


This checks the above solution. 


c dx 


Example 2. State the derivative of the function 



Sclvtion. 


dy _ d(—2x) 
dx dx 



Ana. 


Derivative of a Variable with a Constant Exponent— When 

y = X*, a c^e similar to the one in Fig. 65 results. The thing to 
remember is that as x increases, x* increases more rapidly, and 
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hence y also increases more rapidly since it is equal to i*. In 
Example 1, the slope of the cur\ e at point P was found to be 10. 
At any other point it vstU not be this value, as was the case for a 
straight line, so it is desired to determine the value of dyjdx. 
This can be done very simply as follows: To the value of x, 
add a little bit to make it x + dx, and to y add a little bit to make 
it y + dy. Substituting these values in the above equation ^ves 

y + dj/ = (x + dxY 


Squaring the right-hand side gives 

2 / -f dy = x* + 2x dx -h (dx)* 


Since (dx)* is a little bit of a little bit, it is of second order in 
smallness and can be neglected. Lea\Tng this term out and 
subtracting the original equation y = x- results in 

y -1- dy = X® + 2x dx 

y = 

dy = 2x dx 


or di\'iding both sides by dx gives the desired derivative 

^ = 2i 

dx dx 



This analytical method is a basic procedure for finding the 
derivative of a function. 

Example 3. Determine the derivative of the curve at point P m Fig. 65. 
Solution. Applying Eq. (12), 


— = 2c = 2 • 5 = 10 Ana. 
de 

This checks the graphical solution of Example 1. 

.As another illustration let y = xA Then, as before, let both 

y and x increase a little bit to give 

y -h dy = (x -1- dx)’ 

= x^ + 3x’ dx + 3x(dx)’ -1- (dx)’ 

subtracting the original equation and neglecting the terms oi 
second or higher order of smallness gi'C 

du = 3x’ dx 



( 13 ) 


^ ^ d{x^) ^ 
dx dx 


From Eqs. (10), (12), and (13), the following table can be made: 



I 


dx 

\x^ 

2x' 

3x= 


This table shows a sequence which would lead us to guess that 
the derivative of is 4x^ To check this, differentiate the 
equation t/ = as shown above by adding a little bit of y and a 
little bit of X to get 


y + dy = (x + dx)* = x^ 4- 4x*rfx + Gx^rfx)- + 4x(dx)’ + (rfx)^ 


Neglecting second or higher order terms and subtracting the 
original equation gives 


or, in derivative form, 


d^ 

dx 


dy = 4x* dx 




Generalizing this procedure, let n be the exponent of x. Then 
the derivative must have n multiplied by x and the new exponent 
will be one less than n, thus 



dx dx 




Example 4. Find the derivative of y = 

Solution. Apphdng Eq. (15) ^ = 7x«. 

This rule applies as well to negative and fractional powers, as 
sho'W'n in the follovsing examples: 

Example 5. Find the derivative of y = x“*. 

Solution. Apph-ing Eq. (15) ^ = — 2x~*. Arw. 

ax 

Example 6. Find the derivative of y = y/~x — x^. 

Solution. Apph-ing Eq. (15) ^ = 1 x~^ = — Ans. 

dx 2 2 V X 
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Derivative of a Sum. — Let y = u v and, by the basic pro- 
cedure, let these variables grow to give 


y dy = u dll V dv 
Subtracting the original func- 
tion, y = u + V 

Hence the differential of y is dy = du + dv (16) 


Dividing both sides of the equation by dx gives the derivative 




Fig. 69. — Here y = yi -r y:. a sum. 


Example 7. Find the derivative of the sum of yi = x and ys = -t 
both analytically and graphically. 

Solution. y = yi-|-ys = ^“b'^ ® 

. _ dy dx d(4) d O.ox) 

By Eq. (D .i ^ ^ 

Referring to Fig. 69, 


0 


= 1 


0 


0.5 = 0.5 Arts. 


Then 



Solving for the slope, 



6.5 


0.0 



Check, 


o 


3 


lines because it holds for any curve. However, for any curve, it 
is possible to draw a tangent to the curve at the point of interest 
and then find the slope of the tangent to get the derivative for 
that point. If this is done, it will be found that the curve 
resulting from the sum of the other variables has the same slope 
as the sum of the slopes of the various variables. This is another 
way of stating Eq. (17). 

Derivative of a Product, — Let y — uv and as each variable 
grows 

y + dy ^ (u + du) (v + dv) 

= uv + u dv V du du dv 

Subtracting the func- 
tion, y = 

The differential of y is dy = u dv + v du (18) 

The product du dv was omitted because it is of the second order 
of smallness. Dividing both sides of the equation by dx results 
in the derivative of a product 



dx dx ^ dx ^ dx 



This equation states that the derivative of a product is equal to 
the first variable multiplied by the derivative of the second vari- 
able plus the second variable multiplied by the derivative of the 
first variable. 


Example 8. Find the derivative of the product {x d- l)x*. 
Solution. Let u — x I and v — x^ 


Then 

and 

Substituting in Eq. (19), 


du __ d(x H- 1) 
dx dx 

dv __ d(x-) _ 
dx dx 


1 



d{x + l)x» 
dx 


“f" L -j- x* • 1 = 3z* “h 2x Ans, 


Derivative of a Quotient. 

As each variable grows, 



y + dy 


u + du 
V dv 


Performing the division indicated on the right-hand side to 
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rder of smallness 
smallness are doi 


r + dv'u du - 

i’ 


u dv du 

^ I 

i'- r 


u + 


u dv 


u dv 


+ du 


u dv u{dv) 


v'- 


+ du 
+ du + 


du dv 


The terms ^ ' and were neglected in this di\'ision 

V- V 


because of their higher order of s m al ln ess. 


Thus 


y + dy = 


u V du 


u dv 


Subtracting, 


dy = 


V d u — u dv 


( 20 ) 


and dividing both sides by dx gives the derivative 


(VII) 


dx 




du 


dv 


« j- 

dx dx 


( 21 ) 


This equation states that the derivative of a fraction is equal to 
the denominator multiplied by the derivative of the numerator 
minus the numerator multipUed by the derivative of the denomi- 
r><jfnr all flKHdpd bv the denominator squared. 


r* + 2 

Example 9. 'NMiat is the derivative of 
Solution. Let u = x* + 2 and v = s/x — 


du 

dx 


= 2x 


and 


^ = li-H 
dx 2 


Then 



A ns. 


± A* + 2 \ ^ + 2) _ 3 \/i 1^ 

\ V^ / ^ 2 X 

Thus far we have developed the important derivatives for 
algebraic functions. In most cases graphs have been furnished 
to illustrate more clearly what happens. Now, to make use of 
this knowledge, some practical applications will be treated along 
wth some more ideas about differential calculus. In other 
words, we have the tools; let’s learn how to make good use of 
them. 

Successive Derivatives. — The idea that a derivative may 
represent a rate of change has already been given. It is the 
ratio of the little bit of space covered in the corresponding little 
bit of time. Let us apply this idea to a freely falling object. 
From physics, the equation for a freel^^ falling body is 

s = 16^- (22) 

where s = space covered by the freely falling bod}", in feet. 

t = time after the body begins to fall, in seconds. 

This curve is plotted in Fig. 70 for a time period of 8 seconds. 
As time increases the space is covered more rapidly. This 
means that the velocity must be increasing. The velocity, if 
scientifically expressed, is the derivative of space ^^ith respect 
to time. If applied to Eq. (22), it gives 

ds 

t, = = 32< (23) 


where v = velocity in feet per second. 

When this curve is plotted, as showm in Fig. 70, it Ls noted that 

the velocity is steadily increasing. Now the rate at which the 

velocity is increasing is called the ‘^acceleration.” Taking the 

derivative of Eq. (23), which is the second successive derivative, 
results in 



where a = acceleration in feet per second per second, and 
dh/dt^ = the second derivative of s wth respect to It can 
also be read “dee squared ess over dee-tee squared.” This 
equation shows that the Qcceleration, due to the force of gravity, 
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is a constant equal to 32 feet per second per second. This is 
represented in Fig. 70 by a horizontal straight line. 



Example 10. Determine the fifth derivative of the quantity 

y = X* + 4x- + X. 


Solution. -\ppl>-ing Eq. (15) successively. 


The first derivative is 
The second derivative is 


^ = 5x« + Sx + 1 
ax 



The third derivative is 
The fourth derivative is 



The fifth derivative is 
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There are three other quite common ways of expressing succes- 
sive derivatives which are simpler to write as shown in the 
following table: 


T.A3LE OF SCCCESSIVE DERIVATIVES 


y 

y 

fix) 


X 

1 

1 

^ \ 

m 

dx 

y' 

J'ix) 

i- 

jf 

E 

dx 

dt 

• 

X 

no 

d-y 

dx- 

v" 

fix) 

1 

i; 

d’X 

dt- 

X 

fit) 

d^y 

dx^ 

y'” 

f"'ix) 

1 

i: 

1 

d-'x 

di^ 

X 

1 

1 

f'it) 


f 

11 

1 

1 




Maxima and Minima. — One of the principal uses of dififerential 
calculus is to find maximum or minimum values. A maximum 
■point has a greater value than the immediately preceding or 
following points while a minimum point has a smaller value than 
the immediately preceding or following points. 


-4 -3 -2 -1 0 1 2 3 4 X 



In many practical engineering problems we are concerned with 
finding the conditions that will give the greatest (maximum) 
value or the least (minimum) value. To illustrate, it may be 
desired to find the conditions for the maximum efficiencv of a 
machine or it may be desired to determine the conditions that 
^\'ill make the cost a minimum. 

As a concrete case, consider the equation y = 2x — x- — 2 
as plotted in Fig. 71. It appears from the curve that y reaches a 
maximum value when x = 1. This can be checked bv sob'ing 
for points very close to a: = 1 and finding that they all have 
smaller values. Instead of doing all this guessing, differential 
calculus can be used to determine the maximum directly. It 
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will be recalled that the derivative of a constant is zero. Such 
a curve is horizontal, that is, its slope is zero. Now, at the 
maximum height of the curve in Fig. 71, the slope is zero, that 
is, the curve is horizontal. Therefore, if we set the derivative 
fjy dx = 0 and solve for x, it is possible to determine the maxi- 
mum^ value of y by substituting this value of x in the original 

equation. 

Performing these operations on the equation, 


The derivative is 



Setting this quantity equal to zero, 


2x 


0 

1 A ns 


SoU-ing for x, -r — 

This means that the maximum ■will occur when the value of x 
is exactly equal to 1. Substituting this value of x into the 

original equation. 


y 


2 


1 


2 


1 Ans. 


to 


This means that the maximum value of y is exactly equal 

— 1 . 


• 




1 

1 


i 

1 

1 

D 


= 2x— 2 =0 
“ X = 1. y = 1 

= -I- 2 


1 


1 



1 

i 

i 

i 

j 

\ 

\ 

/ 

i 


« 






1 

J 

I 

\ 




N 

iy 

1 




V - 

y is X minixnxiixi 

— 4 -3 -2 —1 0 12 3 4 

Fig. 72. — Curve with a minima point- 

FTnmjde 11. Find the maximur.; load power Pl and v^ue of load 
resistance Rl when the generator resistance is R, and the equation o power 

transfer is t> 

Pl = 


(R, + RO' 

. In some cases, a.s will be shown later, this procedure may give a minimum 
or inflwlion point. 



in Eq. (21), The derivatives are then 
du dRL 


dRL ^Rl 


= 1 


and 


= 2>Rs + Rl) 

dRr (IRl 


KM 

Xow, substituting these values into Kq. (21 ) results in 

dPi (R. + + Rl) _ R, -t- Rl - 27? 7, _ ^ 

dRL + Kl}* 

This equation is true when the numerator is zero, hen re 


Rc ^ I^L - 2 Rl = 0 


or 


Rr = R~ Aws 


As another case, consider the equation y = jr- — 2x + 2 which is plotterl 
in Fig. 72. The curve appears to reach a mininnim value of y = 1 when 
X — 1. To check this, take the first derivative and equate it to zero, thus 




= 2x - 2 = 0 


Hence, 


dx 
X = I 


Substituting this value in the original equation. 

y:=l “2+2 = 1 Am. 

Example 12. The cost C of handling vacuum tubes in a factory varies 
with the output A" per day according to the relation 

C = a + + cA 

where a, 6, and c are constants. For what output will the cost be least? 
Solution. Taking the first derivative and equating to zero, • 

dC -b 


d.\ 


A’= 


+ c = 0 


Sohdng this equation, 




A' = A ns 


It should be obsen^ed that if a tangent were drawn to either 
the maximum point of the cur^’e in Fig. 71 or the minimum 
point of the cur\'e in Fig. 72, the slope or first derivative is zero. 
In order to determine which of these values are maximum or 
minimum points, a portion of the cuiwe can be sketched near 
these points. Another way to determine if the point is a maxi- 
mum or a minimum is to take the second derivative. If the 
second derivative is negative, the point is a maximum, and, 
\dce versa, if the second derivative is positive the point is a 
minim um. The rules to remember are as follows: 

If ^ = 0 and ^ = - • 

ax dx^ 


, 1 / IS a maximum. 



If ^ = 0 and = +, y is a Tninimiim 

Applying these rules, the curve in Fig. 71 results in a n^^tive 
second derivative, thus 

y = 2x — X* — 2 

First derivative ^ = 2 — 2x 

ax 

Second derivative -r^ = —2 

ox* 

Hence y is a maximum. 

Simihuiy, applying these rules to the curve of Fig. 72 results 
in a positive derivative, thus 


y = X* — 2x + 2 

First derivative ^ = 2x — * 2 

ox 

Second derivative ^ = +2 
Hence y is a minimum. 

Inflection Point. — The above test for a maxurn 
fails when the second derivative is zero. Resort 


6xVte 

^=3**-“l2r+9=0 

dx 

X— 1 or 3 

Si=6«-12 

For *—1, “6 

y s +4 a maximom 

For *=3,4^= +6 


ysO aminimum 

For ^.= 0, 



3ecbon 


*=2i 

y»2i 

73. — Curve 


inflection point 


made to sketching the curve near the point in question, 
curve bends in opposite directions on either side of a pv\ 






that point is called an “inflection point.’’ In other words, an 
inflection point separates an upward concave portion of a 
cur\'e from a downward concave portion of the curs'e 
At an inflection point a tangent to the curve will cross the cun.-e. 
The rule can be stated as follows: 

If = 0 and -rK = 0, 1 / is an inflection point, a maximum, or 
dx dx- 

a minimum. In this case, the curve should be plotted to deter- 
mine its exact nature. 

Example 13. Find the maximum, minimum, and Lnflection-point values 
and plot the curve 

y = x^ — Qx- + 


Solution, 


The first derivative is — 


dx 


By the quadratic formula, x ^ 1 or 3 


The second derivative i 


. d^y 


dx* 


= 6x 


12 


3x* - 12x 4- 9 - 0 


If X = 



If X 



— 6, hence a maximum at 

j 

y = l-^64-9 = +4 Arts, 
+6, hence a minimum at 



y = 27 - 

- 54 + 27 = 

= 0 A Tw, 

Let 

d'y 

dx^ 

= Ox - 12 

= 0 

Then 

X = 2 



and 

y = S - 

24 4- 18 = 

+2 A ns. 


From the plotted curve as shown in Fig. 73, we see that the last point 
is an inflection point. 


For 

For 

For 


y 

dx 

X 

d^y 

dx* 


= x^ -- 6x* + 9x 
= 3x* - 12x + 9 
= 1 or 3 

= fix - 12 




= + 4 a maximum 
y = 0 a minimum 



X 

y 



an inflection point 



Sununaxy. 


(I) 

( II ) 

(III) 

(IV) 
(V) 

(VI) 


gebraic differentiation formulas 

S-® 

ax 


dx 


= 1 


dx 

^ (i-) = TIX"-* 

d . . du dv 

^ di 

<f . , do du 

du cfo 

If- u^ 

dx dx 



(VII) 

IM \1// 

2. Successive differenti»tion is the process of repeating the 
operation of differentiating a function. These succesave oper- 
ations result in the “first derivative,” “second derivative,” and 
so on to the “nth derivative.” 

3 If ^ = 0 and ^ » is a maximum. 

dx dx^ 

4 If ^ = 0 Mid ^ = +, y is a minimum. 

dx dx* 

5 xf ^ = 0 and ^ = 0, y is an inflection point, a maximum , 

dx dx* 

or a minimum. In 
determine its nature. 


this case, the curve should be plotted 


DiffeienUate the following 

1, y = ax ^ + fex + c 

2. y = V2x* 

5. y *= (« + 

6. y = 


ft. Wh&t is the semnd derivative of y =* V*T < 

t SL c^^ntTSepends upon the tempenrtuie I of an mmnduwnt 

lamp Iqr the equation . 

/ =s a + M + a 



CHAPTER 13 


DIFFERENTIAL CALCULUS 
TREATING TRANSCENDENTAL FUNCTIONS 

As pointed out in the last chapter, a transcendental function 
is any function that is not a simple algebraic fimction. Transcen- 
dental functions are irrational functions such as €*, sin x, and 
log X, 

The Law of Natural Growth. — ^The law of natural growth 
results when the increase in size of a quantity is always propor- 
tional to the size of the quantity. This is illustrated by nature 
when an organism^s grovi'th is proportional to the size of the 
organism. This could also be called a ‘'logarithmic rate'’ of 
growing becaiise the percentage increase is alwa>"S proportional 
to the magnitude at that instant. 

Studying tw o cases will help to clarify this law. Consider the 
difference between constant and natural growrth as iUustrated 
in simple and compound interest- With simple interest, the 
capital growls arithmetically at unit rate w^hile with compoimd 
interest the capital grows logarithmetically at unit rate. 

Simple Interest , — Start with a capital of $1 and let the interest 
rate be o or 10 per cent per year. The owner will then make 
10 cents on this dollar each 3 'ear. By saving this interest each 
year he will have a total capital of $2 at the end of 10 years, to 
double his property. 

Stating this problem in general terms, let x be the original 
capital and 1/n be the yearly interest rate, then it will take n 
years to double his property, that is 

I + n = 2x (1) 

For the first year the owmer has $1. At the end of the year he 

receives 10 cents in interest. He saves this 10 cents during the 

following year and collects another 10 cents at the end of the 

second year. This process is showm graphicaUy in Fig. 74 for 

174 
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the whole 10 years. The total capital of the owner at any time 
is represented by the stair step curve. 

Compound Interest . — As before, start with a capital of $1 and 
let the interest rate be o or 10 per cent 
per year. If the interest is com- 
pounded ever>' 10 years, then the owner J 
will receive all the interest at the end of ^ 

10 years. This will amount to SI, mak- — i 
ing, with the original investment, a total 

capital of S2. In equation form, this 
can be stated. 


Xi — Xo ~i~ 


Xo 


1 ) = 



1 + T J = ^0 ( 2 ) 


( 2 ) 


2 4 6 8 10 

71 = number of years 

Fig. 74. — Curve of simple 
interest at the rate of 10 per 
cent for 10 yeara. 


where Xi capital at end of 1 operation. 

Xo = original capital. 

Now consider compounding the interest every- 5 vears for 
two operations. The initial capital is Xo, the interest for the 

first 5 years is one half the above amount or — 


or and for the next 


5 years, the interest is 


-r 4- 

Xo+ 2 


2 f hence, in equation form, 


^2 — ro + + 


^0 


Xo 


= Xo( 


1 + 2A + 1 


= Xo r 


'+2 




Xo(2.25) (3j 

If the interest is compounded three times in 10 vears thi« 

reasomng leads to the following equation: " ’ 


= Xo -I- ^ -f 


Xo + 


r. 4- _L ^0 + Xo/3 

3 I. + 3 + j 


■ + 5)* “ 


If the interest is compounded yearly, the equation is 



(4) 

(5) 
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- ' ^ 


'will be noted ttinoiig Effs. 
r n operations. 


> i 


> ^ 


■> •*• - 




= Xof 


1 + - 



capital at end n operations, 
origiiial capital, 
number of operations. 

s made lai^r wd larg^, the value of 2 c« comes closdr 
:> a limiting value which is tiie tiotiihil number 




. : .*t ■<% f 


€ » 2.7182818 


( 7 ) 



6»2.718 , 


Hub number is ermi. more important than w, wiiich equab 
3.141S92 * ■ * Let us summarise 'wfaat c (epeil<m) means. As 

riiomi aboT^ if SI grows at sinipb 
interest, it will became S2, but if 
tbe interest is truly compoiuuied 
fear tbb same period <d tune, it will 
became S2.718 ... or c fames tbe 
nri pnal capitaL K this titfly coiii^ 
pounded curve is drawn gnqdiica]^, 
the curve of 75 residte. 

Hitp rniential Series.— 

other way of detenmnmg thevahie 
of the natural number e. FramSie 
Eq. (6), we see that the qoianli't^ 
(1 + 1/n)* will become ei^ial to e 

if the number n is made indefinitely large. But 
theorem, tlww quantity can be written 


0 2 4 6 8 10 
uammibarof yearn 

Fko. 75. — Curre of tnie eom- 
pound intmei at the nto of 10 
par eent for 10 yeaxa. 



1 + 



i+i+a- 


a +|3 


1)(« - 3) 


M ^ lli 


•rf. 'A 


0 -.w 



But, to express e, n becomes very great, hence (n ^ 1) 

(n — 9 are fm all practical purposes equal to n, hnno^ we cm 

write the aeries 

«» i + 1 + -^+^+ : * * 

vlurii win give the yatae of « to iipy desired atoupw 
the required number of tonne. ^ 



X 
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Carnk'ing this reasoning one step farther, € can be raised to the 
X power by expanding the expression 


J^nx— l(l/n) 

Id — 1 =1’“ + nx z + nx (fix 

n } 1 


nx 


1 n-r— 2 (l/n)2 

1)^— r 


By making n indefinitely large, we reduce this equation to the 
exponential series 


x~ 

+ 3 + 


( 10 ) 


This series represents a natural growdh curv'e as shown in 
Fig. 76 where y = At x = 1, the value of y is the natural 
number c. 



Fig. 76. — Curves of natural giowtli ani of natural decaj-. 

Example 1. Compute the value of e to five decimal places by using the 
exponential series. 

Solution. 1 _}. 1 = 2.00000 

1/2 = 0.50000 

I 

1/3 = 0.16667 
1 4 = 0.04167 
1/5 = 0.00833 
16 = 0.00139 
1 / 7 = 0.00020 
1/8 = 0,00002 

€ = 2.71828. A ns. 


Then 
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The Law of Natural Decay. — Since the reveree prooeoi of 
growth is decay, consideration will now be given to natural decay 
or die-away curv^es. Just as € is the measure of natural growth, 
so l/e or €-1 is the measure of natural decay. Applying this 
reasoning to the exponential series by changing the mgn of x 
results in 



Then, m a kin g x = 1, the value of becomes 



= 0.36788 • • • (12) 


Now, just as a quantity of unit size naturally grows to 2.71828, 
so does a quantity of unit size naturally die-away to 0.36788. 

As a practical iUustration, the natural cooling of a hot body 
obeys the law 

y = (13) 


where y is the temperature at any given time t while a and b are 
constants. 

To illustrate the nature of this natural decay curve, it has been 
plotted in Fig. 76. 

Both the natural growth and decay curves have very important 
electrical engineeiing applications. As for example, the change 
in signal strength along a telephone line obeys these natural 
laws, and the natural time constant of circuits also can be 
explained by them. 

Derivative of the Exponential Function e*. — ^When y = c*, the 
curve of Fig. 76 results. It will be noted that this is simply an 
extension of the curve of Fig. 75. A further study will reveal 
that this curve has very special properties. Using the expo- 
nential series as given in Eq. (10), it is found that ihe derivaitve 
is the same as the original value. 


Thus^(^) = 0 + l+| + |^ + |-*+ ••• 
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This series is the same as that given in Eq. (10); hence 

^ (15) 


The derivative of the exponential function e' remains unchanged. 
In other words, the slope of the cur\'e = <* is always dy /dx = 

Example 2. What is the derivative of 

Solution. Taking the derivative of the series in Eq. (IP. 

^ -X - T 2a? 4x5 

dx " !2 1? ‘ 4 ‘ 

= ~(j ~ ^ ^ + ■ ■ ■ ) = -<"* Arw. 

Derivative of the Exponential Function — ^^'hen a constant 
is multiplied by the variable exponent of an exponential function, 




+ ax + 



The derivative of the series is then 



dx 



— 0 + a + 


2a =x 
|2 



= .( 


1 + aj* + 


(ax)- 



®y Eq. (16), the series in the parenthesis is hence 



dx 


(e“) = a€“ 



The derivative of an exponential function e" where a is a 
constant is equal to the constant a multiplied bv the exponential 


Example 3. Find the derivative of y = 4 ^* and plot the curve of both 
functions. 

Solution. By Eq. (15), ^ ^ (**") = 24 **. Ans. 

For the cur\*es see Fig. 77. It v^•ill be noted that for each 

value of X, the slope of the derived curve is twice that of the 
original curve. 
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Natural and Common Logartfluna. — Hie netml munlMr • ia 
also important because of its mathematical uae aa the baaa of 
natural logarithms. The equation y « e” can be written 

In y = X (18) 

because the natural logarithm of y is equal to the power x to 
which the base c must be raised to produce the number. 



Fig. 77. — Exponential curres of and r***. 


The relationship between natural and common lc^;arithin8 ia 
often of interest. A natural logarithm can be chmiged to a 
common logarithm by multiplying it by the c ommo n logaritfim 

of 6, that is 

log X — log € In X ~ 0.4343 In x 

Oonversely the common logarithm of x can be converted to tlm 
natural logarithm of x by multiplying it by the natural logaiitlttn 

of 10, that is, ^ 

In X = In 10 log X ~ 2.303 log x 

Example 4. Find the natural logarithm of x « 6 and theii owrrorl to 

find the common logarithm. 

SoltUion, From tables, In = 1.7918 


By Bq. (19) log 6 = (0.4343) (1.7918) = 0.7782. Am. 
f^x>m tables 1*^ ® ““ 0.7782. Cheeks 

Example 5. Find the common logarithm of * 25 and dtea 

find the natural logarithm. 
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Solution. From tables, log 25 = 1.3979 
By Eq. (20) In 25 = (2.303) (1.3979) = 3.2193. Ans. 
From tables, In 25 = In 2.5 In 10 


= u.yiod -i- ^.303 = 3.2193 





of a Natural Logarithm. — The problem is to find 
the derivative of the natural logarithm of x. The equation is 

y ~ \n X 

From the definition of logarithms, 


X — e 


Taking the derivative, 


dx d , ^ 

_ _ _ („) _ , 

Inverting the terms in this equation. 


dx 


1 


dx 


i = -i 

X 


*9 




Therefore, substituting = In x, we 
have 

(X) 


/ 

1 ' i 1 

/ 

- ! ’ 1 

/ 

\ 

> 1 

i 


^ ^ 1 


( 21 ) 


Fig. 7S. — Curves of the 
natural logarithmic function of 
X and its derivative. 


he curve of i/ = In x and its derivative are shou-n in Fig. 78. 
v be noted that the slope of the original curve keens decreas- 
ing as the value of x mcreases. The magnitude of this slope is 
expressed b}- the derived cur\’e. 

Example 6. Find the derivative of y = In {ax -|- b). 

Solution. Xow, 

Solving for x. 

Then 

inverting, 


e*' = ax + 6 

a a 

^ _ 
dy 

~ = fl 

dx ax b 


1 d(t^) 1 

a ~df + 0 = - (a-c + 6) 




Derirativ, Sin »._The problem is to find the derivative 
e equation y - sin d. Resorting to the basic idea of 
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increasing each variable a little bit and subtracting the original 
function as shown in Fig. 79, we have 


Subtracting 



y + di/ = sin (0 + dd) 
y = sin 6 

dy = sin {d + dB) — sin 6 

But there is a trigonometric identity that can 
be written 


sin a 


„ a + i> . a — h 
sm 0 = 2 cos — 2 — ’ — 2 — 


making 


dy = 


6 dd 9 . 6 do 

2 cos — — 2 ■ 2 


Fig. 79. — Geometry 
to find the derivative 
of sin 6. 


= 2 COS 


de\ . 

y) • 


do 


WTien do is made to approach zero, sm 


. do do 


• Also, as do 


the term cos ( ^ + 


do 


cos 9] hence, the differential is 


do 


dy = 2 cos ^ ' ~2 ~ ^ 


a^d 

dy 

d0^ 


-1 


( 22 ) 



Fig. 80.— a sine cuoe and its derivative, a cosine curve. 

The derivative of sin 0 is therefore 

4r (sin fl) = cos 0 


rvT\ 


(23 
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The curve of sin d %vith its derived curve cos 0 is shown in Fie 
80. 

Example 7. A sinusoidal voltage in a circuit can be expressed by the 

equation ^ - sin u,t where the constant a> is the angular velocity of a vector 
ana t is the time. 

“.tar""'” *'■' ^ 

Solution, Applying the above procedure, 


E -j- dE 
E 


= sin {U + dt) 


Subtracting 
Letting 

and using trigonometric identities, w-e get 


sin o}t 


dE = 

a = 


sin {U -(- oi dt) 
-\- iti dt and b 


- sin u)t 

= Oit 


dE = 2 cos + u>dl + U u + a,dt - 

O oil! “ — 


In this expression the cosine term approaches cos U as dl 


If 

term approaches as dt 


0 and the sine 


0 . 


Hence, 


dE ~ 2 cos u ^ cos <ct dt 

d 

isin wt) = CO cos U Ana, 




Subtracting 


y + dy ^ cos {6 + dS) 

^ Z cos 6 

dy = cos {e + 


From the trigonometric identity, 


cos a — cos 6 =: ~ 2 sin ^ ^ 


* sin 


a — b 


let a — 0 do and 6 = 0; 


then 


dy ^ — 2 sin 0^d0 - 


sin 


B 


2 sin [B -\- 


dB 


sin 


dB 


Neglecting ^ in comparison to d and making sin ~ 


. dd 

= -2 result in 
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the differential 


(Jy = — 2 sin 6^ = — sin 9 dd 


(24) 


The derivative of cos 9 is therefore 


(XII) 


d 

d9 


(cos 9) = — sin 9 


Successive Derivatives of sin 6 and cos 6. 

and 1,25). it is possible to take successive 
functions, thus 


(25) 

— B}’ using Eqs. (23) 
derivatives of these 


Original function y 

d_y 
d9 

d'-y 


= sin 9 


First derivative yr = cos 9 


Second derivative 


d9- 


= — sin 6 


. . d^y 

Third derivative ^ 


= — cos 9 


Fourth derivative = sin 9, the original function 

The second derivative of sin 0 or cos 0 is equal to the original 
function but of opposite sign. 

S. Find thn value, ot , - .in » uhen ,in « i, a n.avimum and 

“ 'SL"",'!’' Sei.ing .he fir., deriva.ive e<,u»l ,o .cm give, ,he required 

values of d. Thus 

^ ^sin e) = cos 0 == 0 

de de ^ 

\ ra fl - 00^ nnd 270\ For these values of 0 the second 
cos 6 i? zero when 6 = W -tun • » 

derivative will indicate maximum or minimum values. 


(COS 91 = 


— sin d 


de* d9 


When 0 


■ -ii' 

dr- 

d'u 


tVhen 9 = 90 . — 1: 


_ 07Q' _ = -1-1: honre, a minimum. 




The maximum value of y - sm 90_ +L 
and the minimum value of y - sm -'9 


A ns. 

.1 n-5. 

sin d 


Derivative of tan e— Let y - tan 0 ^ 
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Uaii^ the formula for finding the derivative of a fraction, 


de 


cos* 0 


Therefore, 


_ cos* $ + sin* 0 
cos* B 


cos*ff 


= sec* B 


(XIII) 


dB 


(tan B) = sec* B 


( 26 ) 


Derivative of sinh 8. — Let y = sinh B. Resorting to the basic 
idea of increasing each variable a little bit gives 

y + dy = sinh (8 + dB) 

Subtracting y = ginh B 

dy = sinh (B + dB) — ainh a 

Now let a = B dB and h — B 

From the hyperbolic function identity. 


sinh a — sinh 6 = 2 cosh - ^ ^ - Binh ° ~ ^ 

dy = 2 cosh ^ . sinh 

2 2 

But for smaU values of dB, 6inh^ = ^and^canbe neglected 
in comparison to 6, to give the differential 


dy = 2 cosh B^ — cosh tfd® 


( 27 ) 


Hence, the derivative is 


(XIV) 


d 

dB 


(sinh B) = cosh B 



Scivtion. y = sSnh 0 = 




exponentials find the derivative of mnln 


Kxa] 


V - " ... ? ■- 


^ . 

da “ 2 ~^ ^ «wb a Aim, 
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This method is much easier than iising the basic idea as it was 
given in the development. 

Derivative of cosh 6. — ^Let 


Then 


y — cosh 0 

y + dy = cosh {0 + d0) 


and subtracting the ori^al function gives 

dy = cosh {0 + d0) — cosh 0 
Let a = 0 + d0 and 6 = in the hyperbolic identity 

cosh a — cosh b = 2 sinh — i — • sinh — ^ — 


Hence, 


dy 


^ ^ 0 + d0 + 0 . ^^0 + d0 

= 2 sinh ‘ sinh 


0 




d0 . d0 


Neglecting ^ in the first anh and letting anh ^ ^ in the 

second sinh results in the differential 


d0 


dy = 2 sinh ® ‘ "2 ~ 


(29) 


and the derivative is 


(XV) 


d 

dO 


(cosh 0) = sinh 0 


(30) 


Successive Derivatives of sinh 6 and cosh 6. ^By using Eqs. 
(28) i^nH (30), the successive derivatives of these functions are 


Original equation y 

, . . .. dy 


First 


Second derivative 
Third derivative 


d0 

dfl* 

d*y 

de» 


= sinh 0 
= cosh 0 

= sinh the oripnal function 
= cosh 0, the first derivative 


This shows that the second and third derivatives of sinh 0 and 
cosh 0 repeat the original function and first derivatives. 
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Derivative of tanh 0. — Taking tibe derivative of the fraction 


Hence, 


y = tanh B = 


sinh B 
cosh B 


dx 


cosh B ^ (sinh B) — sinh B ^ (cosh B) 

cosh^ B 

cosh^ B — sinh^ B 1 


cosh^ B 


cosh^ B 


= sech^ff 


cxvi) 


de 


(tanh (?) = sech* $ 


( 31 ) 


Parfial DerivatiTes. — ^In many engineering problems the value 
of the dependent variable depends upon more than one inde- 
pendent variable. In such cases, the common practice is to 
treat all but one of the variables as constants. As a concrete 
illustration, the area A of a rectangle is the product of the length 
of the two sides x and y, thus 


A = xy 


( 32 ) 


The area depends upon the length of the two nidew As sug- 
gested above, if one side, say x, is held constant, the rate of area 
change can be written in differential form, thus 


dA,=® dy (33) 

where the x subscript to A means that x is hdd constant during 
this operation. 

Similarly, if y is held constant the differential ehangp Jq area 
is 

dA, = ydx (34) 

Another common way to make this statement is by lining 
partial derivative signs (d), thus 




dy 


= X 


( 38 ) 


Thfa says that partial of A by parthd of y is ngnnl to 
t^ illiistratinn. When partial derivative signs are n^e d 

these terms to which the partial is applied are 
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means that all terms by A and x are held constant during this 
operation. 

The total differential of the area .4 is the sum of the differential 
V. hen X is held constant plus the differential when y is held 
constant, thus 

.-I = dA X ”1“ dA y (3 1 ) 


Substituting for dAx and dAy from the above equations gives 
the total differential of A 


dA = X dy + y dx 



Now if the area changes size at a given rate of time, we can divide 
both sides of this equation by dt to get 


dA 

dt 




But, as given above, x and y can be replaced by the respective 
l^artial derivatives to get 


dA _ 5*4 ^ ^ 

dt dy dt dx dt 



This is the total derivative of *4. 

Example 10. The volume of a cylinder is given by the expression 

V = =-r*/i 


where T = volume in cubic inches. 

r = radius in inches. 
h = height in inches. 

\t a particular instant r = 10 in. and is increasing 2 in. per sec, ^hile at 
this same instant /i = 20 in. and is increasing 0.5 in. per sec. Determine 

the rate at which the volume is changing. 


Solution. 


dT 

dr 

dV 

dh 


2rrh 



Substituting these values in Eq. (40) gives 


dV 

dt 


2-rrh 


dr 

Tt 


+ ST* 


dt 


Substituting the values given in the problem, 

^ = 2(3.1416)(10)(20)(2) + (3.1416)(100)(0.5) 

= 2513.2S + 157.0S = 2670.36 cu in. per sec. 


A ns. 
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Snmmaiy. 

1. The natural growth curve is given by the exponential series, 


y 


^ = '+* + 1 + 1 + 


m • 


Whenx 1 , y _ e _ 2.71828 • • • the natural growth number c. 

2. The natural decay curve is given by the exponential series. 


y = r-* = 1 


, X* X* , 

f "¥ 


When X = 1, y = 
number 1/c. 

3. Conversion equations for natural 


• • 


the natural decay 


log X = log e In z = 0.4343 In x 
In X = In 10 log X = 2.303 log x 

ental differential formulas: 


(VIII) 


(IX) 


(X) 

4(lnx)=i 

(XI) 

^ (sin d) = cose 

(XII) 

^ (cos = — sin ^ 

(XIII) 

^ (tan 0) = sec* 0 

(XIV) 

^ (sinh 0) = cosh 0 

(XV) 

^ (cosh e) = sinh 0 

(XVI) 

^ (tanh fl) = sech* 0 


5. The second derivatives of sin and cos functions produce the 
original function but with the opposite sign 

6. rnie ^nd derivatives of sinh and cosh functions produce 

the ongmal function with the produce 
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7. Partial derivatives are useful in treating engineering prob* 
lems having more than one independent variable. 


1. Determine the value of «* to five decimal places when i = 2. 

2. Find the derivative of y =* 

5. Find the derivative of y = In x*. 

4. Find the derivative of y = sin * - *** g/ ~ exponentials. 

6. Find the natural logarithm of 8 and then convert to find the common 
log&nthm. 

In an electrical circmt, the voltage 

Where » - / sin determine the value of the voltage S. 

1. Find the derivative of y « cos* 9. 

CO0 $ 

Find the derivative of y « cot ® * 5^* 

9. V^liat w the second derivative of y - cosh exT 
19. Find the maximum or minimum of the function F = x + 2xy + y. 



CHAPTER 14 
INTEGRAL CALCULUS 

The word “integral” means the whole or sum of all the little 
bits. Therefore, integral calculus is the mathematics of calcu- 
lating the sum of all the little bits. The integral sign /, as 
already explained, is an dongated letter S, meaning “ the sum of.” 
^Mathematicians . usually prefer to read this sign *^the integral 
of.” Thus, / dx means the sum of all the little bits of x but is 
usually read “the integral of dx." It may be written in the form 
of an integral equation, thus 

y = fdx ( 1 ) 

This equation states that y is equal to the sum of a vast number 

of very small quantities dx. In fact, these dx quantities are so 

indefimtely s mall that it requires the sum of an indefinitely large 

number of them to make up the total or integral quantity y. 

The integral sign is qmte closely related to the summation 

sign 2 (the Greek letter sigma). The basic difference is that Z 

stands for the sum of a few or finite number of terms, wlule 

/ stands for the sum of an indefinitely large number or infinite 

numlw of terms. It may be written in the form of a summation 
cquahonf thus 

2^ = sy* (2) 

wlmre y is the sum of all the yt terms that are to be added together. 

Integration as used in integral calculus can be thought of as 
the mverse operation of differentiation as used in differential 
calcul^. This c^ be compared to division as 
oration of multiplication. Integration is more difficult ttion 
differmtiation, much as division is more difficult than multi- 
ph^tion. In general, integration of a variable cannot be 
performed unless the variable has already been found by the 
process of differentiation. For differentiation, the symbol of 

operation is ^ ( ) where the quantity to be operated on is 
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placed between the parentheses. The symbol of operation for 
integration is / ( ) dx where the quantity to be operated on is 

placed between the parentheses. 

In this chapter we shall deal with several practical ways of 
maldng approximate sums. Then some of the integral formulas 
obtained directly from difTerentiation will be treated so that, in 
simple cases, it will be possible to find the exact sums. 

Trapezoidal Rule. — ^The area enclosed by a curve can be 
approximated by dividing the area with a number of evenly 
spaced parallel lines and then adding together the area of each of 



Fig. 81 .— Area measured by the trapeaoidal rule. 


these individual strips. F or illustration, it is desired to measure 
the area under the curve, that is, between the curve and the 
x-axis from ordinate yo to ordinate as shown in Fig. 81 . First, 
consider the area of the trapezoid o, P, &, 3,1, which is a strip of 
width Ax and of average height yi. Since the area in the s^^ 
triangle acP above the curve is equal to the shaded tn^^e 
Phd below the curve, the area of the trapezoid a P, h, 3,1 is t e 
same as the area of the rectangle c, d, 3,1 which is equal to (Ax)j^ 
The area under the cur\^e from x = 3 to x - 9 cm l^easur^ 

in this fashion and is equal to (Ax)(y 2 + ya + yd- ai^ o 

the end strips, which are one half the width of the other strips, 

is equal to (f ) V. and (f ) y. The total area in this ease 
therefore, is, \ 

A = Ax ( ^ + yi + ys + + I'* 


In general, this equation can be written 

vi = Ax (i (yo + y-') + yi + y* + * 


+ 
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where A = approximate total area. 
Ax == width of strips. 
y = height of strips, 
n == number of strips. 


By using the summation sign this same equation can be 
expressed as foUows: 


— 1 


A = Aa: + y^) + ^ y*1 

k^\ 


(4) 


where the summation sign ^ is read 'Hhe summation of all 

the yk terms from k = 1 toA = n— 1.” In words Eqs. (3) 
and (4) can be written 

I sum of \ 


Approximate 
total area 


\ / width\ 

)-U 


extreme . 

ordinates . ?^. 

2 + remammg 

ordinates 


( 5 ) 


The trapezoidal rule as expressed by these three equations 
assumes that the curve is a straight line across the top of each 
strip. If this is not so, the answer will approximate the total 
area. The accuracy of this approximation will increase if the 
number of strips for a given area are increased. The answer can, 
therefore,) be made as accurate as you desire providing you are 

willing to do the extra work of adding the increased number of 
strips. 


Example 1. If the scales in Fig. 81 are measured in inches, what is the 
area under the curve? 

Solution. Substituting values in Eq. (4) 

A ~ +4) + 2 + 3.5 +3+3] » 28 sq in. Ans. 

This can be checked by counting the squares. 

Simpson’s Rule. — Simpson’s rule assumes that the curve 
between any three consecutive points is a parabola. This in 
general ^ves a better approximation than aasnmin g that adjacent 
pomts are connected by a straight line as was done in the trape- 
zoidal rule. This is due to the fact that if the points are chosen 
reasonably close together, the portion of the parabola between 

these points will practically coincide with any reasonable curve 
drawn through the points. 




194 


APPLIED MATHEMATICS 


The area under any portion of a parabola is exactly ^3 of the 
enclosing rectangle as illustrated in Fig. 82. The area under 

any three points on a parabola is 
given by 


y-l — x 


Area = ^ 4^^+ y^) 



0.5 


1 X 


Fig. S2. — Area under a parabola 
measured by Simpson's rule. 

area under the curv'e, thus 


s 


Area = ^ Ax (^o + 4yi + 1 ^ 2 ) 

If these are the first three point 
giving the area in the first two 
strips, then the area in the second 
two strips is 

Area = ^ Ax (y- + 4t/3 + I/O 

In general, these areas can be 
added together to give the total 


A = i Ax (Vo + 4yi + 2 i /2 + 4^3 + 2!/4 + * • ' + y^) ( 6 ) 

O 

where A — approximate total area. 

Ax = width of strips. 
y = height of strips. 
n = number of strips (n being even). 

Equation ( 6 ) may be expressed by using the summation sign, 

as follows: 

k=- t=?-i 

A = X [ ^ 2 



In words, this equation can be expressed 


A = ^ 


1 

3 


width 


of 


strip _ 



V /sum of remainingX 

/sum of extremeX -j- 4 I odd-numbered I 

\ordinates / \ordinates / 

( sum of remainingX 
even-numbered | 
ordinates / 


( 8 ) 


Example 2. Determine the area under the parabola of Fig. 82 if the 
scales are in inches. 
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i,.,Sol'utian. Substituting in Eq. (6), 

A = I (0.5)[1 + 4(0.75) + 0] = g (1 + 3) = Isq in. Ana. 

ETSamtple 3. If n = 8, write out the summation quantities in £q. (7) and 
then express the whole equation. 




5/ i) = yca-i— 1) + y(s-s~-i} + ycx-s-.i) + y(x-4-i> 

ib»l 

+ y» +y* +yT Ans. 


= yi 


8 




ynt = yx-i + yx-f + yi-i 

jfe«i 

=* yx + y4 + yx Aw. 


Ax 


A — + ye) + 4(yi + yi + ys + y?) + 2{yx + ye + ye)) Aw. 

Area Integration. — The trapezoidal rule gives a roughly 
approximate area, while Simpson’s rule gives a more accurate 
approximation. The next st^ is to find the exact area by using 
integral calculus. This can be done by using the integral 
equation 

A = y • dz (9) 


where, A = the ^cact area. 

y = the ordinate or height of infinitesixnal strip. 
dx = width of infinitesimal strip. 

This equation says that the area under the curve from x ^ a to 
a: = 6 is the sum of all the infinitesimal areas which are y dx. 
Beferring to Fig. 78, the infinitesimal area y • dx has a height of 
y and a width of dx. Substituting the limits a = 2 and 6 = 6, 
and the value of y = 4, Eq. (9) becomes 


A = 


4 dr 


cons^t 4 can be moved outmde the integral mgn without 
v^ue of the equation, thus 



L 


6 


dx 


( 10 ) 







e int^ral of dx must be a function of x sudi that when 
Buhstaituted the area from x = 0 to z = 2 In <riv<m 
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equation. Let us make a guess and assume that the integral of 
dx \s X. Now when x = 2, the area A = 4*2 = 8 which 
checks the area under the curve up to this point. Next sub- 
stitute the value of x = 6 to get A = 4 • 6 = 24 which checks 
the area under the curve up to this final point. This shows that 
our guess was correct, so integrating Eq. (10) results in 



which says that the lower value x = 2 is substituted in the 
equation to give the area under the curve up to the point of 
interest. The upper value x = 6 will give the above area plus 

the area of interest so we subtract 
the above area from the total area 
to get the area of interest, thus 


Y 

5 


1 

0 


0=2. m=4 








1 

1 











A = 4*6-4-2 = 24 


8 = 16 
.Ans. 


X 


01234567 

Fig. 83. — Integration of the 
constant y = 4 between the 
a = 2 and 6 = 6. 


This answer gives the area under 
the curve from a: = 2tox = 6as 
shown in Fig. 83. 

Integral calculus enables us to get 
the exact area under any curve that 
we can integrate. Without it we would have to satisfy ourselves 
with approximate results or perform an infin ite number of opera- 
tions. Now that we see the usefulness of this new tool let us 

learn how to integrate. 

Example 4. Find the area under the curve y = 2 from o = 1 to ft = 4. 
Solution. By Eq. (9), 



= 2*4 — 2*1 = 6 Ans. 


Infiniiesimals.— In order to get an e^ct answer, integration is 
used to add the infinite number of infinitesimal quantities making 
up the variable. Thus, dx is an infinitesimal part of the yarmble 
X. Or in other words, x is the integral sum of all the infinitesimal 


dx quantities in the variable x. 

This can be visualized by considering a simple case. A bug 

walking down a string goes 1 inch the first minute, the ^ 0 “® 

minute he goes H inch, the third minute, he goes M mch, and 

thus each succeeding minute he travels just one half as far as he 
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did the previous minute. How far will he travel if the time is 
increased without limit? The answer is 2 inches as shown in 
Fig. 84, because each minute the bug goes halfway to the final 
value of 2 inches. 

Furthermore, the bug always has as far to travel as he went 
during the last minute. During ‘the first minute he went 1 inch, 
which is halfway to the 2-inch mark. The second minute he 
went inch farther, leaving i^ch yet to go. During the 



Fig. 84. — Graphical representation of the geometric series 


' third minute, he went 34 hich farther, leaving 34 yet to go. 
The bug can spend as much time as you can think of and he will 
not be to the limiting value of 2 inches. However, if he could 
perform this operation an infinite number of times, the value of 
2 inches would actually be reached. The last space covered in 
doing this an infinite number of times would be infinitesimally 
small. So it is no wonder that an integral will give an exact 
answer, since it evaluates an infinite number of infinitesiinally 
small quantities. 

Example 5. Find the ultimate sum of 

+ ■■■ 

Soliitden. Prom this series we see that the first space covered is % ; the 
next space covered is of this value or Since each succeeding step 
covers the previous distance, then the remaining distance must be equal 
to the distance covered in the last step. Hence, the ultimate sum of 



Constant of Integration. — Differentiation can be visualized as 
the process of finding the slope of a curve. Then, integration, 
the reverse process, can be visualized as the process of finding a 
curve when the slope is given. But knowing the slope is not 
enough information to locate a single curve. In fact, many 
reverse processes do not give a definite result as does the first 

process. For iUustration, 2^ = 4 which is definite but \/4 is 
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either +2 or —2. Consider the equation of a horizontal line 



The derivative or dope of this line is 


dx 



Referring to the family of curves in Fig. 85, we see that they all 
have a zero slope. Hence with the information of a zero slope, 

we know only that the line is horizontal; 
to locate it. we must know its distance 


8 

7 

6 

5 

4 

3 

2 

1 

0 


C-4 




C=2 


C=0 


Fio. 85. — A family of 
lines with the same zero 
slope. 


from the x-axis. This distance can be 
represented by C, the distance to the 
curve along the y-axis. This means that 
to every quantity that is integrated a conn 
stant must be added to locate the cume. 
This constant may be zero or some other 
value. 

Algebraic Integrals. — ^In the treatment 
that is to follow each algebraic integral 
(>nuation will be given along with a brief 


graphical 


j 0 • dx = C (12) 

This equation merely says that the integral of any quantity, 
even of zero, must have a constant added to locate the curve. 
In other words, at any value of x the value of y = C as shown in 


Fig. 85. 



J 1 - dx = X + C 



Consider the equation y = x + C as shown in Fig. 86 to 
three values of C. Taking the differential of both sides of this 

equation ^ves 

dy = dx 


It will be noted that the constant C was lost in this 

so in reversing the operation, the constant must be added. 

Now tjtifing the integral of both sides gives 

y = J’dy = /dx = x + C 
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which proves Eq. (13) and says that the integral of dx is equal to 
X + C, The slope is determined by the coefficient of x, which 
in this case is one, and the constant C determines where the line 
crosses the y-axis. 

Example 6. When the slope of a line is —1, give the integral equation. 

Solrdton. This statement can be written 



or, in differential equation form, dy — — \ dx. 

Taking the integral of both sides, 

y — jdy — j^Xdx — —X -|- C Atw. 

(Ill) f a dx = ax C (14) 

Consider the equation y = ox + C as shown in Fig. 87 for 
two different values of the slope a and two different values of 



Fig. 86.— a family of Fig. 87.— Two famUies 

Imes with the same umty of curves having different 

slopes. 


the constant C, which gives the point at which the curve inter*- 
sects the y-axis. The differential equation is 

dy = a dx 

and the integral of this equation is 

y = /dy = /adx = aa: + (7 
Thus the integral of the product a dx is ox + C. 

Example 7. What is the integral of — dxl 
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Solution. 


By Eq. (14 1 , 



C A ns. 


Example 8. An automobile has a velocity of r = 10 mph. If the 
mileage indicator already reads 20 miles, integrate to find what the reading 
will be after 3 hr and show the results graphically. 

Solution. The differential equation \s ds = v dt 
Taking the integral of both sides, the space covered is given by 

S = j ds = j V dt = vt -r C 


Now the velocity r = 10 mph. the time / = 3 hr and the constant C = 20 
miles already traveled, hence the speedometer reading will be 

S = 10-3+20 =50 miles Ans. 

See Fig. S8 for graphical representation. 



M . ■ 

1 . 2 

t = time in hours 

Fig. S8. — A graph which illustrates both integral and differential equations. 

A studv of Example 8 and the cun es in Fig. 88 should help to 
clarify what is happening. The slope of the cur\-e 5 = rt + C is 


dS 

dt 


V 


a constant velocity represented by the horizontal line. Changing 
this equation from an expression of a slope to differently lomi 

and then integrating give the area under this 
time t. At time f = 1 hr, for illustration, the area is 10-1 - W 
miles traveled in this hour. This is represented by the 
going from 20 miles at time f = 0 to 30 miles at time 
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fgliiB jS 4*6 20 because the mileage indicator originally 

had that 

(IV) f X dx -i- C (15) 


Integral equations can be solved only if some function is 
known which yields the desired diiferential equation. The 
process is then to determine the differential equations for all 
known functions. Reversing the process and adding a constant 
will tihen give the desired integral equation. This we have done, 
giving the answer first, and then checking it by differentiation. 
Thus, let 


y = 





dy = 2[ ^] xdx ^ xdx Check. 


Hence, 


A,- * • '..r 



y = I dy 


xdx — 




Example 9. Solve J ax dx. 

Sohdian. Moving the constant a outside the int^ral sign and using 
Eq. (15), 

J axdx — a J xdx ca^ + C Ans. 


(V) 

Let, 

TJien, 



y. • • - '>[ 


<• 





n + 1 


x^i + <7 


dy = X* dx 


_j- (7 



the integral. 


vv. 


Hence, 


y = j ~ J ^*dx = ^ ^ + 


c 


Example 10. Solve / x^dx. 


By Eq. (16) 


das = g ic* + Ans. 



> .is'-.:- . 

XT^dx 




( ^=ta 

J » 


z + C 


( 16 ) 


( 17 ) 












r 
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is an exceptional case to Rule V, because here we deal with 
infinite values for which Rule V does not apply. A search of 

derivatives will give a function, y = In i + C the differential of 
which is 

dy -- dx 

X 

so the problem is solved, and 

y ^ i dy = / x~^ dx = In X + C 

This solution is a striking example of a problem that cannot be 
solved until the corresponding differentiation is found. This can 
be further illustrated by the differential equation 

dy = dx 

which even today has not been integrated because no one has 
found a"”** when differentiating some other function. 

(ATI) / (u + t’) dx = / u dx + / r dx (18) 

This merely states that the integral of an algebraic sum (u + v) 
is the same as the sum of the integrals of u and v. This is a useful 
equation to reduce equations to standard forms which can be 
recognized and integrated. 

ExampU 11. Find the integral of /(x + l)(x + 2) dx. 

Soluiion. Multiplying, (x -f- l)(x -h 2) = x* + 3x + 2 
Then, by Eq. (18), 

/(X* -h 3x -b 2) dx = /x* dx -h /3x dx -h /2 dx 

= |x*+|x*+2x4‘C Ans, 

(VIII) /w dx = ux - Jx dii + C (19) 

This is one of the most useful algebraic integrals and is known 
as '^integration by' parts.’’ It say's that if x du can be foimd then 
u dx can also be found. The equation can be derived as follows: 
The differential of a product is 

d(ur) = u dr + r du 

Rearranging this equation, 

u dr = d(ur) — r du 

and integrating both sides of the equation results in 

Ju dr = uv — Jr du + C 


( 20 ) 
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This is the same as Eq. (19) but with v instead of z as the variable. 

Example 12. Find /x** dx. 

Solulion. Let u = x dt = ^dx 

du = dx r = e* 

Making these substitutions in Eq. (20) gives 

/x€* dx = “ /c* dx + C = xc* — €* -f- C = €*(x — 1) + C Ans. 

(IX) y«“dx = ^«“ + <7 (21) 

Differentiating, 



Hence the above equation must be correct. 

Example 13. The current in a circuit is given by the equation 

What chuge of electricity Q — ft dl has passed through the circuit in i 
seconds? 

SoluUan. Substituting for 


Applying Eq. (18), 


Q = /f (1 -« 


_ a _ E / _ L\ 

R R\ r) 


-T* 

t di 


R 


+ C 


_ Et , ELt i ' I A 

^ “f" ^ “1“ ^ Aa®. 


To make this a useful engineering answer, other information is needed to 
evaluate C. 


(X) 


J In z dz = z(ln z — 1) + C 


( 22 ) 


To prove this, take the derivative 


^ (z In z — 1) = z • z“* + lnz — 1 = lnz Check 



sin ax dx = - cos oz + C 

a 


(XI) 


(23) 
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Taking the derivative of the answer. 


£ 

dx 



- cos ax 



— - (—a) sin ox = rin ox Check . 


Making a — 1 gives the answer for J sin x = — cos x + C 


(xn) 


Similarly, 


(XIII) 



cos oxdx = 


-an ox + C 
a 


(24) 


dz\a 


an ox I — cos ax Check. 



tan ax dx In (cos ox) + C 

a 


(25) 


To prove this, write 


tan ax dx 


Now, by applying Eq. (17), 




sm ox 


dx 


cos ox 



ii(cos ox) 
cos ax 



. ♦ 


cos ax 


Check. 


Mottle Integrals. — We have already discussed partial 
differentiation when there were several variaWes. The inveise 
process is called partial integration. When making a partial 
integration all variables but one are hdd constant for the first 
integration and tbm in the second int^ration only one oth» 
variable b allowed to vary. Thb b continued until aD the 
variables are allowed to vary diuin^ the int^raticHi. 
performing multiple integratim there are as many integral tigns 

as there are variables to be intonated. 

Conader the multiple integral 

e = ff{x* + y^dxdg * (2f® 

Holding y* and dg constant wMe integrating with respect to z, 

* = /l/(** + y*) dtl dy = /I/** dr + /y* dx\ dg 

= /lH** + l^ld» 

Now, r* and z (instant while integrating trtth 

toy, 

r = + 3*^ “*■ ^ 
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Double integrals are useful in determining areas. The 
general equation for an area is given by the equation 


^ = a dydx 



where the inner integral / dy gives the total length of the y line 


by summing up all the little dy bits. 
l^en this line is moved in the x direc- 
tion by a small amount dx and summed 
over the total x distance involved. 

Another way to visualize this is to 
consider an elemental area dy * dr as 
shown in Fig. 89. This elemental area 
is summed from the r-axis to the curve 
along the dx strip. Then the strips are 
summed in the x direction from the y- 
axis to the end of the area, which is 
X = 3 in this case. 



Fio. 89. — Double intecpratlon 

Example 14. By double integration, find of an area, 

the shaded area between the line y = 6 — 2x, the x and y axes. 

SolulioTU By Eq. (28) the area is. 




x = 3 

-0 L.O 






— (6 - 3 — 0) — (3* — ' 0) ~ 9 Ans, 


This simple example illustrates the process of substituting the 

limits for a double integral and solving the integral equation for 
the area. 

Triple int^rals are useful in determining volumes. The 
general equation for a volume in Cartesian coordinator is ^ven by 

V = fffdxdydz (29) 

This type of equation is used, for example, to find the electric 

ohaige p in space. In such a case the equation is written 

€ ' 

^ = Sffp dxdydz (30) 

p is the diarge density in the increment of volume dx dy dz. 
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Some of the more elementaiy ideas of calculus have h^ea 
presented, to enable the reader to follow better tiie leasoidiig cf 
authors who resort to calculus in thdr technical articles or books. 
Calculus can be considered as an art that is acquired only by 
continued study and by solving many problems. It is used as a 
practical tool by many research and design en^e^rs. To those 
desiring to pursue the subject further, a few references are ^ven 
along with a well known table of int^rals. A short table of 
derivative and integral tables for ready reference will be found 
on page 308 in the appendix. 
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Exercises 

■.* > * 

1. Determine the average current /«• of the tine curve % = tin by 
fjilring values every 10** up to 90** and u ting the trapesoidal rule. 

2. Determine the average current Imw of the tine curve i — sin td by 
fjilrifig values every 16** up to 90** and u ting Sbnpson s rule. 

S. Int^rate the tine curve i = sin from = 0 to «f — ^rad***^ ? 

to determine the average current I„. Compare the accuracy of the tfaree 
methods used above to four decimal places. 

4. Find the value of the series 


to eight terms.* 

6. Integrate jaafldx. 

6. Integrate /2(* + 1) aad 

/ , ds 

8. Integrate /x*6* d®, 

9. Integrate / cos 6«f d{od) and /16** d^ 

10. Int^rate Ja In (lOx) dx. 



CHAPTER 16 

SERIES AND WAVE FORMS 


The use of series makes possible the numerical solution of 
many problems that would otherwise be extremely difficult. 

This chapter will deal with some of the more useful series 
and wave forms encountered in engineering work. Particular 
attention will be given to practical applications of power series 
and the use of Fourier’s series to express wave forms. 

Definitions. — ^A senes is the sum of a sequence of terms. 
“Sequence” means that the terms are formed according to some 
fixed rule. Thus^ the sequence of terms 


1, 2, 3, 4, etc. 


•» » 

caa.be 'written into the series 

5« = l + 2 + 3 + 4+ -- --{-A;+---4.rt= Vjfc (1) 

T^here Sn = a series of n terms. 

k = a general or representative term in the series. 
n = the last term. 

A finite series has a hmited number of terms. For illustration, 
the series 

(a + 6)» = a» + 3o*& + 3a6* + 6* (2) 

is a finite series contaimng only four 'terms. 

• An infinite series has an unlimited number of terms. The 
fraction- 


0003 


( 3 ) 


is a good illustration of an infinite series when the fraction is 
(^r^sed decimally because no matter how many terms 

you add the sum •will never quite reach the value of In 

^©1 jWQ^, an infinite number of terms must be added to give 
' ‘ ' answer. 

• -i,- ■*r ■ 

seri^ approaches a finite value as the nnmKoi- of 
aae increased. Equations (2) and (3) are convergent 
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series. Equation (2) reaches the final finite value with only 
four terms. 

A divcrge7it series approaches an infinite value as the number of 
terms is increased. Equation (1) is a divergent series because 
the sum of terms becomes increasingly large as the number n 
is made larger. 


Example 1. Write down three more terms and the A'th term, and also 
express as a summation, the series 

5, = 2+ 4-fS + 16-f • • • 

Solution. It is noted that each succeeding term doubles. The second 
term is the square of the first term and the third term is the cube of the 
first term. Hence the desired series is 

S'.. = 2 + 4 + S + 16 + 32 + 64 4- 12S + - • - 

ir = n 

+ 2 ^ + • • ’ + 2 ^^ = ^ 2 ^ Ans. 

k=l 


Comparison Test for Convergence or Divergence. — ^Since a 
converging series has a definite value, it is of far more practical 
importance than a diverging .series. It is therefore important to 
know if the series is convergent or divergent. One of the 
simplest ways to test this is to compare the given series xvith a 
series that is known to converge. Two series are frequently 
used to apply this te.st. The geometric (or power) series 

5,. = a + ax + ax- ax’*“^ 

^ q(i ~ ^ (4) 

~ 1 — X X — 1 

converges when x is less than 1 and diverges when x is equal to 
or greater than 1. If x is less than 1, then r” will become verx' 
small as n is increa.sed. hence x" can be neglected, with the result 
that the series converges to the value 




when X < 1 



^\^len X is greater than 1. the term x’'* in the last fraction of 
Eq. (4) becomes increasingly large as n is increased, with the 
result that no definite value can be given to the fraction. This 
means that the series is divergent for x > 1. 
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When .T equals 1. the series reduces to a sum of a terms. 
Hence as n is increased the sum will continue to increase. There- 
fore, the series is divergent when .r — 1. 

The p series which is frequently u.sed in the comparison test is 


5 „ = 1 + 


1 

2p 







which is convergent for p > 1 and <livergent for ^ 1. 

The comparison test states that a given series converges if 
corresponding terms are smaller than those of a converging series. 
Likewise, a given series diverges if corresponding terms are larger 
than those of a diverging series. 

Applying these rules and Kq. (4), let us see if the following 
series is convergent: 

/(■r) = 1 + + • • • 


Then 5„ = 1 -h x -h .r- H- • • - is the value of Eq. (4) when 
a = 1. Equating corresponding terms, x = pfo! hence x < 1 
and the .series converges by the comparison test. 

Example 2. Test the following series for convergence or divergence. 



= X 

= V 

I 



t 


Solution. Comparing this series with Kq. (4) when a = 2 and x is le. < 
than 1, we have 


test series Sn = 2 + 2x + 2x- + 2x^ + * • • 


and given series/*/.) 






Comparing term by term, the first term^ are equal, the second term of the 

given series is less than the second term of the test series when x is slight Iv 

less than 1, and so on for the rest of the terms, hence the series converges. 
.4 ns. 

Ao/c: Ihe given series could be shifted to the right one place so the 
e.xpK)nents would be similar: then the terms of the given series would all be 
less than corresponding terms of the test series with the exception of the first 
term of the given series. Since the first term is finite, the series must 
converge, because the rest of the series converges. 


210 


APPLIED MATHEMATICS 


Example 3. Test for convergence or divergence the following series: 



n = 80 


I 


on 


Solution, Comparing this with Eq. (6) when p = 1 gives 


test series + 




and given series Q* = v + 

O O " ^ 0*0 


+ 




+ - 


n 


+ 



Since the test series diverges for p = 1. the given series mvist also diverge, 
because, when the factor is removed, the corresponding terms are identi- 
cal. A ns. 


Ratio Test for Convergence or Divergence. — If the test ratio 
of the (n + l)th term divided by the nth term is less than 1, a 
series of positive terms is convergent. If this ratio is greater 
than 1, the series is divergent. If the ratio equals 1, the test fails. 

In equation language, the test ratio for a series of positive 
terms is 



when p < 1 the series is convergent, 
p > 1 the series is divergent, 
p = 1 the test ratio fails. 


Example 4. Test the following series for convergence or divergence; 




1-n + 1 

I— — 


Solution. By Eq. (7), 



'IL±1 



n + 1 
10 


> 1 


Hence, the series is divergent. -4ns. 

A good general rule is first to apply the test ratio and then, 
if p = 1, to resort to the comparison test. 
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Power Series. — ^The power series 

jS,* = Oa + aix + 02X* + aax* + • • • + fca:* ( 8 ) 


Where the a terms are independent of the x terms, the series 
may converge or diverge depending upon the values of the a and 
X terms. The above tests should be applied to determine these 
properties. 

The sum of two converging power series is another converging 
power series. For illustration, add 




1 + X + 





+ 

+ 




» 2 cosh X 


The product of two converging power series is another con 
verging power series. For example, multiply 


sm X = X 


by 

Then 


cos X 


X* .X® x^ . 

15 17 + 

X* X* X* 

|2 + 14 16 + 


X eosx = X 



+ 


12 ■ B 





\* e. 15. 




2 ^ X cos X = 2x 


2x 




32 


6 ® 120 " 
(2i)* (2a:)« 

6 ■*" 120 


sin 2x 


If a convei^g power series is divided by another converging 
power series, the quotient must be tested for convergence, since 

it may be divergent. To illustrate, divide the series cos x by x, 
thus 



cosx = 1 
cos X _ 1 

X X 


^+11 
X X* 

H + K 
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This is not a power series, because the - term is present, but the 

rest of the series after this term is a power series. 

Power series are very useful in engineering to express binomials 
such as 

(a + x)^ = a"" + ^ ^ + • • • (9) 

= Qa + + ^2-^’“ + ’ ■ ‘ 


In this equation the a terms are defined thus: Co = a^, ai = na 
etc. 


Example 5. 
impedance 


In an artificial transmission line, express the characteristic 






by a power series to two terms. 


7 / Z 1 

Solution. Let ^ = a and ( 9 ^) = t^en n = ^ and the above binomial 


expansion gives 



A 715. 


Maclaurin’s Series. — Many functions can be expressed as a 
power series if the a terms can be evaluated. e have already 
treated the binomial series method which works in some cases. 
We will now treat Maclaurin's series, which works in other case.^ 

Consider the power series 

y(j-) = + flix + a-2X- + Oa-r* + • ' ' (10) 

The first term Oo can be determined l>y letting J* = 0, thus 

/(O) = Oo (^^) 

Now. if the first derivative is taken and then x is set equal to 
zero, we have 


£ 

dx 



f\x) = 0 + Oi + 2a;J + 3ajj-- + 




Settinc j = 0 results in f (0) Ui 


( 12 ) 
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Taking the second derivative and then setting a? == 0 giv^ 

/"(O) = 202 = |2 a» (13) 

Sioiilarly, = Gos = ^03 (1^) 

la general, (1®^ 

Making these substitutions for the a terms in Eq (10) results in 
Maclaurin’s series 


2 


/(x) = /(O) + /'(O) + /"(O) + /'"(O) + 

Example 6. Use Maclaurin's series to express the function 


(16) 


m = = <1 - *> 


Solutionl 


ByEq. 
By Eq. 

By Eq. 

By Eq. 

By Eq. 


( 11 ), 

( 12 ), 

(13) , 

(14) , 

(15) , 


/(x) = 
= 

/"(») = 
/"'(*) 
/<->(*) 


(1 - x)-» 

(1 - *)-* 

= 2(1 - x)-» 
= 6(1 — x)-« 
= Ml — x)- 




Substituting these values in Eq. (16), 


/(O) = 1 
no) = 1 = |i 
/"(0> = 2 = ^ 
/'•'(O) = 6 = ^ 
/‘•>(0) =[n 


/(x) = l+ x+x*+x*+ •• * +x* Ana. 
This example can be checked by performing the division 
using the binomial expanmon of (1 — x)~*. 



Approximate Fomuilas by Usti^ Maclaimn*s Series. — One of 
the most common uses of the power series is to evaluate functions. 
The accuracy of the evaluation depends upon the number of 
terms taken in the converging series. Such approximate 

formulas are widely used in engineering. A few cases will be 
given. 

1. When X is small and fi> Is positive. 

First approximalaoii Second approximation 
(1 + x)» = 1 ± «« = 1 + nx + X* (17) 

2. When x is snudl and n is positive, 

First approxiination Second approximation 

(i + *)• ^ =!+”»+ (18) 
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3. When x is small. 


First approximation 


sm X = 


Second approximataon 

X* 

^ 6 


( 19 ) 


Example 7. State the error by using the second approximation of sin z 


when X = 45 *^ == t* 

4 

X X* 

Sclxition. sin x = -r — = — 

4 0 - 4 * 

0.704622 


= 0.78S368 - 0.0807746 


From the tables, sin x = 0.707107 

The error is less than 0.002485. Ans. 

In this example, x was not small enough to ^ve good accuracy. 
Taylor’s Series. — Sometimes it is desired to evaluate a function 
near some value other than zero. Taylor's series is a generali- 
zation of Maclatirin's series which permits the evaluation of a 
fimction near some fixed value such as a. If the power series is 
written in the form 

/(x) = 6o + 6 i (x — a) + 62 (x — a)* • • • ( 20 ) 

Then x can be evaluated for (x — a), as was done in the case of 
Maclauiin's series, to get 

^ 


60 = /(a), 61 = /'(«), 


Making these substitutions results in Taylor’s series 

/"(a)(x - a)* 


/(*) = /(®) +/'(«)(* — a) + 



/(*»>(a)(x — g)* 


I? 


+ 


( 21 ) 


Example 8 . Evaluate cos x when ® “ 4 ^ Taylor s 


fix) 

= COS X 

/(a) - cos a = 

... 1 

fix) 

= — sin X 

/'(a) = — sm a = — 

1 

fix) 

=5 — cos X 

fid) = — cos a = - ^ 


x=x ^n X 

r-(.) 
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HieD^ by Taylor's series, 

(x) = oos X ^ cos a son a 


(X — ae) 


008 a 


e 

+ Bm + 






. (»-iy, ■ (-ly 


V5 P 


e 


+ 


-0.7D711 [l-(,-|)-l(«-5)’ + l(.-=y + 

In thig answer the angles must be expressed in radians. 


] 


Ans, 


Approziiiiate Formulas by Usmg Taylor’s Series. — Taylor’s 
series is particularly useful in evaluating functions for making 
tables with high accuracy. Much greater accuracy can be 
secured with a ^ven number of terms than is usually obtained 
from using Maclaurin’s series. To illustrate, a few cases will be 


1. When X is nearly equal to a, 

First approximation 

sin X === sin a + (ic — a) cos ct 

Second approximation 

r X {x ^ a)* . 

{x — a) cos ot — ^ sm a 


= sm a 



I? 


(22) 


2. When x is nearly equal to a. 

First approximation 
cos X == cos a — (x — a) ain a 


COS a 


Second approximation 
(x —a) ^ a — — 


I? 


COS a 


(23) 


3. When X is nearly equal 


First approximatic 
= €“ + (a: — a)€® 


Second approximation 

= + (* — «) + — jg 


( 24 ) 
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Example 9. Calculate CO 0 50” to the second approxiiiiaiiofi wheti m 4S* 
and indicate the error. 

Solution, Substituting 50” in Eq. (23), 


cos X 


1 _ / 5 » _ »\ _l (18 4 } 1 _ 

v»» 4/ V 2 i? V5 

0.70711 (1 - ^ - 2^») ” 0-70711(1 - 0.08727 - 0.00381} 
0.70711(0.90892) - 0.64271 Am*. 


The tables give cos 50” = 0.64279 


or an error of 


0.00008 An*. 


This example shows an accuracy to four places using a second 
approximation, as compared to Example 7 which gave an a<^uracy 
to only two places. This shows that Taylor’s series can be 
chosen to converge rapidly so only a few terms need be used to 
give a required accuracy. 

Sine and Cosine Integral Functions. — Since some radiation 
problems are sunplified by the use of these functions, a brief 

treatment is in order. 

The sine integral function is defined 


Si(x) 




sm a 


dot = X 


33 55 


(25) 


The cosine integral function is definetl 


Ct(x) = 




cos Ot 
a 


= 7 ^ + In X 


dot = 7 + In X -h 


X* x^ 

+ 



cos ct 


da 


22 ‘ 44 


where, 


y = 



1 1 


da 


a 



= 0.796599599 
= 0.577215665 


da 


0.219383934 

Euler’s constant 


Euler’s constant can also be defined by the series 






(26) 


(27) 


integral 


log 


( 25 ) can be written 



for 


9 Uk 


is iKr sill <k serirs divided hy a, ihxts 


stn « * « — 


3 5 




Sttd 




3 


5 


Inlrurmtific t^rm bj term and snKstitutin^ the limits resuhs in 


5i(x) 


-i' 


(1) da 


33 ^ 55 


-L-i 


da + 


/; 




- T- 

U [7 


da + 


77 


.4 ns 


Bettel Functkms. — These functions often appear in eng;ineer^ 
in|( literature to solve practical problems dealing aith such 
things as frequency modulation, aciHistics. loading transmission 
lines, and eddy current loss in the core of a sidenoid. 

The Beasel functions are solutions to the differential equation 




dr 


dr 


(X 


1 


n*)y = 0 


(28) 


The scdution of this differential equation Ls accomplished by 
evaluating the a terms of a power series,^ which results in the 
following series ahen n » 0 


/•(x) = 1 - + 2*^ 


X* 


2* • 4* • 6* 


+ 


(29) 


vhi^ is tlie Bessel function of the first kind of zero order. When 

n is • positive real number or zero in Eq. (28), we have the more 
gmeral form 


^.(x) 


2"n 


1 


2(2n + 2) 

6 




2 • 4t2n + 2)(2n + 4) 


2 4 


fi(2n + 2)(2 f» -h 4)(2n + 6) 

k- m 


+ 



D* 


k.o 



(30) 


■ahrtkm Uua diffemtisl eqasUoa is hevood the 
wterested in the subject might consult Reddkk 
Mt h es sstkas for Pngmssrs," John Wilev and 


of thn 
1 Miller. 
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which is the Bessel function of order n where n is a positive 
integer. 

Example 11. Show that ^ J o(a;) = — i(^)- 

SoHutian. Performing the indicated differentiationL on successove tmna 
of the series in Eq. (29) gives 


dx 


^.(x) 



4x* 6cr* . 

2» . 4* 2* • 4* • 6* 


Now substituting n = 1 in Eq, (30) gives 


^i(x) == I - 


2*t2 






2*gg 


A close inspection of each term of these two series reveals that the second 
series is the n^ative of the first, hence 


dx 


A(x) 


— /i{x) Afis. 


Periodic Functions . — periodic function can be represented 
by a curve that repeats the same shape for each period. Refer- 
ring to Fig, 90, the sine wave is a simple periodic function that 



Ml 


S [2n Hhl 


Odd or ane function 
Fio. 90- — Sine wave- 




repeats its shape each period T. The wave starts at ^ 
foUowing a definite shape until x = 2v is reached. Fi^ 
X = 2ir to X = 4*- exactly the same curve is related. In othra 
words, each time the ciirve is ready to repeat itself it ^ coi& 
pleted a period of T = 2r. It should be noted l^t the senes 
as ^en in Eq. (31) is made up of odd numbered powera of a 
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which results in a curve that is positive just to the right of the 
y-axis and negative just to the left of the y-axis, hence an anti- 
symmetrical function. An antisymmetrical function is a 
function that is symmetrical about the origin. To illustrate^ the 
curve to the right of the origin in Fig. 90 can be swung around 
the origin as a hinge point and it will exactly fit the curve to the 
left of the origin. 

The cosine wave of Fig. 91 is another illustration of a simple 
periodic fimction. It is the same as the sine wave except that 



n — 




tm 




\2n 


(32) 


Even or cosine function curve. 
Flo. 91. — Cosine wave. 


it is shifted to the left ir/2 radians or 90 degrees to make a func- 
tion that is symmetrical about the y-axis. A symmetrical 
function about the y-axis is a curve such that if the portion to the 
right of the y-axis is swung around the y-axis as a hinge it will 
exactly fit the curve to the left of the y-axis. In a symmetrical 
function the powers of x in the series are even numbers. 

The variable x in Cqs. (31) and (32) can be made proportional 
to a single frequency by the equation 

X = = 2rft (33) 

where « = the angular velocity in radians per second 
/ = the frequency in cycles per second 
t = time in seconds 

Since both Ek|s. (31) and (32) contain only one frequency, it is 
known as the first harmonic or fundamental frequency and can 
be plotted in a frequency spectrum as shown in Figs. 90 and 91. 
The Afi is defined as the magnitude of the first harmonic. It 
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will be noted that both the sine and cosine wave have the same 
magnitude. The frequency spectrum does not give information 
as to whether the curx^e is a sine or a cosine wave. 

Constant Component. — If a wave is not balanced about the 
x-axis — that is, if the area under the curve above the x-axis is 
not equal to the area above the curve below the x-axis — ^then 
there will be a steady or constant component. The sine and 
cosine w ave of Figs. 90 and 91 have a xero steady component; in 
other words, they are balanced about the x-axis. 

For illustration, if the cosine curve of Fig. 91 is raised above 
the x-axis as shown in Fig. 92, then there is a steady component of 



» *0 

Fig. 92. — Cosine wa're i^os a constant component. 



(34) 


magnitude the hei^it of the shaded area. The cosine wave 
balances itself about the dashed line as can be seen in the figure. 
The area marked 1 can be turned around point a as a hinge and 
fitted in the area marked 1'. Since the area marked 1 is positive 
and the area marked 1' is negative, they cancel. Now the 
area marked 2 above the dashed line if turned arowd point o 
as a hinge will fit into the area marked 2' thus showing that the 
constant component height is 3/.. The frequency spectrum m 
Fig 92 shows a sero frequency magnitude 3f» to represent the 
constant component. Equation (34) also has this constant 

component. 


ExampU12. Integrate the curve of Eq. (34) fiom 0 to », and show tfirt 

the avenge height is If 


Solution. The average height is 


- l^h - 7 - 7 U («■ + ".—)■<• 

= i ^Afo -f- Ml sin ~ {Mo x — A/o 0 + Mi sin r — Mi ain 0) 

= i (Afo X - 0 + 0 - 0) = Af • Ans. 


Harmonic Components. — Any periodic wave can be analyzed 
in terms of a constant and harmonic components. To do this, 
the magnitude and phase of each component must be properly 
selected. To illustrate how a square wave can be synthesized, 
the magnitude and phase wdll be properly selected to give the 
correct result. Later a method of determining the values will be 
given. 

Referring to Fig. 93a, we have redrawm one half the sine wave 
as shown in Fig. 90. The magnitude of this wave is 3f i = 4E/t^ 
as shown in the figure, which represents the magnitude of the 
fundamental or first harmonic. If the third harmonic Mt sin 
3x is added to the first harmonic M i sin x the resulting wave will 
be as showm in Fig. 936. In this case M* = 4 jB/3x which is 
one third of the magnitude of the fundamental as shown in the 
frequency spectrum. Since x = 2wfii by Eq. (33) where fi 
represents the first harmonic frequency, then 

3x = 2w(3fi)t = 2irU (35) 

where /a = the third harmonic frequency. 

If this process of adding odd harmonics of decreasing magnitude 
is continued the curve approximates closer and closer to that of 
a square wave as shown in Fig. 93. A careful inspection of Fig. 
93 will reveal how the various harmonics add to make closer 
approximations to a square W'ave. 

Square Sine and Square Cosine Waves.— The square sine wave 
of Fig. 93/ has been redravi'n in Fig. 94a to show its general shape 
over more than two periods. It will be noted that this curve is 
antis 3 r^etrical about the y-axis and is made up of sine terms, 
hence is often referred to as a square sine wave. 

If the square sine wave is moved over so that it b S3rmmetrical 
about the y-a^, as shown in Fig. 946, the terms of the series 
change from sine to cosine as shown in Eq. (42) and the series b 
often referred to as a square cosine wave. The reason for the 



terms in Eq. (42) can be visualized if the y-axis of Fig. 93 is 
imagined shifted to the x /2 position which makes the funda- 
mental or first harmonic symmetrical about the new y-axis, hence, 
cos X which is the first term of Eq. (42). It 'VN'ill be noted in 
Fig. 935 that the third harmonic is a negative maximum at t/2, 
hence is \\'ritten — J 3 cos 3 x, which is the second term in Eq. (42). 
Continuing this process, the fifth harmonic component is a 
positive maximum at this midpoint in Fig. 93 c. It is therefore 





written +3^ cos 5x to make up the third term of the scries 
in Eq. (42). 

The frequency spectrum is the same for both the square smc 
and square cosine waves. This is because the series in Eqs. 
(41) and (42) both have the same values of M. The fact that 
Aey are negative or multiplied by a cosine rather than a sine 
term does not alter their magnitude, hence the frequency spec- 
trum of Fig. 93/ also holds for a square cosine wave. 



y = Ml sin x + Af j sin 3x Af» sin 5x + Mj sin 7x 



If Aft sin X + Afa sin 32; + Af s sin 5r + Af7 sin 7x + A#* sin 

/ , 1 1 1 t \ 

= — ^sin x-f--sin3x + -sm5x+-Gan7x + -8in 9x1 
^i ndam ental plus third, fifth, seventh, and ninth harmonic sine wa 


(40) 


Y 




r X 01 8679U1S1617 1021 




Fourier Series. — ^Thus far, we have examined waves made up 
of a constant component, harmonic sine components, and 
harmonic cosine components. Generalizing, the equation for 



a. Square sine wave. 




1 1 

cos X — cos 3x — cos ox 

3 o 



b. Square cosine wave. 

Fio. 94. — Comparison of square sine and square cosine waves. 



any aperiodic wave can be written by substituting the proper 
values in Fouricr^s serieSy which is written as follows: 


y = f(x) = 4-® + Ai cos X + Az cos 2x + A3 cos 3r + • • • 

“h Bi sin X -h Bz sin 2x -t- Bz sin 3x -!“■■■ (43) 


Since this equation can be used to express any periodic \s ave, the 
major task reduces to that of finding the values of the A and B 
terms. In the previous illustrations the values of the A and B 
terms were furnished. In Eq. (31) Bi = Mi and all other .4 
and B terms of Eq. (43) are zero. In Eq. (32) Mi = Ai with 

-A 0 

aU other A and B terms zero in Eq. (43). In Eq. (34) — Mo 


and A I = Mi, vAth. all other terms in Fourier’s series 

zero. In Eq. (41) all of the *4 terms are zero and all of the odd 


B terms exist. 

Then in Eq. (42) all the B terms are zero 
and even A terms e.xist. 


and all but the Ao 





If the shape of the desired curve is known, it is possible to 
determine the value of the A and B terms by the following 
definite integrals. The integrals are followed by a word state- 
ment of their meaning. The constant or zero frequency com- 
ponent is 



2x 

y dx 

( average value of y 
taken over one period 
or cycle 




The nth cosine term of the nth harmonic is 



2x 

y cos nx dx 

( average value of y cos nx 
taken over one period or 
cycle 



The nth sine term of the nth harmonic is 



B 


n 



y sin nx dx 


( average value of y sin nx 
taken over one period or 
cycle 


( 46 ) 


If n = 0 in Eq. (45), cos 0 • a: = 1 and the equation reduces 
to Eq. (44). If n = 0 in Eq. (46), sin 0 • x = 0 and the value is 

zero. That is the reason for the absence of the Bq term in Eq 
(43). 


Example 13. Determine the A and B terms for the wave illustrated in 
Fig. 92. 

Solution. Substituting in Eq. (44) the value of y given in Eq. (34) for 
the cosine wave above the x-axis, we have for the A a term 


A^ = 


1 /■2x 1 f2r 

^ yo ^ — TT Jo ^ 


--f 

X Jo 


2*^ , 1 r2x I 

0 ox H — / A/i cos X dx = — Mox 

TT Jo X 

~ (3/o • 2x Mq -0) H — (0 — 0) = 2 3-/^0 Ans, 


2x 

0 


H — Ml sin X 


2x 

0 
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For the .4i term we have 


A 1 — 



S’- , 1 r2r 

U cos X dx — — j {-I/o "F 1 cos x) cos x dx 

« y 0 

1 /"Sr 1 f2T 

= - / -Vo cos X dx — / 3/i cos- X dx 

'* yO TT yO 


= — 3/n sin X 

TT 


2x 1 r 2x 1 

^ — / 3 / 1 ^ ( 1 + cos 2x') dx 

0 TT yo 2 


1 , 1 I / f'2^ 

— - 3/ 0(0 “ 0) H — o ( / + / cos 2x dx 

TT TT 2 vyo yo 




All other A and B terms are zero, so these substitutions can be made in 
Eq. (43) to get the complete equation of the wave, thus 


Ai, 23/o 

y = + Ai cos X = 2 ^ ~ ^ Arts. 


The value of y can often be expressed by a simple equation over 
various portions of the period. In such cases the integration 
can be added over these various portions. This is illustrated in 
the following example: 


Example 14. Determine two A and three B terms for a square sine wave 
of amplitude E, 

Solution, Referring to Fig. 94a^ y — E from x = 0 to x = ^ and y == — E 
from X = 7r to X = 2x. 

Substituting these values in Eq. (44) for Ao, 



— E cos 0 • x) dx 



= - Eir — - Ei2- — tt) — 0 Ans. 

TT TT 


= i r 

77 yo 


E cos 0 • X dx + 




This means that the wave is balanced around the x-axis. Substituting 
the above values in Eq. (45) for Ai, 




E cos X dx 



1 *’'1 2 
- E sin xi E sin x 

X ,0 X jx 


{—E cos x) dx 


- E{0 - 0) - iE(0 - 0) = 0 Ans. 


Since the sign of any multiple of x is zero, all the rest of the A« terms in 
Eq. (43) will be zero. 



( — £* sin x) dx 


Substituting the above values in Eq. (46) for Bu 

Bt = — I V sin X dx = - / F sin x dx H — 
IT Jo tt Jo tt 

E E 

= — ( — cos x) H cos X 

TT ,0 TT > 

F F 4F 

- ^ (1 + 1 ) + - (1 + 1 ; = — 

TT TT TT 

Substituting the above values in Efi. (40) for 



B 


= i/ 

TT Jo 


2x 


y sin 


in 2x dx = - f E f^\n 2x dx + - { —E sin 2x) dx 

TT Jo ^ J^ 


^ (- cos 2x)r + ^ (cos 2x) = A ( _1 + IJ + ^ (1 _ 


27r 


2yr 


- 0 
. I ns . 


Since the cosine of any even multiple of tt results in zero over these limits, 
all the rest of the even Bn terms in llq. (43) will be z('ro. 

Substituting the above values in Eq. (46) for Bz. 


B, = 



y sin 3x dx 


- - E^ 

TT Jo 


sin 3x dx + 





( —E sin 3x) dx 


E ^ E o 

— (— cos 3x) — — ( — cos 3x), 

&ir 0 oTT X 

E F 4F 

^(+1 + 1 ) - ^(-1 - 1 ) = . 4 ^^ 

OTT OTT 


This indicates that only odd B terms will have values in Eq. (43). Xow, 
substituting the above values in Eq. (43) gives two terms of the series, thu.s 

4E 1 

y = — (sin X + sin 3x + * • •) 

TT O 


Magnitude and Phase of Harmonic Components. — The corre- 
sponding terms in Fourier’s scries of Ecp (43) cun be combined 
into single terms, by using the equation 

M„ sin (nuit -f- \f/^) = .4„ cos noit + sin nojt (47) 
where, as shown in Fig. 95, 

Mn = VAI + Bl (48) 

cos (49) 

Jl 

sin ( 50 ) 

To prove Eq. (47), consider the trigono- 
metric identity 

sin (a b) = sin b cos a + cos b sin a, 
and let a = nwt, b = then 

sin (noji -f- ^l,^) = ..:in 4 ,, cos uwf -f cos sin nU 



Fig. 95.— Holation of 
pha.^c and magnitude of 
an nth harmonic com- 
ponent. 


Now substituting the value of sin and cos ypn as given in 
Eqs. (49) and (50) and multiplying both sides by 3/„ results in 
Eq. (47) and completes the proof. 

Fourier’s series of Eq. (43) can, ^\dth the use of Eq. (47), be 
converted to read 


y = m 


0 -|- 1 sin (^oit -j- ^i) -f* ^-^2 sin 4- \l/o -|“ 


♦ • 


n = « 


Mn sin {7lO}t + \pn) (51) 

71—1 


Since 4/o of this series equals 



of the original series, it can 


be evaluated by converting the definite integral of Eq. (44) to 
read 



( average value of y taken 
over one period or cycle 



In this equation the integral gives the area under the cur\"e from 
0 to 2ir. This area can be converted to an equivalent rectangle 
having a base of 2x and an altitude of d/o, hence as given in 
Eq. (52), the altitude of the rectangle is 



area of equivalent rectangle 
base of rectangle 



By using the vectors of Fig. 95, it is possible to express the 
magnitude (4/) term and phase angle (i^) term by a definite 
integral. ^lultiplying both sides of Eq. (45) by j and adding to 
Eq. (46) give.s, for n = 1, 2, 3 . . . , 




Bn + J-4n 

O 


1 


T Jo 

I 

Tf I 0 

f 

J 


y(s\n nx + j cos nx) dx 



o 


t/(cos nx — j sin nx) dx 


V€ dx 

rj 0 

/average value of ye-^'\ / 
\or cycle 


2 I taken over one period 


\ f pnase angle ui \ 
/ \nth harmonic / 


(54) 



In other words, this equation states that 




( area of \ /. 
equivalent rectangle j ( 
base of rectangle / ^ 


phase angle oi 
nth harmonic 


(55) 


The area of the equivalent rectangle is given by the integral, 
which also gives an angle. The base of the rectangle is 2*-, 
hence Mn is twice the altitude of the rectangle. The angle 
given by the integral when multiplied by j gives the phase term. 

Example 15. Determine the first harmonic term for a square sine wave 
of amplitude E. 

Solution, Dividing the integral of Eq. (54) into two parts, the first from 

second from r to 2r. results in 




-iL 


E^rt* dx 


L 


i*dx 




. E . I2»- 
+ — 




= — — «-»»• 4 e« + 

ir 

- :® /O” + — /O” + — /O” + — /O” = — /0“ 

ir TT X X 


The second term in Eq. (51) is then 

4R AE 

M\ sin (a)t + ^,) = — sin («t + 0) = — sin ui Ans, 

W X 

This diecks the sclution for the first harmonic term in Ebcample 
14, whidi used z in place of at. Since =: 0°, tiie j component is 

4E 

absent and the B, term of Eq. (54) is equal to 

T 



■r 






, 

1 





T 














4 

L 





2xft 

* ■ - 

-> 

* 






✓ - 






E 













• 







-J 

r 












X 

.•1 

k • 


- 




□ 




If 











%S £ 1 

jr = hE + — f sin xft COB * + 2 ™ ^ 


) 


»=* «o 


^ kE + 


y isi 

^ n 


sin nrk cos nx 


(56) 


n=*l 


i t. 


Eeg. 96. — ^fiort rectangular pulse. 


Example 16, Evaluate the first two terms for a abort redanguUxr pulae 
as shown in Fig. 961 * 



Solution. By Eq. (52), 




= - 

2t J-^k 


5-»i E 

Edx ^ ^ X = kE Ana 

rk 2r - rk 


Checking by E<i. (53), 


3/o = 


(2x^r^ (E) 


2r 


= kE Che4J:. 


By Eq. (54), 


Af 1 ■ ^ I 


= i 

X j—rk 


E€'~i- dx = 


E 


J 


2Ej 


2J 


X -xk 

IE 

— sin X* /90“ 


Hence, substituting in Eq. (51), 

3/i sin (x + 'Y \) = 


sin xJfc sin (x 90°) 



rk cos X An*. 


A square cosine wave was illustrated in Fig. 945. It is a 
special case of the short rectangular pulse of Fig. 96. If A: = ^ 
and the J/o term is made zero, Eq. (56) reduces to Eq. (42), 



y ^ kE 2itE(cos x -h cos 2x 4- cos 3 j + • • • ) (57) 

Fig. 97. — Thin line pulse. 


Thin Line Pulse. — Another case of interest- is to narrow the 
width of the rectangular pulse until it is essentially a single line 
pulse. As the pulse width of Fig. 96 is made narrow k becomes 
vert' small, with the result that for small values of n the term 
sin nxA- = n-rk in Eq. (56). With this substitution Eq. (56) can 
be expressed as Eq. (57), which is illustrated in Fig. 97. It is 
interesting to note that the harmonics have the same magnitude, 
hence giving a frequency spectrum as shotsm in Fig. 97. If this 
series is carried to a verj* large number of terms, the pulse width 
must be ven.' small for the above approximation to hold with 
reasonable accuracy. Also, the value of each harmonic com- 
ponent will be verx’ small. The height of the pulse will be 
approximately the sum of the harmonic components. It is of 
importance to note that all harmonics are pre^nt and of equal 
amplitude in the frequency spectrum of Fig. 97. 




Wiite the ffth term for the series 


~ ® "J” j . 2 1^ . 2 . 3 


+ 


test the series for convergence or divei^nce. 

+ ^ 


8. Test the series iS» = j + 


(Vs)* 

convergence or divergence and write the nth U 
3w Test ratio the series S» = l + |Y + i5r + fS' + 



4. Find the approximate value of \/37 by applying the binomial a 

5. Eixpand the function sin x into a series. 

C. What is the third approximation value of 

7« Give the second approximation value of when c* = 7.3891 
note the error. 

8. Determine the thir d harmonic term for a square sine wave of ai 
tude 

9. Fvatuate the second harmonic of a scanning voltage when the i 
form is 


y zss — X from. 


to 


IQL An antisymmetiical sawtooth wave has the following wave form 

y ^ — X from “ 2 2 

y — X from 2 


Determine the first harmonic term in the series. 




APPENDIX 


1. GREEK ALPHABET 


Capital 



Alpha 

Beta 

Gamma 

Delta 

EpsUon 

Zeta 

Eta 

Theta 

lota 

Kappa 

Lambda 

Mu 

Nu 

Xi 

Omicron 

Pi 

Rho 

Sigma 

Tau 

Upailon 

Phi 

Chi 

Pai 

Omega 


ftlTa 

be'ta or ba^ta 

g&m'a 

dm'ta 

ep'sl-ldn 

ze'ta or z&'ta 

e'ta or SHa 

the'ta or tha'ta 

I-6'ta 

k&p'a 

l&m'da 

mu, moo, or mil 
nil or nu 
zT or kse 

dm^Y-krOn or b-ml^Krbn 
pi or pe 
rd 

sig'ma 
t6 or tou 
up'sl-16n 
fi or 

ki, ke, or k 8 
pse or si 
6>me'ga 

A-m^'a, or 6'mA-g& 


At. Ate, operA; 


nSk. mfiw pin, {Aie; 

n6t, drbp nSfce. food. Ap. late. nuNDia; 
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2. MATHEMATICAL SYMBOLS AND ABBREVIATIONS 


Symbol 

Name 

Uses 

It 2, 3, 4, 5, 



6, 7,8, 9,0 

Arabic numerals 

The numerals used in mathematics 

ao 

Infinity 

A quantity larger than any number 

- 

Decimal point 

A period used to point off numbers 

+ 

Pius 

Addition, positive 


l^linus 

Subtraction, n^ative 

± 

Plus or minus 

Addition or subtraction 

+ 

Minus or plus 

Subtraction or addition 

X 

Multiply by 

Multiplication 

a • b 

a is multiplied by b 

Multiplication 

(2-l)(3-4) 

2-1 multiplied by 3-4 

Quantity multiplication 

~m ■ 

Divided by 

Division 

a/b 

a is divided by b 

Division (fraction form), or per 

cl 

6 

a is divided by 6 

Division (fraction or ratio form) 

a:b 

a is to 6 

Batio form of division 


Equal to 

Equality in equation form 


Identical to 

Identity in equation form 


Approximately 

Approximate equality in equations 


equal to 

(sometimes used for approaches) 


Not equal to 

Inequality in equation form 

< 

Less than 

Inecpiality in equation form 

> 

Greater than 

Inequality in equation form 


Equal or less than 

Equality or inequality in equation form 


Equal or greater 
than 

Equality or inequality in equation form 

<r 

Proportional to 

Proportionality used in equation form 


Proportional to 

Proportionality used in equation form 


Approaches 

To express that a quantity approaches 
in equation form 


Perpendicular 

CJeometry 

/ 

Parallel to, or in 
parallel with 

Geometry, or parallel dectrical circuits 

Positive angle sign 

Geometry, vector quantities 

/ 

d 

Negative angle agn 

Geometry, vector qu^mtities 

A 

Trian^e 

Geometry 

O 

Circle 

Geometry 


Therefore 

Geometry 


Number 

When placed before figures 

% 

Per cent 

Placed after number expresting per cent 

• ♦ • 

Continued 

To indicate the continuation of a number 
or series 


Pi 

^ = 3.1416 - - • radians, the edreumfe- 
ence of a circle divided by its diameter 





hfA 


Name 



Uses 


Epsilon 


Factorial 


Summation 


e 2.71828 • • • , the base of nstural 
lof^uithms 

To e xpress the fact that a number ia 
mult^iied by all smaller numbere, thoa 
3! = 13=3X2X1 — 6 
To add a aeries of tenns 


Summation from o To add a 
to n 


aeries of tenna from o to n 




Yincnlnm 

Radical 

Radical and vin» 
culum 

3 is the root of the 

qoantily A 
2 la the exponent 
of the quantity A 
A haa a jma^gnitnde 


A or A or Al A is a Teetor 

m •• 

A is a vector 


at is a subscript 
Openitorj 




aunnlesieKt v 
Second si^ 
determinate sign ^ 

Increment of x 
IKffereniSal ^ ' 
ParGil diffeien^ 


A sign placed at both ends of a grouping 
A rign placed at both ends of a grouping 
A rign placed at both ends of a grouping 
A line placed over a grouping 
Extract the root of a number 
Extract the square root of a quantity 
or number 

Expressing the root to be extracted, or 
is the power to which it must be raised 
Expressing the power to which a quan- 
rily is to be raised 

To express only the magnitude of a 
quantity 

Ts express a quantity that both 

magnitude and ^ireefhm 
Wlmn the magnitade is expressed |A|, 
the A can bo used to express a v ector 
cpiantity 

To identify the quantity A, as, lor 
example, lying along the x-axis 
To express quantitdes in the diteethm 
of the jf-axis. (In pure ^ 

is used for ttus operator and is 
an imsghiary number.) 

To e^reas angles in deg^rees 
Tq caqirem angles in x^ 

To eaqneso an^es in seconds 

Tb express the solutiim of simultaneoos 
equalionB 

RmaR dianges, in edleulas 

diflerential, in calealus 

Bartlid differential, In cahn^ 

Diffeieatial <qpaafor, in diffenntial dal> 
ados 







236 


APPLIED MATHEMATICS 


Svmbol 


Name 


Uses 


F\x^ or f(x) 

« •* 

JrAX) 


Kax) 


Integral Integral calculus 

Integral between ' Integration between limits 
the limits of a and 6 

Function of x I Algebra or calculus 


Bessel t unction of Higher mathematics 
the first kind of lation 
order n 

Bessel 1 unction of Higher mathematics 
second kind of 
order n 

Gamma function Higher mathematics 


Frequency modu- 


Abbrevia- I 

I 

tion 


Name 


Uses 


In. log 

log nr It)g: 
In or log< 


colog 

antilog 


sin 
s i n ~ ^ 


sink 

sinh“^ 


i ‘ >s 
< “ os ' ^ 


i * os h 

<•< '>h”^ 


tan 
T a n “ ^ 


tanh 


Logarithm 

Logarithm to base 
10 

Logaritlirn to base e 


! C’ologarithni 
I Antilogarithm 


Sine of 

Arc whose sine is 

Hvperl'olie >ine of 
Inverse hyp('rbolic 
sine (ii 
C osine of 

. Arc whose cosine is 

k 

r 

f 

Hyperbolic cosine of 
I n vt ' rse 1 \ y pe rbol ic 
• co-in<‘ of 
i d'allgtMlt of 
An* wliosi* tangent 

IS 

i Hvnerboii(; tangent 

! V 

I ol 


Express the natural and common loga- 
rithm of a quantity, respectively 
This is the common bast and is usually 
written log 

Ihis is the natural base and is usuaJlv 
expressed In -sometimes called ‘'Napier- 

• 7 • 

lan I 

The logarithm of the reciprocal of a 
number 

To express a number in terms of its 
logarithm (the reverse operation of 
taking the logarithm of a number) 
C'ircular trigonometry 
Antisine of, inverse of sine (circular 
trigonometry ^ 

Hypt'rbolic trigonometry 
Hyperbolic trigonometry 

C'ircular trigonometry 
Anticosine of. inverse cosine of (circular 
trigonometry ) 

Hyperbolic trigonometry 

Hyperbolic trigonometry 
C'ircular trigonometry 
Antilangent of, inverse of tangent (circu- 
lar trigonometry I 

Hyperbolic trigonometry 


Abbrevia- 

tion 


Name 


Uses 


tiMib ^ 

cot 

COt“* 

coth 

ooth“^ 


csch 


Gsch“^ 


sech 

flech""^ 


hyp 

opp 

adj 

L.aD. 


Inverse bjperbouc 
tangent of 
Cdtangmt of 
Arc whose tangent 
is 

Hyperbolic cotan- 
gent of 

Inverse hyperbolic 
cotangent of 
Cosecant of 
Altc whose cosecant 


Hyperbolic trigonometry 
Circular trigonometry 
Anticotangent of, inverse of cotangent 
(circular trigonometry) 

Hyperbolic trigonometry 


of cosecant 


Hyperbolic cosecant 
of 

Inverse hyperbolic 
cosecant of 
Secant of 

Ajto whose secant is 

Hyperbolic secant of 
Inverse hyperbolic 
secant of 
Versed sine 

Coversed mne 

hypotenuse 
opposite side 
adjacent side 


nominator 


Hyperbolic trigonometry 
Circular trigonometry 
Anticosecant of, inverse 
(circular trigonometry) 

Hyperbolic trigonometry 


Hyperbolic trigonometry 
Circuhur trigonometry 
Antisecant of, inverse of secant (circular 
trigonometry) 

Hyperbolic trigonometry 

Hyperbolic trigonometry 

vers fi 1 — eos fi (circular trigonom- 
etry) 

covers ip 1 — ain fi (circular tri^nom- 
etry) 

Trigonometiy 

Trigonometiy 

Trigonometiy 

A^ebis 


3. BNGllffEERING SYMBOLS AND ABBUSVlATfONS 

eek alphabet • 

An^eSy atte nu ation factor, radiation 
Angles, wave length constant, 

Complex Hertsian vector 

Angles, prap^^ cmutant, conduetivity, radiatino, Euler's oonataaft 
Increments, variation 

Decrement^ deoaiiy ^ ^ ^ 

*^ti^S*** small qaantHy, indiietivi^, permit. 

E fficie n c y, coondniate 
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0 Angles, tempesmtuie 

• Angles, devstkm angle, time emstant, irfi^rr diqplaeeBMMft 
K Boltzmann's constant, dieleeirie eosistant 
A, X Wave length of electric waves 

M Amfdifieatkm facUw, penneabOitj, pntoi mkro 
r Frequency of radiation 
C Elliptic coordinate 
n Herts vector 

«- Circumference of a rirrie divided by its diameter 
p Resistivity, speciSe resis t ivity, ehacge dmri^ 

2 Summation 


V Conductivity 

r angles, tangent vector, surface density 
0 Scalar velocity potential, magnetic flnz 
^ Angles, flux, power factor an^e, true asimnth, e le c tric p«*— 
X Magnetic susc^tibflities 
'i' An^es, phase diffmcsiee, function 

O Reristanoe in (duns 
M Resistanee in (duns, angular vdoeity 
b. English alphabet symbols: 

A Area, current de ctrom agnetie vector potential 

0 Dimensions, amperes 

B Snsoeptance, magnetic inductance, magnetic flnz density 
b Snsceptanee 
C Capacity, cmitigrade 
c Constant, vdoeity of ligiht 

D E3ecbie displacement, de ctr oe t atic fioz density 
d Distance, diameter 

E Effective voltage, emf , dectrie fidU intenrity 
e Instantaneous voltage 
F Force, dectroetatic Add intenaty 
/ Frequency, fiuce, farad 
G Conductance measured in mho 
g Conductance, aocderatMm due to giarity, gram 
H Biagnetie fidd intensity 
A Flank's constant, hotuy 

1 Effective murent 



i 

K 

k 

L 

I 

M 



Instantaneous c ur rent 

Poynting's vector, <mrrent density vector. 


I i 


Operator 

Cemataniy dielectiic ocmstanly stac kin g factor 
Susceptibility, prefix **kik>-'’ 


Sdf inductance 


Length 

Mutual inductance, meters, indnoed pdarization, prefix 


Msugiy prefix 

Number of conductors or toms, Avogadio% number 
Number, velocity of rotation 
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O Origin of coordinate system 
o Origin of coordinate system 
P Power 

p Sound pressure, instantaneous power 
Q Quantity of electricity, ratio of reactance to resistance 
q Electric charge 
R Resistance, reluctance 
r Resistance, radius 
S Sensitivity, surface area 
8 Transconductance 

T Absolute temperature, periodic time, absolute temperature, tension 
t Time 
U Energy 
u Particle velocity 

V Voltage, volume, reluctivity 

V Velocity 
W Energy 
w Watts 

X Coordinates, reactance 
X Coordinates, reactance 
Y Coordinates, admittance 
y Coordinates, admittance 
Z Coordinates, impedance 
z Coordinates, impedance 
c. Quantitative electrical abbreviations : 

Capacitance 

tipi Micromicrofarad (one-millionth of a millionth part of 
a farad) 

pi Microfarad (one-millionth of a farad) Note: In some 
cases, mfd or mf are used instead of p{ to indicate 
one millionth of a farad. It is always safe to 
assume that mfd or mf means microfarad and not 
millifarads. 

f Farad Note: The letter f is rarely used alone. It is 
preferable to spell the word out when it is used. 

Current 

/la Microampere (one-millionth of an ampere) 
ma Milliampere (one-thousandth of an ampere) 
a or amp Ampere 
Frequency 

cps Cycles per second 
kc Kilocycles per second 
Me Megacycles per second 

Inductance 

/ih Microhenry (one-millionth of a henry) 
mh Millihenry (one-thousandth of a henry) 
h Henry 
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Power 


Resistance 


mw 

w 

kw 

Mw 

kva 

kwhr 


k < -> 
ML 


Voltage 

MV 

mv 

V 

kv 

d. Circuit Symbols : 

AJiiiittanee 

}■ 

B 

Be 

Bl 

Constants 

G 

C 

L 

.V 

R 

G 

Current 

1 

I- 

I.r 

I 

Impedance 

Z 

X 

Xc 

Xl 

R 


Microwatt one-mi liionth pf a watt'' 
Milliwatt one-tlioti-aiuliii a watt 
Watt 

Kilowatt one thom-and watts 
Mo;j:awaTt one million warts 
Kilovolt am pert? — appartatt power 
Kilowatt hour 


Ohms Noth: In some cases u.' is us-ti expr^-S'^ c>]uns. 
Kilohm cme tlioiisaiivl 


M ego lim 
is used 


one millitpn ohiii> Xotf. : In seme cases Meg 
to expre-s meiit^liii:-- 


Microvolt 

Millivolt 


one-millionth of a 
one- 1 1 i tj u > a n d t r i < > : 


14 1 t 

a vult 


Volt 

Kilovolt one thousand 'eoitsi 


Admittance in mhos 
Susceptance iit irihos 
C'apacitive sus^'cptance in mhos 
Inductive susceptance in mhos 

C'ondiictance in mhos 
('apacitance in. larads 
Inductance in honrys 
Mutual iukluctance in henrys 
Resistance in dims 
Oonduotance in iiiho.- 

Kfiective or rms current in amperes 
Maximum nr peak current in amperes^ 
Averaire lUirrent in amperes- 
Instantaneous current in amperes 


Intpedance in oVuns 
Reactance in oluiis 
C'apacitive reactance in ohms 
Inductive reactance in ohms 
Resistance in ohms 


Miscellaneous 

Ant Antenna 
Gnd Ground 
Mod Moilulator 
Spkr Loud speaker 

• - See footnotes on page 241. 
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Power supply 

A Filament power supply 
B Plate power supply 
C Grid-bias power supply 

Tube 

Fil Filament 
X or it Cathode 
H or h Heater 
G or g Grid 

Sq Screen grid 
P or p Plate 

Voltage 

E Eflfective (or rms) voltage in volts 
Em Maximum (or peak) voltage in volts* 

Eaw Average voltage in volts* 
e Instantaneous voltage in volts 

e. Abbreviations:* 

(hirrent 

ac Alternating current 
dc Direct current 

Frequency 

af Audio frequency 
if Intermediate frequency 
rf Radio frequency 
trf Tuned radio frequency 
bf Beat frequency 
bfo Beat-frequency oscillator 
If Low-frequency (30 to 300 kc band) 
mf Medium>frequency (300 to 3,000 kc band) 
hf High-frequency (3,000 kc to 30 Me band) 
vhf Very-high-frequency (30 to 300 Me band) 
uhf Ultra-high-frequency (300 to 3,000 Me band) 

Miscellaneous 

cw Continuous wave 
icw Interrupted continuous wave 
am Amplitude modulation 
fm Frequency modulation 

*In some cases the subscript "max” is used to indicate marimum or 
peak current or voltage. For example, when the subscript "min” is used 
to indicate minimum current or voltage, the subscript "max” will probably 
be used for maximum current or voltage. 

* In some cases the subscript "avg” is used to express average current or 
voltage. 

* The abbreviations as given here are used as nouns. When they are 
used as adjectives, it is common practice to use a hyphen, thus 

ac Alternating current (noun) 
arC altemating-^unrat (adjective) 
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pm Phase modulation 
ptm Pulse time modulation 
enif Electromotive force in volts 
mmf Magnetomotive force in gilberts 
avc Automatic volume control 
davc Delayed automatic volume control 
mopa Master-oscillator power-amplifier 

/. Measurement abbreviations : 

Metric prefixes 

M Micro- one-millionth) 
m Miili- (one-thousandth) 
c Centi- -one-hundredth) 
d Deci- ' one-tenth r 

Uni- (one"! Note: This prefix is usually omitted. 

dk Deka- 'ten"' 

% 

h Hekto- one hundred) 
k Kilo- 'one thousand) 

M Mega- -one million) 

Metric measure 

mm Millimeter one-thousandth of a meter) 
cm Centimeter * one-hundredth of a meter) 
km Kilometer one thousand meters) 
sq cm Square centimeter or cm* 
sq cm Square meter or m* 
sq km Square kilometer or km^ 
cu cm Cubic meter or m^ 

cgs Centimeter-gram-second system of units 
mks Meter-kilogram-second system of units 

English measure 

in. Inch 
ft Foot 
vd Yard 

mile Mile Xote: This unit is always spelled out. 
sq in Square inch 
sq It Square foot 
cu in Cubic inch 
cu ft Cubic foot 
sec Second 
min Minute 
hr Hour 
Year 

lb Pound 

rps Revolutions per second 
rpm Revolutions per minute 
mph Miles per hour 

g Miscellaneous abbreviations: 

A.W.G. or B.A'S. American wire gauge or Brown and Sharpe v ire 

gauge. Xote: These gauges are commonly used 
for copper, aluminum, and resistance wire. 
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db 

Decibel 

deg 

Degree 


Diameter 

dec 

Double cotton covered 

dsc 

Double sflk covered 

ec 

Enamel covered 

mlt 

Mean length of turn 

p., pp. 

Page, pages 

nns 

Root mean square 

rss 

Root sum square 

temp 

Temperature 

vol 

Volume 

VB. 

Versus 

wt 

Weight 


4. CONVERSION TABLE 


\ \ Multiply 

N^number 

\byV of 

obtam \ 

fifi units 
micro- 
micro 
units 

§1 units 

micro 

units 

m units 
milli 
units 

units : 

< 

( 

k units 
kilo 
units 

M units 
mega 
units 

/ 1 /i units 

micromicro 

units 

1 

10* 

10» 

lO” 

10« 

101* 

ic units 

micro units 

io-« 

1 

10* 

10* 

10* 

10** 

m units 

milli units 

10“» 

10“* 

1 

1 

10* 

10« 

10* 

units 

10-»* 

10-® 

1 

io-» 

1 

10* 

10* 

k units 

kilo units 

1 

1 

lQ-1* 

Wr* 

! 

10-* 

I 

10-* 

1 

10* 

M units 
m^a units 

10-w 

10-1* 

10-* 

10-* 

1 

10-* 

1 
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6. LOGARITHMS OF NUMBERS FROM 1 TO 100 


1 

"! 

t 

log n 

I 

r 

n 

log n 

n i 

■i 

log n 

n i 

1 

log n 

n 

1 

1<^ n 

♦ 

i 

1 

« 

0.000000 

21 

1 . 322219 

41 

1.612784 

1 

61 

1.785330 

81* 

1.908485 

2 

0.301030 

22 

1.342423 

42 

1 . 623249 

62, 

1 . 792392 

82 

1-913814 

3] 

0.477121 

23 

1 . 361728 

43 j 

44 

1.633468; 

63 

1.799341 

83 

1 . 919078 

4 

0.602060 

24 

1.380211 

1.643453 

64 

1.806180 

84 

1 

85 

1 . 924279 

5 

0 . 698970 

25 

1 . 397940 

45 

1 . 653213 

65 

1 

1.812913 

1.929419 

6 

0.778151 

26 

' 

1 . 414973 

46 

1 . 662758 

66 

1.819544 

86 

1 . 934498 

7 

0.845098 

27 

1 . 431364 

47 

1 . 672098 ! 


1 . 826075 

871 

1.939519 

8 

0.903090 

28 

1.447158 

48 

1.681241 

68 

1.832509 

88^ 

1.944483 

9 

0 . 954243 

29i 

1 . 462398 

49 

1.690196 

69 

1.838849 

89 

1 . 949390 

10 

1.000000 

30 

1.477121 

50 

1 . 698970 

70 

1.845098 

90 

1.954243 

11 

1.041393 

31 

1 . 491362 

51 

1 . 707570 

In 

1.851258 

91 

1.959041 

12 

1.079181 

32 

1.505150 

52 

1.716003 

72 

1 . 857332 
1.863323 

92 

1.963788 

13 

1.113943 

33 

1.518514 

53 

1.724276 

73 

93 

1.968483 

14 

1.146128 

34 

1.531479 

54 

1.732394 

74 

1 . 869232 

94 

1 . 973128 

15 

1 . 176091 

35 

1.544068 

oo 

1.740363 

75 

1 . 875061 

95 

■ 

1.977724 

16 

1.204120 

36 

1 . 550303 

56 

1 . 748188 

76 

1 . 880814 

96 

1.982271 

17 

1.230449 

37 

1.568202 

! 57 

; 1 . 755875 

77 

1.886491 

97 

1.986772 

IS 

1 .255273 

38 

1 . 579784 

i 58 

1.763428 

78 

1.892095 

98 

1 . 991226 

19 

1 . 278754 

39 

1 . 591065 

59 

i 1 . 770852 

79 

1 . 897627 

99 

1.995635 

20 

1.301030 

40 

1 1.602060 

60 

1.778151 

so 

i 1.903090 

i 

100 

;2. 000000 

1 


6. BRIEF TABLE OF TRIGONOMETRIC FUNCTIONS 


Degrees 

Sine 

Cosine ( 

i 

1 

Tangent | 

Cotangent 

0 

0.0000 

1.0000 

1 

0.0000 

3C 

10 

0.1736 

0.9848 

0.1763 

5.6713 

20 

0.8420 

0 . 9397 

0.3640 

2 . 7475 

30 

0.5000 

0.8660 

0.5774 

1.7321 

40 

0.6428 

0.7660 

0.8391 

1 . 1918 

50 

0.7660 

0.6428 

1.1918 

0.8391 

60 

0.8660 

0.5000 

1.7321 

0.5774 

70 

0.9397 

0.3420 

2.7475 

0.3640 

80 

0.9848 

0.1736 

5.6713 

0.1763 

90 

1.0000 



0.0000 

X 

0.0000 


APPENDIX 


7. TASLE OF JIATURAL LOGARITHMS* 


These four pages give the natural loganthms 
of numbeis between o.i an<J lo, correct to four 
places. Moving the decimal point n pUces to 
the right in the number, i-«., m^tiplying^ the 
number by lo*, requires the addition of « times 
2.3026 to the logarithm* values are given in the 
accompanying tables. &nce the numbers in the 
first .two pages are less than i, the logarithms 
are all negative and should be preceded by a 
minus sign. The base is e = 2-71828. 

log« * = log« 10 logu X = 2.3026 logi* * 
logM * = logi# e logc X = 0.4343 log# X 


n 

(fi.^.3026) 

fi (0.6974^3) 

I 

2 .3026 

0 . 6974 r -3 

2 

4.6052 

0.3948-S 

3 

6.9078 

0.0922-7 

4 

9.2103 

0.7897-10 

5 

IX. 5129 

0.4871—12 

6 

13-81SS 

0.1845-14 

7 

x6.ix8i 

0.8819-17 

8 

18.4207 

0. 5793-19 

9 

20.7233 

0.2767—21 


Number 

0 

X 

2 

3 

4 

S 

.10 

2 .3026 

2926 

2828 

2730 

2634 

2538 

.11 

.2073 

1982 

1893 

1804 

1716 

1628 

.12 

.1203 

1120 

1037 

0956 

087s 

0794 

.13 

.0402 

0326 

0250 

0174 

0099 

0025 

.14 

1 .9661 

9590 

9519 

9449 

9379 

9310 

.15 

1.8971 

890s 

8839 

8773 

8708 

8643 

.16 

8326 

8264 

8202 

8140 

8079 

8018 

.17 

7720 

7661 

7603 

7545 

74«7 

7430 

.18 

7148 

7093 

7037 

6983 

^28 

6874 

.19 

6607 

6555 

6503 

6451 

6399 

6348 

.'20 

1.6094 

604s 

5995 

5945 

5896 

5847 

.21 

5606 

5559 

5512 

5465 

54*8 

5371 

.22 

SI4I 

5096 

5051 

5006 

4961 

4917 

.23 

4697 

4653 

4610 

4567 

4524 

44«2 

.24 

4271 

4230 

4^88 

4147 

4106 

4065 

.25 

1.3863 

3823 

3783 

3744 

3704 

3665 

.26 

3471 

3432 

3394 

3356 

3318 

3280 

.27 

3093 

3056 

3020 

2983 

2946 

2910 


2730 

2694 

2658 

2623 

2588 

2553 

.29 

2379 

2344 

2310 

2276 

2242 

2208 

.30 

y .2040 

2006 

1973 

1940 

1907 

1874 

.31 

1712 

1680 

1648 

x6i6 

1584 

1552 

•32 

1394 

1363 

1332 

1301 

1270 

1239 

.33 

1087 

1056 

XO26 

0996 

09^ 

0936 

.34 

0788 

0759 

0729 

0700 

0671 

0642 

.35 

1.0498 

0470 

0441 

0413 

038s 

0356 

.36 

0217 

0189 

0161 

0134 

0106 

0079 

.37 

0.9943 

9916 

9889 

9862 

9835 

9808 

-38 

9676 

9650 

9623 

9597 

9571 

9545 

.39 

9416 

9390 

936s 

9339 

9314 

9289 

.40 

0.9163 

9138 

9113 

9088 

9063 

9039 

.41 

8916 

8892 

8867 

8843 

88x9 

8795 

.42 

8675 

8651 

8627 

8604 

8580 

8557 

.43 

8440 

8416 

8393 

8370 

8347 

8324 

.44 

8210 

8x87 

8164 

8x42 

81x9 

8097 

.45 

0.7985 

7963 

7941 

7919 

7897 

7875 

.46 

7705 

7744 

7722 

7700 

7679 

7657 

.47 

7550 

7529 

7508 

7487 

7465 

7444 

.48 

7340 

7319 

7298 

7277 

7257 

7236 

.49 

7133 

7113 

7093 

7072 

7052 

7032 


2443 

154 a 

071S 


9951 

9241 


2349 

1456 

0636 


8 


2256 

1371 

OSS 7 


9878 9805 
9173 91 OS 


8579:85 IS 8452 
'7838 
7260 

6713 

619s 


7958 7898 

7373 7316 

6820.6766 

6296|6246 

5799 5750 

5325 : 5279 , _ 

4872 4828:4784 

4439 4397 4355 
402413984 3943 


2164 

1286 

0479 


3626 

3243 


3587 

320 s 


2874*2837 
2518 2483 

2I74I2I40 

1842) 1809 

1520 1489 
1209 1178] 
0906 0877 

o6i3jo584 


9733 
9038 

8389 

7779 
7204 
6660 

614s 

5654 

SI87 
4740 
4313 
3903 

3509 
3130 
276s 

2413 
210712073 


5702 

5233 


3548 

3168 

2801 

2448 


0328 

OOSI 


•I 


9782 

9519 

9263 


0300 

0024] 


1777 

1457 

1147 

0847 

0556 


1744 

1426 

IH 7 

0818 

0527 


0272 02441 


9755 ' 

9493 
9238; 

901418989 ! 

8771 8747 
8533 , 8510 ' 
8301 8278 
8074 8052 


7853 

7636 

7423 

72IS 

7012 


7831 

7614] 

7402 

7195 


i 

9997 9970 

97299702 

9467 9442 

9213 9188 
8965 8940 

8723:8699 
8486 8463 

8255,8233 

8030.8007 


7809 

7593 

7381 

71741 

6972 


7787 

7572 

7361 

7154 

6951 


Avg. diff- 


rs 

87 

80 

74 

69 

65 

61 

57 

54 

51 

49 

47 

44 

43 

41 

39 

38 

36 

35 

34 

33 

32 

31 

30 

29 

28 

27 

27 

26 

25 

25 

24 

23 

23 


21 

21 

20 

20 


♦ This p-ge and the fonowing are from AUen's “Six-Plaee Tablia,’* publiahe 
by the McGraw-Hill Book Company, Inc,. New Yorl;. 
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Kumbcr ' 

i 

0 

I 

2 

^ 1 

4 

i 

5 ! 

1 

i 

6 

1 

k 


8 

9 

Avg. diff . 

-so 

0.6931 

69111 

6892! 

6872 

6852I 

\ 

6832! 

1 

i 

68X2! 

6792^ 

6773 

6753 

20 

-51 

6733 

67 i 4 i 

66^j 

66 T 5 

6655 

6630 

66x6 

6597, 

6578, 

6559! 

19 

• 52 

6539 

6520 

6501 

6482 

6463 

6444 

6425 

6406. 

6387I6368, 

19 

-53 

6349] 

6330 

6311 

6292 

6274 

6255 

6236 

62x8‘6x99; 

6180 

IS 

-54 

6162 

6143 

6125 

6106 

6088' 

6070 

6051 

6033 

6015 

5997 

18 

-55 

0.5978; 

5960 

59-42 

5924 

5906 

5888 

5870 

5852I 

5834 

5816 

18 

.56 

5798! 

5780 

5763 

5745 

5727 

5709 

5692 

5674, 

5656 

5639 

18 

-57 

5621 

5604 

5586 

5569 

555 X 

5534 

5516 

5499 

5482’ 

5465 

17 

-53 

5447 

5430 

5413 

5396 

5379 

5361 

5344 

5327! 

5310 

5293 

17 

.59 

5276 

5259 

5243 

5226 

5209 

5192 

5175 

5158 

5142. 

5125 

17 

.60 

0.51081 

5092 

5075 

5058 

5042 

5025 

5009 

1 

4992 

4976 

4959 

16 

.61 

49431 

4927 

4910 

4894 

4878 

4861 

484514829 4S13 

4796 

x6 

.62 

4780, 

4764 

4748 

4732 

4716 

4700 

4684:4668 4652! 

4636 

x6 

.63 

4620* 

4604 

4589 

4573 

4557 } 

4541 

4526 

4510 

, 4494 ' 

4479 

x6 

.94 

4463. 

.4447 

4432 

4416 

4401 

4385 

4370.4354 

4339 

4323 

15 

-65 

0.4308- 

4292 

4277, 

, 4262 

4246 

4231 

42 i 6 ; 420 I 

4186 

4170 

IS 

.66 

4155; 

4140 

4125 

1 4110 

4095 

4080 

4065*4050 

4035 

4020 

IS 

-67 

1 

3990 

3975 | 

1 3960 

! 3945 

3930 

3916*3901 

3886^3871 

1 15 

.68 

3S57 

1 3842 

3827! 

! 3813 

3798 

3783 

3769 3754 

3740; 

3725 

15 

.69 

3711 

3696 

3682 

3667 

3653 

3638 

1 3624*3610 

3595 

.3581 

14 

.70 

0.3567 

3552 

3538 

3524 

3510 

3496 

3481 

3467 

,3453 

3439 

14 

-71 

i 3425 j 

1 3411 

3397 

3383 

3369 

1 3355 

3341 

33 ^ 

: 33 i 3 

32^ 

14 

.73 

3285 

3271 

3257 

3243 

3230 

32x6 

3202 

: 3 i 88 


3161 

14 

.73 

3147 

3133 

3120 

3106 

3092 

3079 

3065 

3052 

3038 

;3025 

13 

.74 

3011 

299&\ 

2984 

2971 

2957 

2944 

2930 

2917 

2904! 

2890 

13 

-75 

0.28771 

2863 

2850 

2837 

2824 

2810 

27971 

2784 

2771 

2758 

13 

.76 

2744 

' 2731 

2718' 

2705 

2692 

2679 

2666 

( 

.265312640 

2627 

13 

- 7 7 

2614 

I 2601 

25S8j 

^575 

2562 

2549 

2536 

*2523 

25 I 0!2497 

13 

,:3 

24S5 

! 2472 

2459 

2446 

2433 

2421 


; 2395 j 2383 

; 2370 , 

1 

.79 

2357 

2345 j 

2332 

2319 

2307 

22 SK 4 

1 

2282 

2269 

.2256 

|2244 

12 

.80 

0.2231 

2219 

2206, 

2194 

2182 

2169 

2x57 

2144 

*2132 

(2x20 

1 

12 

.81 

2107 

2095 

2083 

2070 

2058 

2046 

2033 

202 X 

f 

20091 


12 

.82 

1985 

; 1972 

i960 

1948 

1936 

1024 

1912 

X900 

;x888 

1875 

12 

.83 1 

1863 

, 1S51 

1839 

1827 

iSx5 

1^3 

f 1791 

*1779 

*1767 

1755 

12 

.84 

1744 

. 1732 

1720 

1708 

1696 

1684 

1672 

.1661 

11649 

1637 

12 

.35 

0.1625 

1613 

1602 

1590 

1578 

1567 

1555 

^1543 

11532 

II 520 

X 2 

.86 

1508 

1497 

1485 

1473 

1462 

1450 

1439 

X427 


1X404 

12 

.87 

1393 

1381 

1370 

1358 

1347 

1335 

1 1324 

1312 

!x 30 X 

X 290 

XI 

.88 

1278 

: 1267 

1256 

1244 

1233 

1222 

1 12 X 0 

1199 

;xxS8 

'xx 77 

II 

.89 

1166 

1154 

1143 

1132 

1120 

1109 

j 1098 

.1087 

1076 

|Io 65 

11 

-90 

0.1054 

1043 

1031 

1020 

1009 

0998 

0987 

1 . 
0976 

I096540954 

X I 

• 91 

0943 

0932 

0921 

0910 

0899 

08S8 

} 0877 

08^ 

0856 

*0845 

X I 

-92 

1 OS44i 0S23 

08x2 

0801 

0790 

0780 

1 0709 075s 0747 


! X 

-93 

0726 

07x5 

0704 

0094 

0683 

0672 

j o 66 i‘o 65 X 

0640 

*0629 

IX 

.94 

0619 

0608 

0598 

0587 

0576 

0566 

0555 

.0545 

.0534 

10523 

X I 

-95 

0.0513 

0502 

0492 

0481 

0471 

0460 

0450 

0440 

' 0429 


10 

.96 

0408 

0398 

0387 

0377 

0367 

0356 

4 0346 i 0336 j 0325 

’0315 

10 

-97 

030s 

0294 

02S4 

0274 

0263 

0253 

0243 

0233 

0222 

. 02 X 2 

10 

.98 

0202 

0192 

0182 

I 0171 

0x61 

0x51 

0X4X 

.0x31 

*OX 2 X 

■ 

OX X X 

A 

10 

.99 

0101 

0090 

i, 0080 

i 

►. 0070 

T 

1 

0060 

005 

1 0040,0030 0020 

1 1 

tooxo 

10 
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Ntnnber 


x.o 

0.0000 

z.x 

0953 

z.a 

X 823 

1*3 

2624 

1.4 

3365 

X .5 

0.4055 

X .6 

4700 

1.7 

5306 

Z .8 

5878 

Z .9 

6419 

a.o 

0.6931 

2 .Z 

74 x 9 

a. a 

7885 

2.3 

8329 

2.4 

8755 

2.5 

0.9163 

2.6 

9555 

2.7 

0.9933 


— 

1133 1222 1310 1398 1484 IS 70 
X 9 ^ 2070 21 SI 2231 2311 2390 


8 I 9 lAvg. difiL 


0770 

i6ss 

2469 

3221 

3920 


[0862 

1740 

2546 

13293 

'3988 


5100 5247 

S 36 s| 54231 54811 SS 39 | 55961 5653 5710 5766 5822 


7467 ! 7514 I 7561 


8372 

8796 


8416 

8838 


8459 

8879 


7129 

7608 

8065 

8502 

8920 


7178 

7655 


•^”^1 

9594 i 9632 ! ^ 7 o| 97 o 8 i 9746 


7227 727s 7324 7372 
7701 7747 7793 7839 
8154 8198 8242 8286 
8587 8629 8671 8713 
9002 9042 9083 9123 

9400 I 9439 9478 95 X 7 
9783 I 9821 9858 ^95 


X .0296 0332 0367 0403 04381 0473 
0647 0682 0716 0750 0784 ) o 8 z 8 

X .0986 1019 1053 X 086 iriv 

13 x 4 1346 1378 1410 Z 442 

1632 1663 16 ^ 1725 1756 

X 939 1969 2000 2030 2060 

2238 2267 2296 2326 2355 


787 


1.2528 2556 2585 2613 2641 
2809 2837 2865 2892 2920 
3083 3110 3137 3164 3 I 9 X 
3350 3376 3403 3429 3455 
3610 363 s 3661 3686 3712 

|x .3863 3888 3913 3938 3962 

4110 4134 4159 4183 4207 

'Sii 4422 4446 

4^86 4609 4633 4656 4679 

4816 4839 4861 4884 I 4907 


0152 0188 0225 0260 
0508 0543 0578 0613 
0852 08 ^ 09 x 9 0953 

Zx 8 ^ X 2 Z 7 Z 249 1282 
Z 506 1537 1569 1600 
X 817 1848 X 878 1909 
2 X 19 2149 2 x 79 2208 
2413 2442 2470 2499 


I-5041I 
5261 

5476 

5686 
5892 

|x. 6 o 9 . 
6292 
6487 
6677 
68^ 


5063 5085 S 107 
5282 5304 5326 

5497 5518 SS 39 
5707 5728 5748 
59 x 3 5933 5953 

6114 6 x 34 ! 6 iSs^ 

6312 6332 63 SX 
6 S^ 6 sas 6 s 44 
6696 6715 6734 
6882 6^1 6919 


X .7047 7066 708 
7228 7246 7263 
7405 7422 7440 
7579 7596 7013 
7750 7766 7783 


7 x 02 

728X 

7457 

7630 

7800 


5347 

5 SM 

5769 

597 - 

6 x 74 ! 

6371 

6563 

6752 

6938 

7120 

7299 

7475 

7647 

7817 


2669 
2947 
3218 
348 X 
3737 

3987 

4231 

4469 

4702 

4929 

I 

5151 

5369 

SS81I 

5790 

5994 

6x94 

6390 
6582 
6771 
6956 

7138 

7317 

7492 
766. 

7834 I 


2698 

2975 , 

3244 ) 

3507 

3762] 

4012 

4255 

4493 

472s 

495 X 


2726 

3002 

327 X 

3533 

3788 

4036 

4279 

45 X 6 

4748 

4974 


275412782 
3029 3056 
3297 332 - 
3558 358 . 
38 x 3 3838 


5 x 73 5195 

5390 54 X 2 

5602 5623 
58 X 0 5831 
6014 60 

62146233 
6409.6429 

66OX 


6790 

6974 


6020 
6808 

6993 


7156 7 X 74 

7334 i 7352 


7509 

768 x 

7851 


7527 

7699 

7867 


4061 
4303 

4540 

4770 
4996 

52x7 

5433 

5644 
5851 
6054 

6253 

6448 1 6467 
663916658 
6827 i 
70 IX 


408s 

4327 

4563 

4793 

5019 

523 ' 

5665 
5872 
607. 

6273I 


7192 

7370 

7544 

7716 

7884 


7210 

7387 

7 S 6 x 

7733 

7901 


Engmeeni’ Hand- 
book. publBhed by U»e McGraw-HUI Book Comply, Inc.. New York. 
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Number 


6 .o 
6 . 1 
6 . 2 
6.3 
6-4 


.T9iS 

80S3 

8245, 

8405 

S563 




■ 


3 

4 

3 1 6 

7 


7934 

8099 

8262 ! 

S421I 

S 579 ' 


7951 ! 

8 r 16 
8278 ; 
84371 
S 594 


7967 

S132 

S294 

S 453 

8610. 


79 S 4 

S14S 
S3 10 
8469 

S625 


Sooi 

S165 

83^6 

S4S5 

S641 



g. diff, 


6.5 

I -StiS, 

S733 

8749 

8764' 

8779, 

8795 

6.6 

SS71 

8SS6; 

8901 

S916 

8931; 

S9461 

6.7 

9021 

9036; 

9051 

9006 

9oSii 

9095 1 

6.S 

9169 

91S4; 

9199 

9213 

9228 

9242: 

6.9 

9315 

9330 

9344 . 

9359 

9373 

93S7 

7 -0 

1 .9459 

9473 

9488* 

9502 

9316 

9530 

7 . 1 

9601 

9615! 

9629: 

9643 

9657I 

9671. 

7.2 

9741 

9755 

9769! 

9 T 82 

9796: 

9$io 

7.3 

I .9S79 

9892' 

9906} 

992O1 

9033’ 

9947. 

— « 

1 • ^ 

J 

2 .0015 

002 8, 

0042 

0053 

0069 

0082 

1 

t 

7-5 

2.0149 

0162! 

0176 

0189 

0202 

0215 

7-6 

02S1 

, 0295' 

0308, 

0321 

0334 

0347 


0412 

0425 

043S 

0431 

0464: 

04 * * j 

7.8 

0541 

: 0554 

0567 

OSSOf 

0592 

0605I 

7.9 

06^ 

. 0681 

0694 

0707 

0719 

0732 

8 .0 

2.0794 

' 0S07 

0S19 

0832 

0S44 

0S57 

S.l 

0919 

. 0931 

0943 

0956 

0968' 

0980 

84 

1041 

1054 

1006 

1078 

, 1090. 

1102 

1 

8-3 

1 163 

1175 

I1S7 

1190 

• 121 1 1 

. 1 

1223- 

8.4 

12S2 

j 1294 

1306 

1318 

1330 

1342 

8.5 

2.1401 

1412 

1424 

1436 

144S 

1459 

8 -6 

1518 

1520 

1541 

! 1552 

1504 

1576 

8.7 

1633 1645 

1056 

, 166S 

1679 

1691 

8.8 

174S 1750 

1770 

1 

1 17S2 

1703 

1SO4 

8.9 

1S61 

M 

1 

j 1SS3 

1894 

1905 

1917 

9-0 

4 . 197 ^ 

f 1083 

1904 

2006 

, 2017 

202S 

9. 1 

1 20S3 20Q4' 2105 

1 2116; 2127 

213S 

92 

2192 2203 2212 

. 2225 

2235 

■ -y 2 *6; 

9-3 

2300, 2311 

i 2322 

:: 2332 

2343 

2354’ 

9-4 

240: 

'1 24 iS 

► 242s 

► 243? 

r 2450 

2460 

9-5 

2.251: 

I 

1 252J 

r 253-! 

1 2544 

\ 2555 

2565 

9.6 

26 iS 2025 

^ 203J: 

i. 2040 2050 

2670 

9 - 7 

2721 273 - 

: 2742 2752, 2702 

2773 

9-8 

2824 2534 2S44 2854- 2S65 

i “ ' ^ 

9 9 

j 292 

5 2935 294^ 

:» 2956| 296C 

' 2976 


8017 8034 8050I8066 
81S1 8 197; 8213 8229 
834^ 8358' 8374 8390. 
8500 8516,8532:8547’ 
S656 S672 S687 8703 


90 ^ 


9402 9416 9430’9445 


' 

9544 9559 95*3 9 d 8. 

96 S 5 9699 9713 9727 
9S24 9S38 985^ 9865 
9961 9974 998S 


0096 


I 


0229 0242 0255 026S 
0360 0373 0386:0399! 
0490 0503 0516 0528; 
0618 0631 0643 0656' 
0744 0757 07^ 07S2 


0906 

0992 1005 1017 1020 ^ 

III4 1126 1138 1150 

1235 1247 1258,12701 
1353 1365 1377 1389 ; 


147114831494 1506 

1587:1599,1610 1622: 
1702,1713 1725 17361 
1815 : 1827.1838 1 S 49 * 
I92S 19394950 1961 

t I ' 

2039 2050 2061 2072 
2148,2159 2170 2181 
2257:2268 2279 2289J 
2364 2375 23S6 2396^ 
2471 24 SI 2492,2502 

1 I I 

2576 25864597*2607 

26SO 2690 2701 2711 

27S3 ^793 2S03 2814 
2 S 85 2895 29054915 

29S6 29^ 30o6’30i6j 


16 

16 

16 

16 

IS 

15 

15 

15 

15 

14 

14 

14 

14 

13 

13 

13 

13 

13 

13 

12 

12 
1 2 
1 2 
12 
12 

12 
12 
1 1 
1 1 

Ji 

1 1 
1 1 
1 1 
II 
1 1 

10 

10 

10 

10 

10 


to.o 


2.3020 

i 
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EXPONENTIAL AND I 

TERMS OF NEPERS* 


FUNCTIONS IN 


X 



• OO 

1,0000 

► i I -OOOO 

.01 

• OIOI; 0.9900 

• 02 

.0202, .9802 

.03 

.0305 

-9704 

.04 

.0408 

I .9608 

.05 

.0313 

1 .9512 

.06 

.oOiS 

-9418 

.07 

.0725 

-9324 

.oS 

.0S33 

.9231 

.09 

.0942 

-9139 

• lO 

1. 1052 

0.9048 

.11 

.1163 

1 -8958 

• 12 

.1275 

.8869 

.13 

.1388 

.8781 

.14 

-1503 

.8694 

.15 

.1618 

.8607 

• 16 

.1735 

1 .8521 

.17 

.1S53 

.8437 

• 18 

-1972 

.8353 

.19 

.2092 

.8270 

• 20 

1.2214 

O-81S7 

.21 

.2337 

.S106 

• 22 

.2461 

.8025 

.23 

.2586 

.7945 

.24 

.2712 

.78^ 


.2840 

.7788 

.26 

.2969: 

-7711 

.27 

-3100' 

-7634 

.28 

-3231 

- 7558 

.29 

.3364 

.7483 

.30 

1 . 3499 ' 

0 . 7408 

.31 

-3634 

.7334 

.32 

.3771 

.7261 

-33 

.3910! 

-71S9 

.34 

•4049' 

i 

.7118 

.35 

1 

-4191 

-7047 

.36 

.4333 

.6977 

-37 

-4477; 

.6907 

.38 

.4623 

.6839 

.39 

.4770j 

.6771 

.40 

1-4918, 

0.6703 

■41 

.5o6&! 

.6637 

.42 

.5220; 

-6570 

-43 

.5373; 

.6505 

.44 

‘55-27; 

.6440 

•45 

.5683 

-6376 

.46 

00 

M 

-6313 

.47 

.6000 

.6250 

.48 

.6161 

.6188 

.49 

.6323 

.6126 

.50 

I .6487 

0 .6065 

.51 

-6633 

.6005 

.52 

.6820 

-5945 

• 53 

.6989! 

.5886 

•o4 * 

[ 

.7i6o| 

.5827 


sir.h. X 


) 


COSD. X 


0 . 000*0 

.OIOD 

.0200 

.0300 

.0400 

.0500 

.0600 

.0701 

.oSoi 

.0901 

0.1002 

.1102 

.1203 

.1304 

-1405 

. IS06 

. 1607 

. 170S 

. iSio 

.1911 

0.2013 

.2115 

.221S 

.23^0 

.2423 

.2526 

.2629 

.2733 

-2S37 

.2941 

O . 304s 

.3150 

.3255 

.3360 

. 34^»6 

• 3o t 2 

.367S 

• 37S5 
.3S92 
.4000 

0.4108 

.4216 

.4325 

♦ 4434 

♦ 4543 

♦4653 

-4764 

- 4^7 5 
.49^6 
.S09S 


o 


.5211 

•5324 

-5438 

-5552 

.5666 


I .0000 
.0001 
.0002 
.0005 
.oooS 

.0013 
.00 1 5 
.0025 
.0032 
.0041 

I .0050 
.0061 
.0072 
.0085 
.0098 

.0113 

.0I2S 

.0145 

.0162 

.0181 

I .02or 
.0221 
-0243 
.0266 
.O2S9 

-0314 

.0340 

-0357 

.0395 

.0423 

1.0453 

.0454 

.0516 

.0549 

.0584 

.0619 

• 5 
.0692 

. 073 t 

• O ( 1 o 

1 .03 1 1 

.0852 

.0895 

.0.939 

.0984 

.1030 

.1077 

.1125 

.1174 

.1225 

1.1276 

• 1329 
.1383 
-1438 

. «494 


t-anh X 


0.0000 

.0100 

.0200 

.0300 

.0400 

.0500 

.0599 

.0699 

.0798 

.0898 

0.0997 
. 1096 

.1194 

.1293 

-I39t 

.1489 
-I5S7 
. 1684 
.1781 
.1878 

0.1974 
. 2070 
.2165 
.2260 
.2355 

.2449 

.2543 

.2636 

-2:29 

.2521 

O -2913 

.3004 

.3095 

.3185 

.3275 

•3364 

.3452 

-3540 

.3627 

.3714 

0.3300 

-3835 

-3969 

.4053 

.4136 

-4219 

-4301 

.4382 

-446a 

.4542 

0.4621 

.4700 

-4777 

.4854 

.4930 


Inc.. 


York. 
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X 



sinh X 

cosh X 

tanh X 

I - SO 

4.4817 

0.2231 

2.1293 

2 . 3 S 24 

0.905a 

• SS 

.7115 

*2122 

.2496 

.4619 

.9138 

.60 

.9530 

.2019 

-3756 

-5775 

.9217 

-6s 

5.2070 

.1920 

-S075 

-699s 

.9289 

.70 

-4739 

.1827 

.6456 

.8283 

.9354 

-75 

.7546 

.1738 

.7904 

.9642 

.9414 

,80 

6.0496 

.1653 

.9422 

3-1075 

.9468 

.85 

.3598 

.1572 

3-1013 

.2585 

.9518 

-90 

.6859 

.1496 

.2682 

-4177 

.9562 

.95 

7.0287 

.1423 

.4432 

- 5855 

.9603 

a,oo 

7.3891 

0.1353 

3.6269 

3.7622 

0.9640 

.05 

.7679 

.1287 

.8196 

-9483 

.9674 

.10 

8.1662 

.1225 

4.0219 

4-1443 

-9705 

.IS 

.5848 

.1165 

.2342 

.3507 

-9732 

.20 

9.02s 

.1108 

♦ 457 

.568 

.9757 

.as 


.1054 

.691 

.797 

.9780 

.30 

.974 

*1003 

.937 

5-037 

.9801 

.35 

10.486 

.0954 

5.195 

.290 

.9820 

.40 

11 .023 

.0907 

.466 

-557 

.9837 

.5 

12.182 

.0821 

6.050 

6.132 

.9866 

.6 

13 . 464 

.0743 

.695 

.769 

.9890 

.7 

14.880 

.0672 

7.406 

7.473 

.9910 

.8 

16.445 

.0608 

8.192 

8-253 

.9926 

.9 

18.174 

.0550 

9.060 

9 -iiS 

.9940 

3.0 

20.086 

.0498 

10.018 

ro.o 6 S 

-9951 

.r 

22.198 

.0450 

II .076 

11 .121 

.9939 

.2 

24.533 

.040S 

1 2 . 246 

12.287 

.9967 

.3 

27.113 

.0369 

13.538 

13-575 

.9973 

.4 

29.964 

.0334 

14.965 

14-999 

.9978 

• S 

33 -llS 

.0302 

16,543 

16.573 

-9982 

.6 

36 . 598 

-0273 

18.285 

18.313 

.9985 

.7 

40-447 

.0247 

20.211 

20.236 

.9988 

.8 

44-701 

.0224 

22.339 

22 .362 

.9990 

.9 

49-402 

.0202 

24.691 

24.711 

.999a 

4-0 

54.60 

.0183 

27.29 

27.31 

.999 

4.1 

60.34 

.0166 

30.16 

30.18 

-999 

4. a 

66.69 

.0150 

33-34 

33-35 

1 .000 

4.3 

73.70 

.0136 

36.84 

36.86 

1 .000 

4.4 

81.45 

.0123 

40.73 

40.73 

1 .000 

4 -S 

90.0a 

.0111 

45-00 

45.01 

I .000 

4.6 

99-48 

.0101 

49-74 

49.75 

I -OOO 

4.7 

109.95 

.0091 

54.97 

54-98 

1 .000 

4.8 

121 .51 

.0082 

60.75 

60.76 

1 .000 

4.9 

134.29 

.0074 

67.14 

67.13 

1 .000 

5.0 

148.41 

.0067 

74.20 

74.21 

1 .000 

6.0 

403-4 

.002s 

201 .7 

1 .000 

7-0 

1096.6 

.00091 

548.3 

1 .000 

8.0 

2981 .0 

.00034 

1490. 5 

1 .000 

9-0 

8103.1 

.00012 

4051.5 

1 .000 

10.0 

22026.5 

.000045 

IIOI3.2 

1 .000 


^ the compilation of this table, extensive use was made of Kennelly*s Tables 
of Complex Hyperbolic and Circular Functions* 
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9. TABLE OF 


EXPONENTIAL AND HYPERBOLIC 
IN TERMS OF DECIBELS 



Xoprrs ■ k 


AV 


k 


Cl 


— a 


za 


2k 

inh 


or 


2k 

cosh 


A- + 1 A + 1 


a. 


tanh 


CL 


tanh I 


0.05 0-005757 1.005< t 0.99426 
0.1 0.011513 1.01 15S0.9SS55 

0.2 0.023024 1.02329 0.97724 
0.3 0.034539 1.03514 0.96605 
0.4 0.046052 1.04713 0.95499 


0.5 

0.6 

0.7 

0.8 

0.9 

1.0 

1.1 

1.2 

1.3 

1.4 


0.057565 1.05925 0.94406 
0.06907S 1.07152 0.93325 
0-OS0591 1.08393 0.92257 
0.092103 1.0964S 0.91201 
0.103626 1.10917 0.90157 


1.01 15S 0.005756 
1.02330 0.011513 
1.04713 0-023028 
1.07152 0.034546 
1.09048 0.046067 

1.12202 0.057597 
1.14815 0.069131 
1.17490 0.080679 
1.20227 0.092236 
1.23027 0.103797 


1.00002 0.005756 0.002878 
1.00007 0.011512 0.005756 
1.00027 0.023022 0.011512 
1.00060 0.034525 0.017268 

1.00106 0.046019 0.023022 

) I 

I * 

1.00166 0.057502 0.028774 
1.00238 0.068968 0.034525 
1 .00325 0.0804 1 8 0.040274 
1.00425 0.0918460.046019 
1.00538 0.103249 0.051763 


0.11513 1.12202 0.89125 1.25893 
0.12664 1.13501 0.SS105 1.28825 
0.13816 1.14815 0.87096 1.31826 
0.14967 1.16145 0.86099 1.34896 
0.16118 1.17490 0.85114 1.38038 


1.5 

1.6 

1.7 

1.8 
1.9 

2.0 

2.2 

2.4 

2.5 

2.6 

2.8 

3.0 
3.2 

3.4 

3.5 

3.6 
3.8 

4.0 
4.5 

5.0 


0.17269 1 
0.18421 1 
0.19572 1. 
0.20723 1. 
0.21876 1. 

0.23026 1 
0.25328 1 
0.27631 1 
0.28782 1 
0.29934 1 


18850 0.84139 1 
20227 0.83176 1 
21618 0.82224 1 
,23027 0.81283 1. 
.24452 0.S0353 1. 

.25893 0.79433 1 
.28825 0.77625 1 
.31826 0.75S5S 1 
33352 0.74989 1 
34896 0.74131 1 


41254 

44544 

47911 

.51356 

.64882 

I 

.58489 
.65959 
.73780 
.77828 
81970 


0.11539 1. 
0.12697 1, 
0.13860 1 
0.15023 1 
0.16188 1 

0.17356 1 
0.18525 1 
0.19697 1. 
0.20872 1. 
0.22050 1 

4 

4 

0.23230 1 
0.25600 1 
0.27984 1 
0.29181 1 
0.30383 1 


00664^ 

00803' 

00956 

.01122 

.01301 

I 

[ 

I 

.01495 

.01701 

01922 

.02155 

.02402 


0.11463 0.057502 
0.12597 0.063237 
0.13728 0.068968 
0.14956 0.074695 
0. 1 5979 0.0804 1 8 

0.17100 0.086132 
0.18215 0.091846 
0.19326 0.097551 
0.20432 0.103249 
0.21532 0.108939 


0.32236 1 
0.34539 1 
0.36841 1. 
0.39144 1. 
0.40295 1. 

I 

0.41447 1 
0.43749 1 
0.46052 1 
0.51808 1 
0.57565 1 


38038 0.72444 1.90546 
41264 0.70795 1.99526 
44544 0.69183 2.08930 
47911 0.67608 2.18776 
,49623 0.66834 2.23870 

1 

.51356 0.66069 2.29086 
.54882 0.64565 2.39884 
.58489 0.63096 2.51 188 
.67880 0.59566 2.81837 
77828 0.56234 3.16228 


0.327981 
0.35230 1 
0.37681 1 
0.40151 1 
0.41394 1 


02662 

.03225 

.03841 

.04171 

.04514 

) 

1 

.05241' 
.06024 
06864 
07759 
,08229 


0.22627 

0.24800 

0.26948 

0.28013 

0.29071 


0.11463 
0.12597 
0.13728 
0. 14293 
0.14856 


0.42645 1.08714 
0.45157 1.09722 
0.47697 1.10793 
0.54158 1.13724 
0.60798 1.17032 


0.31164 0.15980 
0.33228 0.17100 
0.35261 0.18215 
0.37260 0.19326 
0.38246 0.19879 


0.39226 

0.41156 

0.43051 

0.47622 

0.51950 



0 . 

0.21532 

0.22627 

0.25340 

0.28013 
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Nepers 


0.0 

6.0 

6.0 

7.0 

d.O 

8.0 

8.5 
9.0 

9.5 
10.0 

10.5 
11.0 

11.5 
12.0 

12.5 

13.0 

13.5 

14.0 

14.5 

15.0 


1 

k 

1.5 ‘ 

2k 

A-* + 1 
2k 

A* ^ 1 
A* + 1 


.sinh or 

cosh a 

tanh a 


0.63321il.8836o^0.53088 3.5481, 
0.69078|l.99526;0.50119; 3.9811 
0.74834 2-11349;0.47315, 4.4668i 
0.80591 2.23872'0.44668' 5.01 19j 
0.86347 2.37137 0.42170i 5.6234' 


0.67637,1.20726 
0.74705 1.24823 
0.82016 1.29331 
0.89603 1.34272 
0.97483 1.39652 


0.92103 

0.97860 

1.03616 

1.09373 

1.15129 

1.20886 

1.26642; 

1.32399' 

1.38155' 

1.43912; 


2.5119 0.39811 
2.6607 0.375841 
2.8184 0.35481; 
2.9854 0.33497, 
3.1623 0.31623 

i 

3.34970.29854 
3.5481 0.28184 
3.7584 0.26607; 
3.98110.25119’ 
4.21700.23714 


6.3096; 

7.0795| 

7.9433; 

8.9125; 

10.0000! 


1.05689,1 
1 . 14246 ; 1 
1.231781 
1.32520 1 
1.42302 1 


11 . 220 ; 

12.589' 

14.125 

15.849’ 

17.783; 


1,52551 1 
1.633131 
1.746092 
1.86494 2 
1.98992 2 


45500 

51830 

58659 

66016! 

73924' 


82404 

91497 

01216 

11612 

22706 


k - 1 
k + 1 

tanh ^ 


0.56026 0.30643 
0.59848. 0.33228 
0.63415; 0.35764 
0.66732 0.38246 
0.69804 0.40677 

0.72639 0.43051 
0.75246 0.45366 
0.77637, 0.47622 
0.79823 0.49817 
0.81818! 0.51950 


1.49668 4.46680.22387 19.953 
1.55425| 4.73150.21135, 22.387 
1.61181' 5.01 19!o. 19953' 25.119 
1.66937! 5-3088 0.18836' 28.184 
1.72694 5.6234 0.17783 31.623 


2.12154 2.34542 
2.26007 2.47142 
2.40617,2.60570 
2.56028 2.74864 
2.72282 2.90065 


0.83633 

0.85282 

0.86777 

0.88130 

0.89352 

I 

I 

0.90455 

0.91448 

0.92343 

0.93147 

0.93869 


0.54020 

0.56026 

0.57969 

0.59848 

0.61664 

0.63416 

0.65105 

0.66733 

0.68298 

0.69804 


15.5 i 1.78450 5.95660.16788 35.481 2.89435 3.06223 0.94517 0.71250 


16.0 1.84207. 6.3096 0. 15849; 39.811j 3.07555 3.23404. 0.95099 0.72639 

16.5 1.89963! 6.6834 0.14962! 44.668 3.26690 3.41653 0.95621 0.73970 

17.0 1.95720' 7.0795 0.14125' 50.119| 3.46910.3.61035 0.96088! 0.75246 

17.5 2.01476' 7.49890.13335, 56.234 3.68281 3.81616 0.96506, 0.76468 

I ! I 1 

18.0 2.07233 7.94330.12589 63.096 3.90870 4.03460 0.96880 0.77637 

18.0 2.12989i 8.41390.11885 70.795! 4.14760 4.26645, 0.97214 0.78755 

19.0 2.18746 8.9125 0.11220 79.433 4.40017 4.51237j 0.97514' 0.79823 

19.5 I 2.24502| 9.4406'o. 10593 89.125; 4.66734 4.77327 0.97781 0.80844 

20.0 2.30259 10.00000.10000 100.000 4.95000 5.05000 0.98020 0.81818 

I I t I ; I I 

21.0 2.41771,11.2202 8912.5* 125.893| 5.56554 5.65467 0.98424 0.83634 

22.0 2.53284 12.5893 7943.3*, 158. 490‘ 6.25506 6.33450 0.98746' 0.85282 

23.0 2.64797 14.1254 7079.5*jl99.527l 7.02761 7.09841 0.99003 0.86777 

24.0 2.76310 15.8489 6309.6*, 251. 188| 7.89293 7.95602 0.99207 0.88130 

25.0 2.87823 17.7828 5623.4*;316.228! 8.86324 8.91947 0.99370 0.89352 

! 1 I I 


• Mu]ti}ily by 10“*. 
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Table of Bessel functions, Jo{x) and Ji(x) 


X 

/.(x) 

-^x(x) 

1 

X 

J'o(l) 

-/.(x) 

0.00 

1.000000 

0.000000 

0.25 

1 

1 

0.984436 

- 0.124026 

0.01 

0.999975 

- 0.005000 

0.26 

0.983171 

- 0.128905 

0.02 

0.999900 

- 0.010000 

0.27 

0.981858 

- 0.133774 

0.03 

0 . 999775 

- 0.014998 

0.28 

0 . 980496 

— 0.138632 

0.04 

0.999600 

- 0.019996 

0.29 

0 . 979085 

- 0 . 143481 

0.05 

0.999375 

- 0.024992 

0.30 

0 . 977626 

- 0.148319 

0.06 

0.999100 

- 0.029987 

0.31 

0.976119 

- 0.153146 

0.07 

0.998775 

- 0.034979 

0.32 

0.974563 

- 0.157961 

0.08 

0.998401 

- 0.039968 

0.33 

0 . 972960 

- 0.162764 

0.09 

0.997976 

- 0.044954 

0.34 

0.971308 

- 0.167555 

0.10 

0-997502 

- 0 . 049938 

0.35 

0 . 969609 

- 0.172334 

0.11 

0.996977 

- 0.054917 

0.36 

0 . 967861 

- 0.177100 

0-12 

0.990403 

- 0.059892 

0.37 

0 . 966067 

- 0.181852 

0-13 

0 . 995779 

- 0.064863 

0.38 

0 . 964224 

- 0.186591 

0.14 

0.995106 

- 0.069829 

0-39 

0.962335 

- 0.191316 

0.15 

0.994383 

- 0.074789 

0,40 

0 . 960398 

- 0.196027 

0-16 

0.993610 

- 0.079744 

0.41 

0.958414 

- 0.200723 

0.17 

0.992788 

- 0.084693 

0,42 

0.956381 

- 0.205403 

0.18 

0.991916 

- 0.089636 

0,43 

0.954306 

- 0.210069 

0.19 

0.990993 

- 0.094572 

0.44 

0.952183 

- 0.214719 

0.20 

0.990025 

- 0.099501 

0.45 

0.950012 

- 0.219353 

0.21 

0 . 989005 

- 0.104422 

0.46 

0 - 947796 

- 0.223970 

0-22 

0 . 987937 

- 0.109336 

0.47 

0.945533 

- 0.228571 

0.23 

0.986819 

- 0.114241 

0.48 

0 . 943224 

- 0.233154 

0.24 

0 . 985652 

- 0.119138 

1 

0.49 

0.940870 

- 0.237720 

0.25 

0.984436 

1 

- 0.124026 

i 

1 

0.50 

0 . 938470 

— 0.242268 


* Tlus t&ble is & simplific&tioii of Dr. NIeissel's “Tafel der Hessel'scben Functionen,” 
ongiii&Ily published in Bexlin, 1888. These twel\-e place tables have been reprinted in 

Bessel Functions** by Gray, Mathe^ts, and Macrobert, published by Macmillan & Company 
Ltd., in 1831. 
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I 

J'l) 

-Jz I 

0 50 

0 93S470 

-0.2422&S . 

0 51 

0 52 

0 53 

0 . 54 

0 936024 

0 . 933534 

0 . 93099 S 
0.92S41S 

1 

-0.246799 
-0.251310 
— 0 . 255803 
-0.260277 ! 

i 

0 55 

0.925793 

-0.264732 

i 

0 56 

0 57 

0 5S 

0 59 

0.923123 

0.920410 

0.9176.52 

0.914S50 

j 

-0.269166 
-0.273.581 1 
— 0.277975 j 
-0.282349 

0 60 

0.912005 

-0.286719 

0.61 

0 62 

0 63 
0.64 

0.909116 

0 - 905 1S4 
0.903209 
0.900192 

-0.291032 

-0.295341 

-0.299628 

-0.303593 

0.65 

0.897132 

-0.308135 

0.66 

0.67 

0.6S 

0.69 

0 . $94029 

0 . S908S5 
0.SS769S 
0.S84470 

-0.312355 
— 0.316551 
-0.320723 
-0.324871 

0.70 

0.SS1201 

-0.32S996 

0.71 

0.72 

0.73 

0.74 

0 . S77S90 
0.874539 
0.871147 

0 . 867715 

-0.333096 

-0.337170 

-0.341220 

-0.345245 

0 . 75 

0 . 864242 

-0.349244 

0.76 

0 . 77 
0.7S 
0.79 

0 . 860730 

0 . 8.57 178 

0 . 8-53587 
0.849956 

-0.353216 

-0.357163 

-0.361083 

-0.364976 


I 


J z: 

~ . z, 

0 SO 


0 846287 

-0 368842 

O.Sl 


0 842580 

-0 372681 

0 82 


0 . 838834 

-0 37i:4 <2 

0 S3 


0 . S3-30.M1 

-0 .380275 

0.S4 


0.831228 

- 0 384<J2'^ 

0 . 85 

• 

0.827369 

0 . 38 4 4 00 

0.S6 


0 . S23473 

-0,391453 

0.S7 


O.Sl 9.>4 1 

-0.395121 

0.88 


0.815571 

-0.398760 

0.89 

\ 

\ 

0.811565 

1 

-0.402370 

0.90 

1 

V 

1 

r 

0.807524 ; 

j 

—0 . 405950 

0.91 


0.803447 ■ 

-0.4(K49‘.* 

0.92 


0.799334 

-0.413018 

0.93 

! 

0. 7951 86 

-0.416.507 

0.94 


0.791004 

1 

— 0.41'9^»65 

0.95 

i 

1 

i 

i 

f 

) 

i 

0.786787 1 

-0.423392 

0.96 

$ 

1 

t 

1 

0.782-536 

-0.426787 

0.97 

• 

0 . 778251 

-0.430151 

0.98 


0 . 773933 

-0.433483 

0.99 

i 

1 

0.769582 

-0.436783 

1.00 

p 

% 

{ 

j 

0.765198 

-0.440051 

1.01 

\ 

\ 

% 

0.760781 

-0.443286 

1.02 

# 

9 

j 

0 . 756332 

-0.446488 

1.03 

( 

J 

( 

0.751851 

— 0.449<558 

1.04 

j 

t 

i 

0 . 747339 

1 -0.452794 

1 

1.05 

i 

i 

1 

\ 

0 . 742796 

[ 

i 

—0 .455897 

> 

1.06 

i 

0.73S221 

4 

-0.458966 

1.07 


0.733616 

^ -0.462001 

1 .08 


0.72S9S1 

- 0 . 46-5003 

1 .09 

i 

0.724316 

-0.467970 


n cn 


n >LiA9>;7 




1.10 


0.719622 ; -0.470902 
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1.10 

1.11 

1.12 

1.13 

1.14 

1.15 

1.16 

1.17 

1.18 
1.19 


1.21 

1.22 

1.23 

1.24 


1.26 

1.27 

1.28 
1.29 


1.31 

1.32 

1.33 

1.34 

1.35 

1.36 

1.37 

1.38 

1.39 


0.719622 

0.714898 

0.710146 

0.705365 

0.700556 


0.470902 

0.473800 

0.476663 

0.479491 

0.482284 


0.695720 - 0.485041 


0.690856 

0.685965 

0.681047 

0.676103 


- 0.487763 

- 0.490449 

- 0.493098 

- 0.495712 


1.40 

1.41 

1.42 

1.43 

1.44 

1.45 

1.46 

1.47 

1.48 

1.49 


1.20 0.671133 - 0.498289 1.50 


0.666137 

0.661116 

0.656071 

0.651000 


- 0.500830 

- 0.503334 

- 0.505801 

- 0.508231 


1.51 

1.52 

1.53 

1.54 


1.25 0.645906 — 0.510623 I 1.55 


0.640788 

0.635647 

0.630482 

0.625295 


0.512979 

0.515296 

0.517577 

0.519819 


1.56 

1.57 

1.58 

1.59 


0.614855 

0.609602 

0.604329 

0.599034 


0.524189 

0.526317 

0.528407 

0.530458 


1.61 

1.62 

1.63 

1.64 


-/ i{x) 


0.566855 - 0.541948 


0.561427 
0 . 555981 
0.550518 
0.545038 


0.543726 

0.545464 

0.547162 

0.548821 


0.539541 - 0.550441 


0 . 534029 
0.528501 
0 . 522958 
0.517400 


0.552020 

0.553559 

0.555059 

0.556518 


0.511828 - 0.557937 


0.506241 

0.500642 

0.495028 

0.489403 


0.559315 

0.560653 

0.561951 

0.563208 


0.483764 - 0.564424 


0.478114 

0.472453 

0.466780 

0.461096 


1.30 0.620086 — 0.522023 I 1.60 0.455402 — 


0.449698 

0.443985 

0.438262 

0.432531 


0.565600 

0.566735 

0.567830 

0.568883 

0.569896 

0.570868 

0.571798 

0.572688 

0.573537 


0.593720 — 0.532470 I 1.65 0.426792 — 0.574344 


0.588385 

0.583031 

0,577658 

0.572266 


0.534444 
0.536379 
O . 538274 
0.540131 


1.66 

1.67 

1.68 
1.69 


0.421045 

0.415290 

0.409528 

0.403760 


0.575111 
0.575836 
0.576520 
0 . 577163 


1-40 0.566855 — 0.541948 1 1.70 


0.397985 - 0.577765 
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J»(x) 


0.392204 

0.386418 

0.380628 

0.374832 


—J i(*) 


- 0.578326 

- 0.578845 

- 0.579323 

- 0.579760 


0 . 397 ^ - 0.577765 I 2.00 


2.01 

2.02 

2.03 

2.04 


0.369033 - 0.580156 I 2.05 


0.363229 

0.357422 

0.351613 

0.345801 


0.334170 
.328353 
.322535 
0.316717 


3 


0.305080 

0.299262 

0.293446 

0.287631 


0.276008 

0.270201 

0.264397 

0.258596 


- 0.580511 

- 0.580824 

- 0.581096 

- 0.581327 


- 0.581666 

- 0.581773 

- 0.581840 

- 0.581865 


0.581793 
0.581695 
0 . 581557 
0.581377 


0.580896 

0.580595 

0.580252 

0.579870 


0.247007 

0.241220 

0.235438 

0.229661 


0.578983 

0.578478 

0.577934 

0.577349 


2.06 

2.07 

2.08 
2.09 


0.339986 - 0.581517 I 2.10 


2.11 

2.12 

2.13 

2.14 


0.310898 - 0.581849 I 2.15 


2.16 

2.17 

2.18 
2.19 


0.281819 - 0.581157 2.20 


2.21 

2.22 

2.23 

2.24 


0.252799 — 0.579446 I 2.25 


2.26 

2.27 

2.28 
2.29 


o 9n 


Ml) 1 


0.223891 

- 0.576725 

0.218127 

0.212870 

0.206620 

0.200878 

- 0.576060 

- 0.575355 

- 0.574611 

- 0.573827 

0.195143 

- 0.573003 

0.189418 

0.183701 

0.177993 

0.172295 

- 0.572139 

- 0.571236 

- 0.570294 

- 0.569313 

0.166607 


0.160929 

0.155262 

0.149607 

0.143963 

- 0.567233 

- 0.566134 

- 0.564997 

- 0.563821 

0.138330 


0.132711 

0.127104 

0.121509 

0.115929 

- 0.561354 

- 0.560063 

- 0.558735 

- 0.557368 

0.110362 

- 0.555963 

0.104810 

0.099272 

0.093749 

0.088242 

- 0.554521 

- 0.553041 

- 0.551524 

- 0.549970 

0.082750 

- 0.548378 

0.077274 

0.071815 

0.066373 

0.060947 

- 0.546750 

- 0.545085 

- 0.543384 

- 0.541646 

a a ^< i 540 
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X 

Jo { x ) 


X 

Jo { x ) 

-/.(*) 

2.30 

0.055540 

- 0 . 539873 

2.60 

- 0.096805 

- 0.470818 

2.31 

0.050150 

- 0 . 538063 

2.61 

- 0.101499 

- 0.468025 

2.32 

0.044779 

- 0.536217 

2.62 

- 0.106165 

- 0.465202 

2.33 

0.039426 

- 0.534336 

2.63 

- 0.110803 

- 0.462350 

2.34 

0.034092 

( 

- 0.532419 

2.64 

- 0.115412 

- 0.459470 

2.35 

0.028778 

- 0.530467 

2.65 

- 0 . 1 19992 

- 0.456561 

2.36 

0.023483 

- 0.528480 

2.66 

- 0.124543 

- 0 . 453625 

2.37 

0.018208 

- 0 . 526458 

2.67 

- 0.129064 

- 0.450660 

2.38 

0.012954 

- 0.524402 

2.68 

- 0.133557 

- 0.447668 

2.39 

0.007720 

- 0.522311 

2.69 

- 0.138018 

- 0.444648 

2.40 

0.002508 

- 0.520185 

2.70 

- 0.142449 

- 0.441601 

2.41 

- 0.002683 

•- 0. 518026 

2.71 

- 0.146850 

- 0.438528 

2.42 

- 0.007853 

- 0.515833 

2.72 

- 0.151220 

- 0.435428 

2.43 

- 0.013000 

- 0.513606 

2.73 

- 0.155559 

- 0.432302 

2.44 

- 0.018125 

- 0.511346 

2.74 

- 0 . 159866 

- 0.429150 

2.45 

- 0.023227 

- 0.509052 

1 

2.75 

- 0.164141 

- 0.425972 

2.46 

- 0.028306 

- 0.506726 

2.76 

- 0.168385 

- 0-422769 

2.47 

- 0.033361 

- 0.504366 

2.77 

- 0.172597 

- 0.419541 

2.48 

- 0.038393 

- 0.501974 

2.78 

- 0.176776 

- 0-416288 

2.49 

• 

- 0.043401 

- 0.499550 

2.79 

- 0.180922 

- 0.413011 

2.50 

- 0.048384 

1 

- 0.497094 

2.80 

- 0.185036 

- 0-409709 

2.51 

- 0.053342 

- 0.494606 

2.81 

- 0.189117 

- 0.406384 

2.52 

- 0.058276 

- 0.492086 

2.82 

- 0.193164 

- 0.403035 

2.53 

- 0.063184 

- 0.489535 

2.83 

- 0.197177 

- 0.399662 

2.54 

- 0.068066 

- 0.486953 

2.84 

- 0.201157 

- 0.396267 

2.55 

- 0.072923 

- 0.484340 

2.85 

- 0.205102 

- 0.392849 

2.56 

- 0.077753 

- 0.481696 

2.86 

- 0.209014 

- 0.389408 

2.57 

- 0.082557 

- 0.479021 

2.87 

- 0.212890 

- 0 . 385945 

2.58 

- 0.087333 

- 0.476317 

2.88 

- 9.216732 

- 0-382461 

2.59 

- 0.092083 

- 0.473582 

2.89 

- 0.220540 

- 0.378955 

2.60 


- 0.470818 

2.90 

- 0.224312 

- 0 . 375427 
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X 

Jo(x) 

—J i(x) 

2.90 

-0.224312 

-0.375427 

2.91 

2.92 

2.93 

2.94 

-0.228048 

-0.231749 

-0.235414 

-0.239043 

-0.371879 

-0.368311 

-0.364722 

-0.361113 

2.95 

-0.242636 

-0.357485 

2.96 

2.97 

2.98 

2.99 

-0.246193 

-0.249713 

-0.253196 

-0.256643 

-0.353837 

-0.350170 

-0.340485 

-0.342781 

3.00 

-0.260052 

—0.339059 

3.01 

3.02 

3.03 

3.04 

-0.263424 

-0.266758 

-0.270055 

-0.273314 

-0 . 335319 
-0.331563 
-0 . 327789 
-0.323998 

3.05 

-0.276535 

-0.320191 

3.06 

3.07 

3.08 

3.09 

-0.279718 
-0.282862 
-0 . 285968 
-0.289036 

-0 . 316368 
-0.312529 
-0.308675 
-0.304805 

3.10 

-0.292064 

-0.300921 

3.11 

3.12 

3.13 

3.14 

-0.295054 

-0.298005 

-0.300916 

-0.303788 

-0.297023 

-0.293110 

-0.289181 

-0.285244 

3.15 

-0.306621 

-0.281291 

3.16 

3.17 

3.18 

3.19 

-0.309414 

-0.312168 

-0.314881 

-0.317555 

-0.277326 

-0.273348 

-0.269358 

-0.265356 

3.20 

-0.320188 

-0.261343 


X 1 

Jaix) 

-A(x) 

3.20 

-0.320188 

-0.261343 

3.21 

3.22 

3.23 

3.24 

-0.322781 

—0.325335 

-0.327847 

-0.330319 

-0.257319 
-0.253284 
-0 . 249239 
-0.245184 

3.25 

-0.332751 

-0.241120 

3.26 

3.27 

3.28 

3.29 

-0.335142 

-0.337492 

-0.339801 

-0.342069 

-0.237046 

-0.232963 

-0.228871 

-0.224771 

3.30 

-0.344296 

-0.220663 

3.31 

3.32 

3.33 

3.34 

-0.346482 

-0.348627 

-0.350731 

-0.352793 

-0.216548 

-0.212425 

-0.208296 

-0.204160 

3.35 

-0.354814 

-0.200018 

3.36 

3.37 

3.38 

3.39 

-0.356793 

-0.358731 

-0.360628 

-0.362482 

-0.195870 

-0.191716 

-0.187557 

-0.183394 

3.40 

-0.364296 

-0.179226 

3.41 

3.42 

3.43 

3.44 

-0.366067 

—0.367797 

-0.369485 

-0.371131 

-0.175054 

-0.170878 

-0.166699 

-0.162516 

3.45 

-0.372735 

-0.158331 

3.46 

3.47 

3.48 

3.49 

-0.374297 

-0.375818 

-0.377296 

-0.378733 

-0.154144 
-0.149954 
-0.145763 
-0. 141571 

3.50 

-0.380128 

-0.137378 
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X 

Jo(x) 


X 

Jt(x) 


3.50 

-0.380128 

-0.137378 

3.80 

-0.402556 

-0.012821 

3.51 

-0.381481 

-0.133183 

3.81 

-0.402664 

-0.008766 

3 52 

-0.382791 

-0.128989 

3.82 

-0.402732 

-0.004722 

3 53 

—0.384060 

-0.124795 

3.83 

-0.402759 

-0.000687 

3.54 

-0.385287 

-0.120601 

3.81 

-0.402746 

+0.003337 

3.55 

-0.386472 

-0.116408 

3.85 

-0.402692 

+0.007350 

3.56 

-0.387615 

-0.112216 

3.86 

-0.402599 

“l^O. 011352 

3.57 

-0.388717 

-0.108025 

3.87 

-0.402465 

+0.015343 

3.58 

-0.389776 

-0.103836 

3.88 

-0.402292 

+0.019322 

3.59 

-0.390793 

—0.099650 

3.89 

-0.402079 

+0.023289 

3.60 

-0.391769 

-0.095466 

3.90 

-0.401826 

+0.027244 

3.61 

-0.392703 

-0.091284 

3.91 

-0 . 401534 

+0.031186 

3.62 

—0.393595 

-0.087106 

3.92 

-0.401202 

+0.035115 

3.63 

-0.394445 

-0.082931 

3.93 

-0.400832 

+0.039031 

3.64 

-0.395253 

-0.078760 

3.94 

i -0.400422 

+0.042933 

3.65 

-0.396020 

-0.074593 

3.95 

-0.399973 

+0.046821 

3.66 

-0.396745 

-0.070431 

3.96 

-0.399485 

+0.050695 

3.67 

-0.397429 

-0.066274 

3.97 

-0.398959 

+0.054555 

3.68 

-0.398071 

-0.062122 

3.98 

-0.398394 

+0.058400 

3.69 

-0.398671 

-0.057975 

3.99 

-0.397791 

+0.062229 

3.70 

-0.399230 

-0.053834 

4.00 

I 

-0.397150 

+0.066043 

3.71 

-0.399748 

-0.049699 1 

4.01 1 

-0.396470 

+0.069842 

3.72 

-0.400224 

-0.015571 

4.02 ' 

-0.395753 

+0.073624 

3.73 


-0.041450 

4.03 

-0.394998 

+0 . 077390 

3.74 

-0.401053 

-0.037336 

4.04 

-0.394205 

+0.081140 

3.75 

-0.401406 

1 

-0.033229 

4.05 

-0.393375 

+0.084873 

3.76 

-0.401718 

-0.029131 

4.06 

-0 . 392508 

+0.088588 

3.77 

-0.401989 

-0.025040 

4.07 

-0.391603 

+0.092286 

3.78 

-0.402219 


4.08 

-0 . 390662 

+0.095967 

3.79 

-0.402408 

-0.016885 

4.09 


+0.099629 

3.80 

-0.402556 

-0.012821 

4.10 

-0.388670 

+0.103273 
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Jtiix) 





+ 0.103273 I 4.40 


+ 0.106899 

+ 0.110505 

+ 0.114093 

+ 0.117661 


+ 0.124738 

+ 0.128246 

+ 0.131734 

+ 0.135201 


4.21 

4.22 

4.23 

4.24 


— 0.370739 


+ 0.142072 

+ 0.145475 

+ 0.148857 

+ 0.152216 


4.26 

4.27 


4.29 1 - 


0.367628 

0.366022 

0.364385 

0.362714 


+ 0.158868 

+ 0.162160 

+ 0.165429 

+ 0.168674 


4.31 

4.32 

4.33 

4.34 

4.35 


0.359276 

0.357509 

0.355711 



4.37 

4.38 




+ 0-175095 

+ 0.178269 

+ 0.181420 

+ 0.184546 

+ 0.187647 

+ 0.190723 

+ 0.193775 

+ 0.196800 

+ 0.199801 





4.41 

4.42 

4.43 

4.44 


340214 

338142 

336041 

333912 




+ 0.202776 

+ 0.205724 

+ 0.208647 

+ 0.211543 

+ 0.214412 


+ 0.121209 I 4.45 


4.46 

4.47 

4.48 

4.49 


331753 + 0,217255 


329567 




.325110 
.3221 


+ 0.220071 

+ 0 . 2^860 

+ 0.225621 

+ 0.228355 


+ 0.138647 I 4.50 — 0.320543 + 0.231060 


4.51 

4.52 

4.53 

4.54 


0.318218 

0.315868 

0.313491 

0.311088 


4.25 - 0.369200 + 0.155553 I 4.55 


4.56 

4.57 

4.58 

4.59 


4.30 — 0.361011 + 0.171897 I 4.60 


4.61 

4.62 



+ 0.233738 

+ 0.236388 

+ 0.239010 

+ 0.241603 

+ 0.244167 

+ 0.246703 

+ 0.249209 

+ 0.251686 

+ 0.254134 

+ 0.256553 

+ 0.258942 

+ 0.261301 

+ 0.263630 

+ 0.265928 


— 0.283016 + 0.268197 



0.280323 

0.277607 

0.274870 

0.272111 


+ 0.270435 

+ 0.272643 

+ 0.274820 

+ 0.276966 


- 0.269331 + 0.279081 
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Jo{x) 





J^o(z) 


4.70 - 0.269331 + 0.279081 5.00 - 0.177597 + 0.327579 


4.71 

4.72 

4.73 

4.74 




- 0.263708 

- 0.260865 

- 0.258003 


+ 0.281165 

+ 0.283217 

+ 0.285239 

+ 0.287229 


5.01 

5.02 

5.03 

5.04 


0.174315 

0.171023 

0.167720 

0.164408 


4.75 - 0.255121 + 0.289187 I 5.05 - 0.161085 


4.76 

4.77 

4.78 


4.81 

4.82 

4.83 

4.84 


4.86 

4.87 

4.88 

4.89 


4.91 

4.92 

4.93 

4.94 


4.96 

4.97 

4.98 

4.99 


0 . 252219 
0.249299 


jwntmi 


- 0.243401 



+ 0.291113 

+ 0.293008 

+ 0.294871 

+ 0.296701 


5.06 

5.07 

5.08 

5.09 




0 . 157752 
0.154411 
0.151061 
0. 147702 


4.80 - 0.240425 + 0.298500 I 5.10 - 0.144335 


0.237431 

0.234420 

0.231392 

0.228346 


+ 0.300266 
+ 0.302000 
+ 0.303701 
+ 0 . 305370 


5.11 

5.12 

5.13 

5.14 


0.140960 

0.137578 

0.134188 

0.130792 


+ 0.328683 

+ 0.329753 

+ 0.330790 

+ 0.331792 

+ 0.332761 

+ 0.333696 

+ 0.334597 

+ 0.335465 

+ 0.336298 

+ 0.337097 

+ 0.337863 
+ 0.338594 
+ 0.339292 
+ 0 . 339955 


4.85 - 0.225284 + 0.307006 I 5.15 - 0.127389 + 0.340585 




0.219112 

0.216003 

0.212878 


+ 0.308610 

+ 0.310180 

+ 0.311718 

+ 0.313223 


5.16 

5.17 

5.18 

5.19 


- 0.123980 






0.117146 

0.113720 


+ 0.341180 

+ 0.341742 

+ 0.342269 

+ 0.342763 


4.90 — 0.209738 + 0.314695 I 5.20 — 0.110290 + 0.343223 


- 0.206584 

- 0.203416 

- 0.200233 

- 0.197038 


+ 0.316133 

+ 0.317539 

+ 0.318911 

+ 0.320250 


5.21 

5.22 

5.23 

5.24 


0.106856 

0.103418 

0.099975 

0.096530 


+ 0.343649 

+ 0.344041 

+ 0.344399 

+ 0.344723 


4.95 0.193829 + 0.321555 I 5.25 — 0.093081 + 0.345014 


0.190607 

0.187372 

0.184125 

0.180867 


+ 0.322827 

+ 0.324065 

+ 0.325270 

+ 0.326441 


5.26 

5.27 

5.28 

5.29 


0.089630 

0.086176 

0.082720 

0.079262 


+ 0.345271 

+ 0.345494 

+ 0.345683 

+ 0.345839 


5.00 - 0.177597 + 0.327579 I 5.30 


075803 + 0.345961 
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X 

Jo{x) 

—J i(x) 

X 


— t(*) 

5.30 

—0.075803 

+0.345961 

5.60 

+0.026971 

+0.334333 

5-31 

—0.072343 

+0 . 346049 

5.61 

+0.030310 

+0.333451 

5.32 

—0.068882 

+0.346104 

5.62 

+0.033640 

+0 . 332538 

5.33 

—0.065421 

+0.346126 

5.63 

+0.036961 

+0.331595 

5.34 

—0.061960 

+0.346114 

5.64 

+0.040272 

+0.330621 

5.35 

—0.058499 

+0 . 346069 

1 

5.65 

+0.043573 

+0.329617 

5.36 

—0.055039 

+0.345990 

5.66 

+0.046864 

+0.328583 

5.37 

—0.051579 

+0.345879 

5.67 

+0.050144 

+0.327518 

5.38 

—0.048121 

( 

+0.345734 

5.68 

+0.053414 

+0.326424 

5.39 

—0.044665 

i 

+0 . 345556 

5.69 

+0.056673 

+0.325301 

5.40 

—0.041210 

+0 . 345345 

5.70 

+0.059920 

+0.324148 

5.41 

—0.037758 

+0.345101 

5.71 

+0.063156 

+0.322965 

5.42 

—0.034308 

+0 . 344824 

5.72 

+0.066380 

+0.321753 

5.43 

—0.030861 

+0.344515 

5.73 

+0.069591 

+0.320513 

5.44 

—0.027418 

-^0.344173 

5.74 

+0.072789 

+0.319243 

5.45 

—0.023978 

+0 . 343798 

5.75 

+0 . 075975 

+0 . 317945 

5.46 

—0.020542 

+0 . 343390 

5.76 

+0 . 079148 

+0.316618 

5.47 

-0.017110 

+0.342951 

5.77 

+0-082308 

+0.315262 

5.48 

—0.013683 

+0 . 342479 

5.78 

+0.085453 

+0.313879 

5.49 

-0.010261 

+0.341975 

5.79 

+0.088585 

+0.312467 

5.50 

—0.006844 

1 

+0.341438 

5.80 

+0.091703 

+0.311028 

5.51 

-0.003432 

+0.340870 

5.81 

+0.094806 

+0.309561 

5.52 

-0.000027 

+0.340270 

5.82 

+0.097894 

+0.308066 

5.53 

-hO. 003373 

+0-339638 

5.83 

+0 . 100967 

+0.306544 

5,54 

+0.006766 

+0-338974 

5.84 

+0.104024 

+0.304995 

5 * 

+0.010152 

+0.338279 

5.85 

+0.107067 

+0.303419 

5.56 

+0.013532 

+0 . 337552 

5.86 

+0.110093 

+0.301817 

5.57 

+0.016903 

+0.336794 

5.87 

+0.113103 

+0.300187 

5.58 

+0.020267 

+0.336004 

5-88 

+0.116096 

+0 . 298532 

5.59 

+0.023623 

+0.335184 

5.89 

+0.119073 

+0.296850 

5.60 

+0.026971 

+0.334333 

5.90 

+0.122033 

+0.295142 
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/.(*) 

—J ,( x ) 

X 

Jo ( x ) 


5.90 

4-0.122033 

+0.295142 

6.20 

+0.201747 

+0.232917 

5.91 

+0.124976 

+0.293409 

6.21 

+0.204064 

+0.230514 

5.92 

+0.127901 

+0.291650 

6.22 

+0 . 206357 

+0.228093 

5.93 

+0.130609 

+0.289866 

6.23 

+0.208626 

+0.225654 

5.94 

+0.133699 

+0.288056 

6.24 

+0 . 210870 

+0.223196 

5.95 

-hO. 136570 

+0.286222 

6.25 

+0.213090 

+0.220721 

5.96 

-hO. 139423 

+0.284363 

6.26 

+0.215285 

+0.218228 

5.97 

+0.142257 

+0.282479 

6.27 

+0.217455 

+0.215718 

5.98 

+0.145072 

+0.280572 

6.28 

+0.219599 

+0.213191 

5.99 

+0.147869 

+0.278640 

6.29 

+0.221718 

+0.210647 

6.00 

+0.150645 

+0.276684 

6.30 

+0.223812 

+0.208087 

6.01 

+0.153402 

+0.274704 

6.31 

+0.225880 

+0.205510 

6.02 

+0.156139 

+0.272702 

6.32 

+0.227922 

+0.202918 

6.03 

+0.158856 

+0.270676 

6.33 

+0.229938 

+0.200310 

6.04 

+0.161553 

+0.268627 

6.34 

+0.231928 

+0.197686 

6.05 

+0.164229 

+0.266555 

6.35 

+0.233892 

+0.195048 

6.06 

+0.166884 

+0.264461 

6.36 

+0.235829 

+0.192394 

6.07 

+0.169518 

+0.262345 

6.37 

+0.237740 

+0.189726 

6.08 

+0.172131 

+0.260207 

6.38 

+0.239624 

+0.187044 

6.09 

+0.174722 

+0.258046 

6.39 

+0.241481 

+0.184348 

6.10 

+0.177291 

+0.255865 

6.40 

+0.243311 

+0.181638 

6.11 

+0.179839 

+0.253662 

6.41 

+0.245113 

+0.178914 

6.12 

+0.182365 

+0.251438 

6.42 

+0.246889 

+0.176177 

6.13 

+0.184868 

+0.249193 

6.43 

+0.248637 

+0.173427 

6.14 

+0.187348 

+0.246927 

6.44 

+0.250357 

+0.170665 

6.15 

+0.189806 

+0.244642 

6.45 

+0.252050 

+0.167890 

6.16 

+0.192241 

+0.242336 

6.46 

+0.253715 

+0.165104 

6.17 

+0.194653 

+0.240010 

6.47 

+0.255352 

+0.162305 

6.18 

+0.197041 

+0.237665 

6.48 

+0.256961 

+0.159495 

6.19 

+0.199406 

+0.235300 

6.49 

+0.258542 

+0.156674 

6.20 

+0.201747 

+0.232917 

6.50 

+0.260095 

+0.153841 


0 » ^ 0 ) 0 ) 
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6.50 + 0.260095 + 0.153841 


+ 0.293096 + 0.065219 


6.51 

6.52 

6.53 

6.54 


.56 
.57 
.58 
.59 

6.60 

6.61 

6.62 

6.63 

6.64 


6.66 

6.67 

6.68 

5.69 


6.71 

6.72 

6.73 

6.74 


6.76 

6.77 

6.78 

6.79 


+ 0 . 261619 
+ 0 . 263115 
+ 0.264582 
+ 0.266020 


+ 0.150998 
+ 0 . 148145 
+ 0.145282 
+ 0.142409 


6.81 

6.82 


6.84 


+ 0.293733 

+ 0.294339 

+ 0.294916 

+ 0.295462 


+ 0.062191 

+ 0.059161 

+ 0.056131 

+ 0.053099 


6.55 + 0.267430 + 0.139526 I 6.85 + 0.295978 + 0.050066 


+ 0.268811 

+ 0.270162 

+ 0.271485 

+ 0.272779 

+ 0.274043 

+ 0.275279 

+ 0.276484 

+ 0.277661 

+ 0.278807 


+ 0.136634 

+ 0.133733 

+ 0.130824 

+ 0.127906 



6.89 


+ 0.296463 

+ 0.296919 

+ 0.297343 

+ 0.297738 


+ 0.047033 

+ 0.044000 

+ 0.040967 

+ 0.037934 


+ 0.124980 I 6.90 + 0.298102 + 0.034902 


+ 0.122047 

+ 0.119105 

+ 0.116157 

+ 0.113202 


6.91 



6.94 


+ 0.298436 

+ 0.298739 

+ 0.299013 

+ 0.299256 


+ 0.031871 

+ 0.028841 

+ 0.025813 

+ 0.022787 


6.65 + 0.279925 + 0.110204 I 6.95 + 0.299468 + 0,019762 


+ 0.281012 

+ 0.282070 

+ 0.283098 

+ 0.284096 


+ 0.107272 
+ 0.104298 
+ 0 . 101318 
+ 0.098333 


6.96 


6.70 + 0.285065 + 0.095342 



+ 0.299651 

+ 0.299803 

+ 0.299925 

+ 0.300017 


+ 0.016740 
+ 0 .013721 
+ 0.010705 
+ 0.007692 


+ 0.300079 + 0.004683 


+ 0.286003 

+ 0.286912 

+ 0.287790 

+ 0.288638 


+ 0.092347 

+ 0.089347 

+ 0.086343 

+ 0.083335 


7.01 



7.04 


+ 0.300111 

+ 0.300113 

+ 0.300085 

+ 0.300026 


+ 0.001677 

-> 0.001324 

— 0.004321 

— 0.007313 


6.75 + 0.289457 + 0.080323 


+ 0.290245 

+ 0.291003 

+ 0.291731 

+ 0.292428 


+ 0.077308 

+ 0.074289 

+ 0.071268 

+ 0.068245 



+ 0.299938 — 0.010301 


7.07 



+ 0.299820 

+ 0.299673 

+ 0.299495 

+ 0.299288 


0.013283 

0.016259 

0.019230 

• 0.022195 


+ 0 , 




+ 0.065219 I 7-10 I + 0,299051 1 — 0,025153 
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® J •(*) 

7.10 -|- 0. 299051 

y 11 - 1 - 0.298785 

7 12 + 0.298489 

7 ! 13 + 0.298164 

7.14 -f-0. 297810 


7.16 

7.17 

7.18 

7.19 

7.20 

7.21 

7.22 

7.23 

7.24 


7.31 

7.32 

7.33 

7.34 


-/.(*) 


/.(x) 


-/•(x) 


- 0.025153 I 7.40 + 0.278596 - 0.109625 


0.028105 

0.031050 

0.033987 

0.036918 


7.41 

7.42 

7.43 

7.44 


+ 0 . 277487 
+ 0.276351 
+ 0.275189 
+ 0 . 274002 


0.112256 

0.114872 

0.117473 

0.120059 


7.15 + 0.297426 - 0.039840 7.45 + 0.272788 - 0.122630 


+ 0.297013 

+ 0.296571 

+ 0.296100 

+ 0.295600 


0.042755 

0.045661 

0.048559 

0.051448 


7.46 + 0.271549 

7.47 + 0.270285 

7.48 + 0.268995 

7.49 + 0.267680 


0.125186 
0 . 127726 
0.130249 
0 . 132757 


+ 0.295071 — 0.054327 I 7.50 + 0.266340 0.135248 


-(- 0.294513 

+ 0.293927 

+ 0.293312 

- 1 - 0.292669 


0.057198 
0.060059 
0.062910 
0 . 065751 


7.51 + 0.264975 

7.52 + 0.263585 

7.53 + 0.262171 

7.54 + 0.260733 


- 0 . 137723 
- 0.140181 
- 0.142622 
- 0.145046 


7.25 -(- 0.291997 — 0.068582 I 7.55 + 0.259270 0.147452 


7.26 + 0.291297 

7.27 + 0.290569 

7.28 -(- 0.289813 

7.29 -(- 0.289029 


0.071402 

0.074211 

0.077009 

0.079795 


7.56 + 0.257784 

7.57 + 0.256274 

7.58 + 0.254740 

7.59 + 0.253182 


0 . 149840 
0.152211 
0.154564 
0. 156898 


7.30 + 0.288217 —* 0.082570 I 7.60 + 0.251602 — 0.159214 


+ 0.287377 

+ 0.286510 

+ 0.285616 

+ 0.284694 


- 0.085334 

- 0.088084 

- 0.090823 

- 0.093549 


7.61 + 0.249998 

7.62 + 0.248372 

7.63 + 0.246722 

7.64 + 0.245051 


- 0.161511 
- 0 . 163789 
- 0.166048 
- 0.168288 


7.35 + 0.283745 - 0.096262 I 7.65 + 0.243357 — 0.170509 


7.36 + 0.282769 

7.37 + 0.281766 

7.38 + 0.280736 

7.39 + 0.279679 


- 0.098962 
- 0.101648 
- 0 . 104321 
- 0.106980 


7.66 + 0.241641 

7.67 + 0.239903 

7.68 + 0.238143 

7.69 + 0.236362 


- 0.172710 

- 0.174891 

- 0.177052 

- 0.179192 


7.40 + 0.278596 - 0.109625 I 7.70 + 0.234559 - 0.181313 
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X 

•7Q(a?) 


X 


—•f i(*) 

7.70 

-hO. 234559 

—0.181313 

8.00 

+0.171651 

—0.234636 

7.71 

-t-0. 232735 

-0.183413 

8.01 

+0.169297 

—0.236047 

7.72 

+0.230891 


8.02 

+0.166930 


7.73 

+0.229026 


8.03 

+0.164549 

—0.238794 

7.74 

+0.227140 

—0.189587 

8.04 

+0.162154 

—0.240129 

7.75 

+0.225234 

—0.191603 

8.05 

+0.159746 

-0.241439 

7.76 

+0.223308 

—0.193597 

8.06 

+0.157325 


7.77 

+0.221362 

—0.195570 

8.07 

+0.154892 


7.78 

+0.219397 

-0.197521 

8.08 

+0.152446 

—0.245217 

7.79 

+0.217412 

—0.199450 

8.09 

+0.149988 


7.80 

+0.215408 

—0.201357 

8.10 

+0-147517 

—0.247608 

7.81 

+0.213385 

—0.203242 

8.11 

+0.145036 

KMHil 

7.82 

+0.211343 

—0.205104 

8.12 

+0.142542 

-0.249895 

7.83 

+0.209283 


8.13 

+0.140038 

—0.251000 

7.84 

+0.207204 

—0.208761 

8.14 

+0.137522 

—0.252078 

7.85 

+0.205108 

—0.210555 

8.15 

+0.134996 

—0.253131 

7.86 

+0.202993 

—0.212327 

8.16 

+0.132460 

—0.254157 

7.87 

+0.200861 

—0.214015 

8.17 

+0.129913 

-0.255157 

7.88 

+0 . 198712 

—0.215800 

8.18 

+0.127357 

-0.256131 

7.89 

+0.196545 

-0.217501 

8.19 

+0 . 124791 

— 0.2570re 

7.90 

+0.194362 

—0 . 219179 

8.20 

+0 . 122215 

-0.257999 

7.91 

+0.192162 

-0.220834 

8.21 

+0.119631 


7,92 

+0.189945 

—e. 222464 

8.22 

+0.117038 

-0.259761 

7.93 

+0.187713 

-0.224071 

8.23 

+0.114436 


7.94 

+0.185464 


8.24 

+0.111826 

—0.261416 

7.95 

+0.183200 

-0.227212 

8.25 

+0.109207 


7-96 

+0.180920 


8.26 

+0.106582 


7.97 

+0.178625 


8.27 

+0.103948 


7.98 

+0.176315 

-0.231740 

8.28 

+0. 101308 


7.99 

+0.173990 

-0.233201 

8.29 



8.00 

+0.171651 


8.30 


—0.265739 
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+0.096006 

8.31 +0.093346 

8.32 +0.090679 

8.33 +0.088006 

8.34 +0.086328 


-J i(x) 


265739 




0.266965 

0.267538 

0.268083 




8.36 +0.079956 

8.37 +0.077263 

8.38 +0.074565 

8.39 +0.071863 


0.269092 

0.269557 

0.269994 

0.270403 


8.41 +0.066448 

8.42 +0.063735 

8.43 +0.061018 

8.44 +0.058299 


0.271142 

0.271470 

0.271772 

0.272046 


8.60 

8.61 

8.62 

8.63 

8.64 


8.35 +0.082645 -0.268601 8.65 


8.66 

8.67 

8.68 
8.69 


8.40 +0.069157 -0.270786 I 8.70 - 


8.45 +0.055577 -0.272293 


8.71 

8.72 

8.73 

8.74 


8.75 -0 


Joix) 

-Jlix) 

+0.014623 

-0.272755 

+0.011896 

+0.009172 

+0.006449 

+0.003729 

1 

-0.272571 

-0.272360 

-0.272122 

-0.271858 

+0.001012 

-0,271567 

-0.001702 

-0.004413 

-0.007120 

-0.009823 

-0.271250 

-0.270907 

-0.270537 

-0.270141 

-0.012523 

-0.269719 

-0.015218 

-0.017908 

-0.020594 

-0.023274 

-0.269271 

-0.268796 

-0.268296 

-0.267770 




-0.267218 


8.46 +0.05^53 

8.47 +0.050127 

8.48 +0.047399 

8.49 +0.044670 


0.272513 

0.272706 

0.272872 

0.273010 


8.76 

8.77 

8.78 

8.79 


0.028618 

0.031282 

0.033939 

0.036590 




0.266037 

0.265408 

0.264753 




+0.041939 -0.273122 I 8.80 -0.039234 -0.264074 


8.51 

8.52 

8.53 

8.54 


+0.039208 

+0.036475 

+0.033742 

+0.031009 


0.273207 

0.273264 

0.273295 

0.273298 


8.81 

8.82 

8.83 

8.84 


0.041871 

0.044501 

0.047124 

0.049739 


8.55 +0.028277 -0.273275 ! 8.85 


8.56 +0.025544 

8.57 +0.022812 

8.58 +0.020081 
+0.017351 


0.273224 

0.273147 

0.273043 

0.272912 



8.87 

8.88 
8.89 


0.057535 

0.060117 




-0.26336S 

-0.262638 

-0.261883 

-0.261103 

-0.260298 

-0.259468 

-0.258613 

-0.257734 

-0.256830 
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8.90 

—0.065253 

' —0.255902 

8.91 

8.92 

8.93 

8.94 

-0 . 067808 
j -0.070352 
-0.072887 
-0.075412 

1 

1 -0.254950 

1 -0.253974 
-0.252974 
-0.251950 

8.95 

-0.077926 

1 

1 

—0 . 250902 

8.96 

8.97 

8.98 

8.99 

—0.080430 
-0.082922 
-0.086404 
— 0.087875 

-0.090334 ! 

i 

-0.249831 
-0 . 248736 
-0.247618 
-0.246476 

9.00 

-0.245312 

9.01 

9.02 

9.03 

9.04 

-0.092781 1 
-0.095216 1 
-0.097639 i 
-0.100050 

-0.244124 

-0.242914 

-0.241682 

-0.240426 

r 

9.05 

-0 . 102447 

% 

1 

—0.239149 i 


i 


9.20 

1 -0.136748 

i -0.217409 

1 

9.21 

9.22 

9.23 

9.24 

-0.138914 
—0. 141064 
—0.143198 
-0.145314 

-0.215795 

-0.214162 

-0.212509 

-0.210837 

9.25 

-0.147414 

-0.209147 

9.26 

9.27 

9.28 

9.29 

-0.149497 
-0.151563 
—0.153611 
—0. 155642 

-0.207437 

-0.205709 

-0.203962 

—0.202197 

9.30 

— 0. 157655 

—0.200414 

9.31 

9.32 1 

9.33 1 

9.34 

— 0.159650 ' 
-0.161627 
-0.163586 
—0. 165526 

-0.198613 

-0.196794 

-0.194958 

-0.193105 

9.35 

—0.167448 ‘ 

-0.191234 


9.06 

9.07 

9.08 


-0.104832 I 
-0.107204 ; 
—0.109563 ! 


9.09 ' -0.111908 


9.10 


I 

-0.114239 i 


9.11 

9.12 

9.13 

9.14 


— 0. 116557 
-0.118860 
-0.121148 
-0.123422 i 


-0.237849 ! 
-0.236527 ! 
-0.235183 ' 

-0.233818 j 

» 

t 

-0.232431 ! 

I 

I 

—0.231022 ! 
-0.229592 i 
-0.228142 i 
-0.226670 ! 


9.36 i 

9.37 ■ 

9.38 

9.39 

9.40 

I 

% 

i 

9.41 ! 

9.42 i 

9.43 i 

9.44 i 


-0.169351 -0.189347 
-0.171235 -0.187443 
—0.173100 : —0.185522 
-0.174945 I -0.183585 


-0.176772 i -0.181632 


— 0. 178578 
-0.180365 
-0.182132 
-0.183878 


-0.179663 

-0.177679 

-0.175679 

-0.173664 


9.15 

I 

9-16 I 

9.17 I 

9.18 i 

9.19 i 

I 

9.20 

I 


-0. 125682 

I 

-0. 127926 
-0.130155 I 
-0.132368 I 
-0.134566 . 

I 

I 

-0.136748 ! 

I 


-0.225177 

-0.223664 

-0.222130 

-0.220577 

-0.219003 


-0.217409 


9.45 

— 0 . 185605 

-0.171633 

9.46 

1 

-0.187311 

-0.169588 

9.47 

-0.188997 

-0.167529 

9.48 

-0.190661 

—0.165455 

1 

9.49 

-0.192306 

-0.163367 

9.50 

-0.193929 

-0.161264 


appendix 


870 



9.50 - 0.193929 - 0.161264 


9.51 

9.52 

9.53 

9.54 


9.56 

9.57 

9.58 

9.59 


9.61 

9.62 

9.63 

9.64 


9.66 

9.67 

9.68 

9.69 

9.70 

9.71 

9.72 

9.73 

9.74 


- 0.232276 1 - 0.092840 


0.195531 

0.197112 

0.198671 

0.200209 


0.159149 
0.157019 
0 . 154877 
0.152721 


9.81 

9.82 

9.83 

9.84 


0.233192 

0.234084 

0.234952 

0.235796 


— 0.090410 

- 0.087902 

- O . 0 S 5 S 58 

^ 0.083110 


9.55 — 0.201726 — 0.150552 9.85 — 0.236615 0.080674 


0.203220 

0.204693 

0.206144 

0.207572 


0.148371 

0.146178 

0.143972 

0.141754 


9.86 

9.87 

9.88 

9.89 


0.237409 

0.238179 

0.238924 

0.239645 


- 0.078223 

- 0.075767 

- 0.073306 

- 0.070840 


9.60 - 0.208979 


— 0.139525 I 9.90 — 0.240341 — 0.068370 


0.210363 

0.211724 

0.213063 

0.214380 


0 . 137284 
0.135032 
0.132769 
0.130495 


9.91 

9.92 

9.93 

9.94 


0.241012 
0.241659 
0.242281 
0 . 242878 


0.065895 

0.063417 

0.060934 

0.058448 


9.65 - 0.215673 - 0.128211 I 9.95 - 0.243450 - 0.055959 


0.216944 
0.218192 
0 . 219416 
0.220617 


- 0 . 125916 
- 0.123611 
- 0.121296 
- 0.118972 


9.96 

9.97 

9.98 

9.99 


0.243997 

0.244519 

0.245016 

0.245489 


- 0.053467 

- 0.050972 

- 0.048474 

- 0.045975 


- 0.221795 - 0.116639 I 10.00 - 0.245936 - 0.043473 


0.222950 

0.224081 

0.225189 

0.226273 


0.114296 

0.111944 

0.109584 

0.107215 


10.01 

10.02 

10.03 

10.04 


0.246358 

0.246755 

0.247127 

0.247474 


9.75 — 0.227333 - 0.104839 I 10.05 — 0.247796 


9.76 — 0.228370 

9.77 — 0.229382 

9.78 — 0.230371 

9.79 — 0.231336 


0.102454 

0.100061 

0.097661 

0.095254 


10.06 

10.07 

10.08 
10.09 


0.248093 
0.248365 
0 . 248612 
0.248833 


0.040969 

0.038464 

0.035957 

0.033450 

0.030941 

- 0.028432 

- 0.025923 

- 0.023414 

- 0.020904 


9.80 I — 0.232276 — 0.092840 I 10.10 — 0.249030 — 0.018396 
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J^ix) 


-Jiix) 


10.16 

10.17 

10.18 
10.19 


10.21 

10.22 

10.23 

10.24 


10.26 

10.27 

10.28 

10.29 

10.30 

10.31 

10.32 

10.33 

10.34 

10.35 

10.36 

10.37 

10.38 

10.39 

10.40 



10.10 - 0.249030 - 0.018396 I 10.40 


10.14 — 


0.249201 

0,249347 

0.249469 

0.249565 


0.015887 

0.013380 

0.010874 

0.008369 


10.41 

10.42 

10.43 

10.44 


0.249682 

0.249703 

0.249700 

0.249671 



+ 0.001631 

+ 0.004121 


10.46 

10.47 

10.48 

10.49 


10.20 — 0.249617 + 0.006616 I 10.50 




0.249307 

0.249154 


+ 0.009104 

+ 0.011589 

+ 0.014070 

+ 0.016547 


10.51 

10.52 

10.53 

10.54 


10.25 — 0.248976 + 0.019020 I 10.55 




0.248546 



+ 0.021489 

+ 0.023954 

+ 0.026414 

+ 0.028868 


10.56 

10.57 

10.58 

10.59 


+ 0.031318 I 10.60 


+ 0.033762 

+ 0.036200 

+ 0.038632 

+ 0.041059 


10.61 

10.62 

10.63 

10.64 


+ 0.043478 I 10.65 


+ 0.045891 

+ 0.048298 

+ 0.050697 

+ 0.053089 


10.66 

10.67 

10.68 

10.69 


J9(x) 



0.242805 

0.242215 

0.241601 

0.240963 




+ 0.055473 

+ 0.057849 

+ 0.060218 

+ 0.062578 

+ 0.064930 


10.15 — 0.249636 — 0.005866 I 10.45 - 


0.240302 + 0.067273 


0.239618 

0.238910 

0.238179 




+ 0.069607 

+ 0.071932 

+ 0.074248 

+0.<n'6554 


236648 + 0.078850 




.234180 




.23 


231508 

230573 

229616 





226612 




224501 






.221173 




0.218850 

0.217656 


+ 0.081136 

+ 0.083413 

+ 0.085678 

+ 0.087933 

+ 0.090178 

+ 0.092411 

+ 0.094633 

+ 0.096843 

+ 0.099042 

+ 0.101229 

+ 0.103403 

+ 0.105566 

+ 0.107716 

+ 0.109853 

+ 0.111978 

+ 0.114089 

+ 0.116187 

+ 0 . 118 m 

+ 0.120342 


+ 0.055473 I 10.70 I — 0.216443 + 0.122399 
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X 

y »( x ) 


! X 

1 


10.70 

- 0.216443 

+ 0.122399 

11.00 

- 0.171190 

+ 0.176785 

4 

10.71 

- 0.215209 

+ 0.124442 

11.01 

-0 169415 

+ 0.178327 

10.72 

- 0.213954 

+ 0.126471 

11.02 

- 0.167624 

+ 0.179850 

10,73 

- 0.212679 

+ 0.128485 

11.03 

- 0. 165818 

+ 0.181353 

10.74 

- 0.211384 

+ 0.130485 

11.04 

- 0.163997 

+ 0.182837 

10.75 

- 0.210069 

+ 0.132470 

11.05 

- 0.162161 

+ 0.184302 

10.76 

- 0.208735 

+ 0.134440 

11.06 

- 0. 160311 

+ 0.185747 

10.77 

- 0.207381 

+ 0 . 1 36395 

11.07 

- 0 . 1 . 5 H 446 

+ 0.187172 

10.78 

- 0.206007 

+ 0.138334 

11.08 

— 0 . 156567 

+ 0.188577 

10.79 

- 0.204614 

+ 0.140258 

11.09 

- 0.154675 

+ 0.189963 

10,80 

- 0.203202 

+ 0.142167 1 

11.10 

- 0.152768 

+ 0.191328 

10.81 

- 0.201771 

+ 0.144059 

11.11 

- 0 . 1.50848 

+ 0.192673 

10.82 

- 0.200321 

+ 0.145935 

11.12 

' - 0.148915 

+ 0.193998 

10.83 

- 0.198852 

+ 0.147796 

11.13 { 

- 0.146968 

+ 0.195303 

10.84 

- 0.197365 

+ 0. 149639 

11.14 

- 0.145009 

+ 0.196587 

10.85 

- 0.195859 

+ 0.151467 1 

i 

11.15 

- 0.143037 

+ 0.197850 

10.86 

- 0.194336 

+ 0.153277 

11.16 

- 0.141052 

+ 0.199093 

10.87 

- 0.192794 

+ 0.155071 

11.17 

- 0. 139055 

+0 200314 

10.88 

- 0.191234 

+ 0.156848 

11.18 

- 0.137046 

+ 0.201515 

10.89 

- 0.189657 

+ 0.158607 

11.19 

- 0.135025 

+ 0.202695 

10.90 

- 0.188062 

+ 0.160350 

11.20 

- 0.132992 

+ 0.203853 

10.91 

- 0.186450 

+ 0.162074 

11.21 

- 0.130948 

+ 0 . 204990 

10.92 

- 0.184821 

+ 0.163782 

11.22 

-0 128892 

+ 0.206106 

10.93 

- 0,183175 

+ 0.165471 

11.23 

- 0.126826 

+ 0.207201 

10.94 

- 0.181511 

+ 0.167142 
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14.92 

14.93 

14.94 


14.96 

14.97 

14.98 

14.99 


15.01 

15.02 

15.03 

15.04 


15.06 

15.07 

15.08 

15.09 


15.11 

15.12 

15.13 

15.14 


15 


15.16 

15.17 

15.18 

15.19 



—J i{x) 



+ 0.006392 - 0.206876 1 15.20 - 0.054421 


+ 0 . 004323 
+ 0.002256 
+ 0.000190 
- 0.001875 


0 . 206791 
0.206685 
0.206559 
0.206412 


15.21 

15.22 

15.23 

15.24 


0.056372 

0.058317 

0.060256 

0.062187 


14.95 - 0.003939 - 0.206245 I 15.25 - 0.064110 - 


0.006000 

0.008060 

0.010117 

0.012172 


0.206058 

0.205850 

0.205621 

0.205373 


15.26 

15.27 

15.28 

15.29 


0.066025 

0.067933 

0.069833 

0.071724 


5.00 - 0.014224 - 0.205104 I 15.30 - 0.073608 - 


0.016274 
0.018321 
0 . 020364 
0.022404 


0.204815 

0.204506 

0.204176 

0.203827 


15.31 

15.32 

15.33 

15.34 


15.05 — 0.024441 — 0.203457 I 15.35 


0.026473 

0.028502 

0.030526 

0.032546 


0.203068 

0.202658 

0.202229 

0.201779 


15.36 

15.37 

15.38 

15.39 


0.075482 

0.077348 

0.079204 

0.081052 

0.082890 

- 0.084719 

- 0.086538 

- 0.088348 

- 0.090147 


15.10 - 0.034562 - 0.201310 I 15.40 - 0.091936 


0.036573 

0.038578 

0.040579 

0.042574 


0.200821 
0.200313 
0 . 199785 
0.199237 


15.41 

15.42 

15.43 

15.44 


0.093715 

0.095483 

0.097241 

0.098988 


— 0.044563 — 0.198670 I 15.45 — 0.100723 


0.046547 

0.048525 

0.050497 

0.052462 


0.198084 
0.197478 
0.196853 
0 . 196209 


15.46 

15.47 

15.48 

15.49 


0.102447 
0 . 104161 
0.105863 
0.107553 


15.20 — 0.054421 — 0.195545 I 15.50 — 0.109231 





0.195545 

0.194863 
0 . 1941 ^ 
0.193442 
0. 192703 

0.191945 

0.191169 
- 0.190374 
- 0.189561 
- 0 . 188729 

- 0.187879 

- 0.187012 
- 0. 186126 
- 0.185222 
- 0.184300 

- 0.183360 

- 0.182403 

- 0.181428 

- 0.180436 

- 0.179427 

- 0.178400 

- 0.177357 

- 0.176296 

- 0.175218 

- 0.174124 

- 0.173013 

- 0.171886 

- 0.170742 

- 0.169582 

- 0.168405 

- 0.167213 
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c. Table of Bessel fonctioiis, 7,(1) to 7,(29) : 


0 

0.5 

1.0 

1.5 

2.0 

2.5 


7 ,( 1 ) 


+0 

-|-0 

-hO 

- 4-0 

“ 4“0 

+0 


.7652 

.6714 

.4401 

.2403 

.1149 

.04950 


7 ,( 2 ) 


- f 0 . 2239 
+ 0.5130 
+ 0.5767 
+ 0.4913 
+ 0.3528 
+ 0.2239 


7 ,( 3 ) 


+ 0.06501 
+ 0.3391 
+ 0 . 4777 
+ 0.4861 
+ 0.4127 



- 0.3971 

- 0.3019 


+ 0.1853 

+ 0.3641 

+ 0.4409 


7 ,( 5 ) 





Tv7 


- 0.3276 

- 0.1697 

+ 0.04657 

+ 0.2404 


3.5 

4.0 

4.5 

5.0 

5.5 


+0 

+0 

+0 

+0 

+0 

+0 


01956 

0*7186 

0*2477 

0*807 

0*2498 

0*74 


+0 

+0 

+0 

+0 

+0 

+0 


1289 

06852 

03400 

01589 

0*7040 

0*2973 


+ 0.3091 

+ 0.2101 

+ 0.1320 

+ 0.07760 

+ 0.04303 


+ 0.4302 

+ 0.3658 

+ 0.2811 

+ 0.1993 

+ 0.1321 


+0 

+0 

+0 

+0 

-fO 

+0 


3648 

4100 

3912 

3337 

2611 

1906 


I 


6.5 

7.0 

8 

9 


+ 0 . 0*2094 +0 
+ 0 . 0»6 +0 
+ 0 . 0*1502 +0 
+ 0 . 0*9422 +0 
+ 0 . 0*5249 +0 


0*1202 

0*467 

0*1749 

0*2218 

0*2492 


+0 

+0 

+0 

+0 

+0 


01139 

0*5493 

0*2547 

0*4934 

0*8440 


+ 0.02787 

+ 0.01518 


+ 0.1310 

+ 0.08558 

+ 0.05338 

+ 0.01841 

+ 0 . 0*5520 


10 

11 

12 

13 

14 

15 

16 

17 

18 
19 


+ 0 . 0*2631 + 0 . 0*2515 

+ 0 . 0 * ni 98 + 0 . 0*2304 
+ 0 . 0**5000 + 0 . 0*1933 
+ 0 . 0**1926 + 0 . 0*1495 
+ 0 . 0**689 + 0 . 0**1073 


+ 0 . 0*‘23 

+ 0 . 0 ”! 


+ 0 . 0**7183 
+ 0 . 0**4506 
+ 0 . 0**2659 
+ 0 . 0**148 
+ 0 . 0**8 


+0.0*1293 

+0.0*1794 

+0.0*2276 


+ 0 . 0*1950 

+ 0 . 0*3660 

+ 0 . 0*6264 


+ 0 . 0*2880 

+ 0 . 0*1436 

+ 0 . 0*2908 

+ 0 . 0**2749 

+ 0 . 0**2444 

+ 0 . 0**2050 

+ 0 . 0**1628 

+ 0 . 0*1948 

+ 0 . 0*2472 

+ 0 . 0*2947 

+ 0 . 0**3313 

+ 0 . 0**3525 

+ 0 . 0**1228 
+ 0 . 0 * W 
+ 0 . 0**6 

+ 0 . 0*^3560 

+ 0 . 0*^3420 

+ 0 . 0**3134 

+ 0 . 0**275 

+ 0 . 0**23 


+ 0 . 0**2 



+ 0 . 0*1468 

+ 0 . 0^3509 

+ 0 . 0*7628 

+ 0 . 0*1521 

+ 0 . 0*2801 

+ 0 . 0*4797 

+ 0 . 0*7675 

+ 0 . 0*1153 

+ 0 . 0*1631 

+ 0 . 0*2183 

+ 0 . 0**2770 

+ 0 . 0**3344 

+ 0 . 0**3848 

+ 0 . 0**4231 

+ 0 . 0**4454 

+ 0 . 0**450 

+ 0 . 0**44 

+ 0 . 0**4 
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^ p ( 6 ) 




^,( 8 ) 


0 

0.5 

1.0 

1.5 
2.0 

2.5 

3.0 

3.5 

4.0 

4.5 

5.0 

5.5 

6.0 

6.5 

7.0 

7.5 

8.0 

8.5 

9.0 

9.5 

10.0 

10.5 
11.0 

11.5 

12.0 

12.5 

13.0 

13.5 

14.0 

15 

16 

17 

18 

19 

20 
21 
22 

23 

24 


+ 0-1506 
- 0.09102 
- 0 . 2767 
- 0.3279 
- 0.2429 

- 0.07295 
+ 0.1148 
+ 0.2671 
+ 0 . 3576 
+ 0.3846 


+ 0.3001 

+ 0.1981 

- 0 . 0*4683 

- 0-1991 

- 0.3014 

- 0.2834 
- 0.1676 
- 0 . 0*3403 
+ 0 . 1578 
+ 0.2800 


+0 

+0 

+0 

+0 

-hO 

+0 

-fO 

+0 

+0 

+0 


3621 

3098 

2458 

.1833 

.1296 

.08741 

.05653 

.03520 

.02117 

.01232 


+ 0 . 0*6964 

+ 0 . 0*3827 

+ 0 . 0*2048 

+ 0 . 0*1069 

+ 0 . 0*5452 

+ 0 . 0*272 

+ 0 . 0*1327 

+ 0 . 0 ^ 

+ 0 . 0*2976 


+0 

+0 

+0 

+0 

+0 



+0 

+0 

+0 

+ 0 . 

+ 0 . 

+ 0 . 

+ 0 . 

+ 0 . 

+ 0 . 

+0 

+0 

+0 

+0 

-hO 

+0 


3479 
3634 
3392 
2911 
2236 

.1772 
.1280 
.08854 
,05892 
.03785 

02354 

01421 

0*8335 

. 0*4763 

. 0*2656 


+ 0.1717 

+ 0.2791 

+ 0.2346 

+ 0.07593 

- 0.1130 

- 0.2506 

- 0.2911 

- 0.2326 

- 0.1054 

+ 0.04712 


. 0*6192 
.0*1202 
. 0*2187 
. 0^746 
. 0*6062 

. 0*9296 
. 0*1355 

0 * n 882 

0**2497 

0**3168 



/,( 9 ) 


+0 

+0 

+0 

+0 

+0 


1858 

2856 

3376 

3456 

3206 


- 0.09033 

+ 0.1096 

+ 0.2453 

+ 0.2545 

+ 0.1448 

- 0.02477 

- 0.1809 

- 0.2683 

- 0.2655 

- 0.1839 


Jp ( 10 ) 


+ 0 . 0*1446 

+ 0 . 0*7702 

+ 0 . 0*402 

+ 0 . 0*2052 


. 0*5059 

.oni6i 

. 0*2494 

. 0*5037 

, 0'9598 


+ 0.2759 
+ 0.2235 
+ 0.1718 
+ 0 . 1263 
+ 0.08921 

+ .06077 

+ 0.04005 

+ 0.02560 

+ 0.01590 

+ 0 . 0*9624 

+ 0 . 0*5680 

+ 0 . 0*3275 

+ 0 . 0*1846 

+ 0 . 0*1019 

. 0*2926 
. 0^7801 
. 0 n 942 
, 0*4538 
. 0*9992 


- 0 . 

+ 0 , 

+0 

+0 

+0 

+0 

+0 

+0 

- 1-0 

-hO 


05504 

08439 

2043 

.2870 

.3275 

.3302 

.3051 

.2633 

.2149 

.1672 


- 0.2459 

- 0.1373 

+ 0.04347 

+ 0.1980 

+ 0.2546 

+ 0.1967 

+ 0.05838 

- 0.09965 

- 0.2196 

- 0.2664 

- 0.2341 

- 0.1401 

- 0.01446 

+ 0.1123 

+ 0.2167 


-hO 

+0 

+0 

+0 

+0 


.2861 

.3179 

.3169 

.2919 

.2526 


+0.0n731 
+ 0 . 0*2966 
+0.0*4839 
+0.0**7535 
+ 0 . 0**1122 


+ 0 . 0*2081 
+ 0 . 0^4110 
+ 0 . 0*7725 
+ 0 . 0*1385 
0*2373 


+ 0.1247 
+ 0.08959 
+ 0.06222 
+ 0.04188 
+ 0.02739 

+ 0.01744 

+ 0.01083 

+ 0 . 0*6568 

+ 0 . 0*3895 

. 0*1286 
. 0*3993 
. 0*1120 
. 0*2988 
. 0*7497 

. 0*1777 
. 0*3990 
. 0*8515 
. 0*1732 
, 0*3364 


+ 0.2075 
+ 0.1630 
+ 0 . 1231 
+ 0.08976 
+ 0.06337 

+ 0.04344 

+ 0.02897 

+ 0.01884 

+ 0.01196 

+ 0 . 0*4508 

+ 0 . 0*1567 

+ 0 . 0*5056 

+ 0 . 0*1524 

+ 0 . 0*4315 

. 0*2907 
. 0*6969 
. 0*1590 
. 0*3463 
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p 

jpm 

Jp(.7) 


! Jp (9) 

I 

Jp (10) 

25 

+0-0»*3855 

+0.0“1602 

1 1 

+0.0>®3895' +0.0*6257 

+0.0»7215 

26 

+0.0*M415 

1 +0.0'*2195i +0.0'‘6135! +0.0*1116 

+0.0*1441 

27 

+0 . 0«507 

+0.0‘»2893 

i +0.0»*9289 

: +0.0**1913 

+0.0*2762 


+0-0*«55 

+0.0>"3673 

+0.0**1354 

■ +0.0*‘3I54 

+0.0'*S094 

29 

+0.0>*6 

+0 . 0»M50 

+0.0**1903 

+0.0**5014 

+0.0"9050 


+o.o»n 

+0.0*«53 

+0.0**2583 

+0.0‘*7692 

+0.0**1551 

31 


+0.0‘*6 

+0.0**339 

+0.0‘»1140 

+0.0**2568 

32 


+0.0>U 

+0.0>M3 

+0.0*M636 

+0.0>*4112 

33 



+ 0 . 0*75 

+0.0>‘227 

+0.0**6376 

34 



+0.0*71 

+0.0**31 

+0.0**958 

35 


1 


+0 0*74 

+0.0**140 

36 





+0.0>*20 

37 

1 


1 


+ 0 . 0*73 


^( 11 ) 


( 12 ) 


Jp (13) 


J, (15) 


-0.1712 

-0.2406 

-0.1768 

-0.02293 

+0.1390 

+0.2343 

+0.2273 

+0.1294 

-0.01504 

-0.1519 

-0.2383 

-0.2538 

-0.2016 

-0.1018 

+0.01838 

1334 
2250 
2838 
3089 
3051 

2804 
2433 
2010 
1593 
1216 


+0.04769 

-0.1236 

-0.2234 

-0.2047 

-0.08493 

+0.07242 

+0.1951 

+0.2348 

+0.1825 

+0.00457 

-0.07347 

-0.1864 

-0.2437 

-0.2354 

-0.1703 

-0.06865 

+0.04510 

+0.1496 

+0.2304 

+0.2806 

3005 
2947 
2704 
2351 
1953 


+0.2069 

+0.09298 

-0.07032 

-0.1937 

-0.2177 

+0.1377 

+0.0*3320 

+0.1407 

+0.2193 

+0.2134 

+0.1316 
+0 . 0*7055 
-0.1180 
-0.2075 
-0.2406 

-0.2145 

-0.1410 

-0.04006 

+0.06698 

+0.1621 

2338 
2770 
2927 
2854 
2615 


+0.1711 

+ 0.2112 

+0.1334 

-0.01407 

-0.1520 

-0.2143 

-0.1768 

-0.06245 

+0.07624 

+0.1830 

+0.2204 

+0.1801 

+0.08117 

-0.04151 

-0.1508 

-0.2187 

-0.2320 

-0.1928 

-0.1143 

-0.01541 

+0.08501 

+0.1718 

+0.2357 

+0.2732 

+0.2855 


-0.01422 

+0.1340 

+0.2051 

+0.1654 

+0.04157 

-0.1009 

-0.1940 

-0.1991 

-0.1192 

+0.0*7984 

+0.1305 

+0.2039 

+0.2061 

+0.1415 

+0.03446 

-0.08121 

-0.1740 

-0.2227 

- 0.2200 

-0.1712 

+0.09007 

+0.0*5862 

+0.09995 

+0.1794 

+0.2367 
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V 

j, (11) 

J, (12) 

Jp (13) 

(14) 

Jp (15) 

12.5 

+0,08978 

+0.1559 

+0.2279 

+0.2770 

+0.2692 

13.0 

+0.06429 

+0.1201 

+0.1901 

+0.2536 

+0.2787 

13.5 

+0 . 04477 

+0 . 08970 

+0-1528 

+0.2214 

+0.2693 

14.0 

+0.03037 

+0.06504 

+0.1188 

+0.1855 

+0.2464 

14.5 

+0.02011 

+0.04591 

+0.08953 

+0.1500 

+0.2155 

15-0 

+0.01301 

+0.03161 

+0.06564 

+0.1174 

+0.1813 

15-5 

+0.0*8237 

+0.02126 

+0,04691 

+0.08931 

+0.1474 

16.0 

+0.0*5110 

+0.01399 

+0.03272 

+0.06613 

+0.1162 

16.5 

+0.0*3108 

+0.0*9017 

+0.02232 

+0.04777 

+0.08905 

17.0 

+0.0*1856 

+0.0*5698 

+0.01491 

+0.03372 

+0.06653 

17.5 

+0.0*1086 

+0.0*3532 

+0.0*9760 

+0.02330 

+0.04853 

18.0 

+0.0*6280 

+0.0*2152 

+0.0*6269 

+0.01577 

+0.03463 

18.5 

+0,0*355 

+0 . 0*1288 

+0.0*3955 

+0.01047 

+0.02419 

19.0 

+0.0*1990 

+0.0*7590 

+0.0*2452 

+0.0*6824 

+0.01657 

20 

+0.0^5931 

+0.0*2512 

+0 . 0*8971 

+0.0*2753 

+0.0*7360 

21 

+0.0n670 

+0.0*7839 

+0.0*3087 

+0.0*1041 

+0.0*3054 

22 

+0.0*4458 

+0.0*2315 

+0.0*1004 

+0.0*3711 

+0.0*1190 

23 

+0.0*1132 

+0.0*6491 

+0.0*3092 

+0.0*1251 

+0.0*4379 

24 

+0.0*2738 

+0.0*1733 

+0.0*9060 

+0.0*4006 

+0.0*1527 

25 

+0.0^6333 

+0.0*4418 

+0-0*2532 

+0.0^221 

+0.0*5060 

26 

+0.0U403 

+0.0*1078 

+0-0*6761 

+0.0*3555 

+0.0*1599 

27 

+0.0*2981 

+0.0^521 

+0.0*1730 

+0.0*9902 

+0.0*4829 

28 

+0.0*6092 

+0.0*5665 

+0.0^4249 

+0.0*2645 

+0.0*1398 

29 

+o.oni98 

+0.0*1225 

+o.onoo4 

+0.0*6790 

+0.0^(883 

30 

+0 . 0**2274 

+0,0*2552 

+0.0*2283 

+0.0n678 

+0.0*1037 

31 

+0.0^*4165 

+0.0**5133 

+0.0*5009 

+0.0^995 

+0.0*2670 

32 

+0.0**7375 

+0 . 0“9976 

+o.ono 62 

+0.0*9187 

+0.0*6632 

33 

+0.0**1264 

+0.0**1876 

+0.0**2176 

+0.0*2042 

+0.0*1591 

34 

+0.0**2100 

+0.0**3417 

+0.0**4320 

+0.0*«4392 

+0.0*3693 

35 

+0.0**3383 

+0.0**6035 

+0.0**8310 

+0.0**9155 

+0.0*<«301 

36 

+0.0**529 

+0.0**1035 

+0.0**1551 

+0.0**1851 

+0.0*n809 

37 

+0. 0**80 

+0.0**1723 

+0.0**2812 

+0.0**3632 

+0.0“3827 


+0. 0**12 

+0.0**279 

+0.0*^956 

+0.0**6928 

+0.0>*7863 

39 

+0.0*^ 

+0,0**44 

+0.0**850 

+0.0**1285 

+0.0“1571 

40 


+0.0”7 

+0-0**142 

+0.0**2320 

+0.0>^054 

41 


+0-0*U 

+0.0**23 

+0.0‘S408 

+0.0"5781 

42 



+0.0**4 

+0. 0**70 

+0.0“1067 

43 



+o.o*n 

+0. 0**12 

+0.0«192 

44 




+0.0*’2 

+0.0»W 

45 





+0.0"6 

46 





+o.o*n 
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2S 


0 

0.5 

1.0 

1.5 
2.0 

2.5 
3j0 

3.5 

4.0 

4.5 

5.0 

5.5 

6.0 

6.5 

7.5 
8.0 

8.5 
9.0 

9.5 

10.0 

10.5 
11.0 

11.5 

12.0 

12.5 

13.0 

13.5 

14.0 

14.5 

15.0 

15.5 

16.0 

16.5 

17.0 

17.5 

18.0 

18.5 
19.0 


Jv ( 16 ) 


- 0.1749 

- 0.05743 

+ 0.09040 

+ 0.1874 

+ 0.1862 

+ 0.09257 

- 0.04385 

- 0.1585 


’mm 


- 0.1619 

- 0.05747 

+ 0.06743 

+ 0.1667 

+ 0.2083 

+ 0.1825 

+ 0.1018 

- 0 . 0*7021 

- 0.1128 

- 0.1895 

- 0.2217 

- 0.2062 

- 0.1504 




+ 0.02427 

+ 0.1124 


+0 

+0 

+0 

+0 

+0 

+0 

+0 

+ 0 , 

+ 0 . 

- H ). 


.1853 

2368 

2653 

2724 

2623 

2399 

2102 

1775 

1450 

1150 


+ 0.08876 

+ 0.06685 

+ 0.04920 

+ 0,03544 


JpdV 


- 0.1699 

- 0.1860 

- 0.09767 

+ 0.04231 

+ 0,1584 

+ 0.1935 

+ 0.1349 

+ 0.01461 

- 0.1107 

- 0.1875 

- 0.1870 

- 0.1139 

+ 0 . 0*7153 

+ 0.1138 

+ 0.1875 

+ 0.2009 

+ 0.1537 

+ 0.06346 

- 0.04286 

- 0.1374 

- 0.1991 

- 0.2171 

- 0.1914 

- 0.1307 

- 0.04857 

+ 0.04024 

+ 0.1228 

+ 0.1899 

+ 0.2364 

+ 0.2613 


+0 

+0 

+0 

+0 

+0 


2666 

2559 

2340 

2054 

1739 


Jp ( 18 ) 


- 0.01336 

- 0.1412 

- 0.1880 

- 0.1320 

- 0 . 0*7533 

+ 0.1192 

+ 0.1863 

+ 0.1651 

+ 0.06964 

- 0.05501 

- 0.1554 

- 0.1926 

— 0.1560 

- 0.06273 

+ 0.05140 

+ 0.1473 

+ 0.1959 

+ 0.1855 

+ 0,1228 

+ 0.02786 

- 0.07317 

- 0.1561 

- 0.2041 

- 0.2100 

- 0.1762 

- 0.1122 

- 0.03092 

+ 0.05414 

+ 0,1316 

+ 0.1934 


+0 

+0 

+0 

+0 

+0 


2356 

2575 

2611 

2500 

2286 


Jp ( 19 ) 


+ 0.1466 

+ 0.02744 

- 0.1057 

- 0.1795 

- 0.1578 

- 0.05578 

+ 0.07249 

+ 0.1649 

+ 0.1806 

+ 0.1165 

+ 0 . 0*3572 

- 0.1097 

- 0.1788 

- 0.1800 

- 0.1165 

- 0.01350 

+ 0.09294 

+ 0.1694 

+ 0.1947 

+ 0.1650 

+ 0.09155 

- 0 . 0*4326 

- 0,09837 

- 0.1698 

- 0.2055 

- 0.2012 

- 0.1612 

- 0.09497 

- 0.01507 

+ 0,06627 


/,( 20 ) 


+0 

+0 

+0 

+0 

+0 


1389 

1961 

2345 

2537 

2559 



- 0.1603 

- 0.1726 




+ 0.1427 

+ 0.1138 

+ 0.08844 

+ 0.06710 


+ 0.2009 

+ 0.1706 

+ 0.1406 

+ 0.1127 


+ 0.2445 

+ 0.2235 

+ 0.1968 

+ 0.1676 




+ 0.02152 

+ 0.1307 

+ 0.1801 

+ 0 . 1512 
+ 0.05953 


iUlWj! 


- 0.1474 

- 0.1842 

- 0.1553 

- 0.07387 

+ 0.03088 

+ 0.1251 

+ 0.1816 

+ 0.1865 

+ 0.1416 

+ 0.06136 




-o.iigo 

- 0.1794 

- 0.9041 

- 0.1914 

- 0.1464 

- 0.07897 

- 0 . 0*8121 

+ 0.07689 

+ 0.1452 

+ 0.1982 

+ 0.2331 

+ 0.2501 

+ 0.2511 

+ 0.2395 

+ 0.2189 
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p 

J, (16) 

•Tp (17) 

Jp (18) 

J, (19) 

Jp&Oi) 

20 

+0.01733 

+0.03619 

+0.06731 

+0-1116 

+0.1647 

21 

+0.0^879 

+0.01804 

+0.03686 

+0.06746 

+0.1106 

22 

+0-0*3354 

+0.0*8380 

+0.01871 

+0.03748 

+0.06758 

23 

+0.0*1343 

+0.0*3651 

+0.0*8864 

+0.01934 

+0.03805 

24 

-l-0.0»5087 

+0.0*1500 

+0.0*3946 

+0.0*9331 

+0.01993 

25 

+0.0*1828 

+0.0*5831 

+0.0*1658 

+0.0*4237 

+0.0*9781 

26 

+0.0^253 

+0.0*2154 

+0.0*6607 

+0.0*1819 

+0.0*4524 

27 

+0.0^2042 

+0.0*7586 

+0.0*2504 

+0.0*7412 

+0.0*1981 

28 

+0.0*6380 

+0.0*2553 

+0.0*9057 

+0.0*2877 

+0.0«242 

29 

+0.0n912 

+0.0*8228 

+0.0*3133 

+0.0»1066 

+0.0^270 

30 

+0 . 0«5505 

+0.0*2546 

+0.0*1039 

+0 . 0^3785 

+0.0*1240 

31 

+0.0*1525 

+0.0*7577 

+0.0*3313 

+0. on 289 

+0.0*4508 

32 

+0.0"4078 

+0.0*2172 

+0.0*1016 

+0.0*4223 

+0.0*1574 

33 

+0.0n052 

+0.0*6009 

+0.0*3005 

+0.0n333 

+0.0*5289 

34 

+0.0*2625 

1 

+0.0U606 

+0.0^8583 

+0.0*4057 

+0.0*1713 

35 

+0.0*6339 

+0.0*4153 

+0.0*2370 

+0.0ni93 

+0.0%358 

36 

+0.0*1484 

+0.0*1040 

+0.0*6335 

+0.0*3396 

+0.0*1620 

37 

+0.0**3368 

+0.0*2526 

+0. on 641 

+0.0*9362 

+0.0*4742 

38 

+0.0**7426 

+0.0**5956 

+0.0*4126 

+0.0*2503 

+0.0*1345 

39 

+0.0“1591 

+0.0**1364 

+0 . onoo7 

+0.0*6496 

+0.0*3704 

40 

+0.0**3317 

+0.0«3039 

+0 . 0*®2391 

+0.0*1638 

+0.0*9902 

41 

+0.0**6733 

+0.0**6590 

+0.0**5520 

+0 . 0**4018 

+0.0*2574 

42 

+0.0**1331 

+0.0**1392 

+0.0**1241 

+0 . 0**9594 

+0.0**6510 

43 

+0 . 0**2567 

+0.0**2865 

+0.0**2719 

+0.0**2231 

+0.0**1604 

44 

+0.0**483 

+0-0*W52 

+0.0**5810 

+0-0**5059 

+0.0**3849 

45 

+0. 0**89 

+0.0*ni27 

+0.0**1211 

+0.0**1119 

+0.0**9011 

46 

+0. 0**16 

+0- 0*^16 

+0.0*^466 

+0.0**2416 

+0.0**2059 

47 

+00**3 

+0.0*MO 

+0.0**490 

+0.0**5096 

+0.0**4594 

48 

49 

50 

51 

52 

53 

54 

•« 

+0.0**7 
+0 . 0**1 

+0.0»®95 
+0- 0**18 

+0.0**3 

+0.0*n051 

+0-0**212 

+00**42 

+00**8 

+0.0**2 

+0.0**1002 

+0.0**2135 

+0.0**445 
+0. 0**91 
+0.0**18 
+0,0**4 
+0.0”1 
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Jv ( 21 ) 


Jp ( 22 ) 


/ p ( 23 ) 


/,( 24 ) 


0 

1.0 

1.5 

2.0 

2.5 

3.0 

3.5 

4.0 

4.5 

5.0 

5.5 



10 

11 

12 

13 

14 

15 

16 

17 

18 
19 


21 

22 

23 

24 

25 


27 

28 
29 


31 

32 

33 

34 


+ 0.03658 

+ 0.1457 

+ 0.1711 

+ 0.1023 




- 0.1311 

- 0.1750 

- 0.1335 

- 0.02971 

+ 0.08656 

+ 0 . 1637 

+ 0.1706 

+ 0. 1076 
+ 0 . 0*2808 
- 0.1022 
- 0.1757 
- 0.3175 

+ 0,1485 
+ 0.1732 
+ 0 . 03293 
- 0.1356 
- 0 . 2008 

- 0.1321 

+0.01202 

+ 0,1505 

+ 0.2316 

+ 0.2465 

+ 0,2145 
+ 0,1621 
+ 0 . 1097 
+ 0,06767 
+ 0.03857 


+0 

+0 

+0 

+0 

+0 

+0 

+0 

+0 

+0 

+0 


02049 

01022 

0 M 806 

0*2143 

0*9094 

0*3682 

0*1427 

0*5304 

0*1895 

0*6521 


- 0.1207 

- 0 . 0*1506 

+ 0.1172 

+ 0.1700 

+ 0.1313 

+ 0.02469 

- 0.09330 

- 0.1644 

- 0.1568 

- 0.07701 

+ 0.03630 

+ 0.1329 

+ 0.1733 
+ 0 . 1435 
+ 0.05820 
- 0 . 1362 
- 0.1573 

+ 0 . 0*7547 

+ 0.1641 

+ 0.1566 

+ 0 - 0*6688 

- 0.1487 

- 0.1959 
- 0.1185 
+ 0 . 02358 
+ 0.1549 
+ 0 . 2299 

+ 0 . 2422 
+ 0.2105 
+ 0.1596 
+ 0 . 1087 
+ 0.06773 

+ 0 , 03905 
+0.02102 
+ 0.01064 
+ 0 . 0*5084 
+ 0 . 0*2307 


+0 

+0 

+0 

+0 

+0 


0*9965 

0*4113 

0*1626 

0*6171 

0*2253 


- 0-1624 

- 0.1408 

- 0.03952 

+ 0.08253 

+ 0-1590 

+ 0.1516 

+ 0.06717 

- 0.04958 

- 0.1415 

- 0.1666 

- 0.1164 

- 0.01563 

+ 0.09086 

+ 0.1592 

+ 0.1638 

+ 0 . 0*8829 

- 0.1576 

- 0.1322 
+ 0 . 04268 
+ 0.1730 
+ 0.1379 
- 0.01718 

- 0.1588 
- 0.1899 
- 0.1055 
+ 0 . 03402 
+ 0,1587 


+0 

+0 

+0 

+0 

+0 


2282 

2381 

2067 

1573 

1078 


+ 0,06777 

+ 0.03949 

+ 0-02152 

+ 0.01104 

+ 0 . 0*5357 


+0 

+0 

+0 

+0 

+0 


0*2470 
0*1085 
0*4561 
0*1837 
0*71 10 


- 0.05623 

- 0.1475 

- 0.1540 

- 0.07523 

+ 0.04339 

+ 0.1381 

+ 0.1613 

+ 0.1040 

- 0 . 0*3076 

- 0.1078 

- 0.1623 

- 0.1444 

- 0.06455 
+ 0.04157 
+ 0.1300 
+ 0 . 1404 
- 0.03643 

- 0.1677 

- 0.1033 

+ 0.07299 

+ 0.1763 

+ 0.1180 

- 0.03863 

- 0.1663 

- 0.1831 

- 0.09311 

+ 0.04345 


+ 0 - 
+0 . 
+ 0 . 
+ 0 . 
+0 

+0 

+ 0 , 

+0 

+0 

+0 

+0 

+0 

+0 

+0 

+0 


.1619 

.2264 

.2343 

.2031 

.1550 

.1070 

.06778 

.03990 

.02200 

.01143 

. 0*5626 
. 0*2633 
. 0*1176 
. 0*5024 
. 0*2060 
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J, (21) 

J,(22) 



+0*0*2164 

+0,0*7927 

+0.0*2649 

+0.0«81I9 

+0*0*6941 

+0.0*2692 

+0.0*9516 

+0.0«3(»3 

+0.0*2153 

+0.0*8839 

+0.0*3302 

+o.oni3o 

+0.0»6471 

+0.0*2890 

+0.0*1108 

+0.0*4000 

+ 0 . 0 n 886 

+0.0^8652 

+0.0*3603 

+0.0*1371 

+0.0*5336 

+0.0^2586 

+0.0*1136 

+0.0*4553 

+0.0*1467 

+0.0*7506 

+0.0*3476 

+0.0*1467 

+0.0*3922 

+0.0*2118 

+0.0*1034 

+0.0M590 

+0.0*1021 

+0.0*5816 

+0.0*2989 

+0.0n396 

+0.01*2589 

+0.0*1555 

+0.0*8417 

+0.0*4133 

+0.0116402 

+0.01*4054 

+0.0*2309 

+0.0*1191 

+0.0111544 

+0.01*1031 

+0.01*6175 

+0.0*3347 

+0.01*3637 

+0.0112557 

+0.01*1611 

+0.01*9172 

+0.01*8368 

+0.01*6196 

+0.0114105 

+0.01*2453 

+0.01*1882 

+0.01*1467 

+0.0111022 

+0.01*6409 

+0.01*4139 

+0.01*3397 

+0.01*2486 

+0.0111636 

+0.01*891 

+0.01*7696 

+0.0"5917 

+0.0**4085 

+0.01*188 

+0.0‘n706 

+0.01*1378 

+0.0>*9976 

+0.01*39 

+0.0**370 

+0.01*3142 

+0.01*2385 

+0.01^8 

+0.01*79 

( 

+0.0“702 

+0.01*5585 

+0.01*2 

1 

+0.01*16 

+0.01*3 

+0.01*1 

+0.01*154 

+0.01^ 

+0.01*7 

+0.01*1 

+0.01*1281 

+0.0**288 

+0.01*64 

+0.01*14 

+0.0”3 

+o.oin 


V 

Jp{2S) 

J, (26) 

/p(27) 


/p(29) 

0 

+0.0963 

+0.1560 

+0.0727 

-0.0732 

-0.1478 

1 

-0.1254 

+0.0150 

+0.1366 

+0.1306 

+0.0069 

2 

-0.1063 

-0.1548 


+0.0825 

+0.1483 

3 

+0.1083 


-0.1459 

-0.1188 

+0.0135 

4 

+0.1323 

+0.1459 

+0.0302 

-0.1079 

-0.1455 

5 

-0.0660 

+0.0838 

+0.1548 

+0.0879 

-0.0537 

6 

-0.1587 

-0.1137 

+0.0271 

+0,1393 

+0,1270 

7 

-0.0102 

-0 . 1362 

-0.1428 

-0,0282 

+0.1062 

8 

+0,1530 

+0.0403 

-0.1012 

-0.1534 

-0,0757 

9 

+0.1081 

+0 . 1610 

+0.0828 

-0.0595 

-0.1480 
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/p ( 26 ) 


Jp ( 27 ) 


jpim 


jpm 


10 

11 

12 

13 

14 

15 

16 

17 

18 
19 


- 0.0752 
- 0.1682 
- 0.0729 
^” 0 .0983 
+ 0.1751 

+ 0.0978 

- 0.0577 

- 0.1717 

- 0.1758 

- 0.0814 


+ 0.0712 

- 0.1063 

- 0.1611 

- 0.0424 

+ 0.1187 

+ 0.1702 

+ 0.0777 

- 0.0745 

- 0.1752 

- 0.1681 


+ 0.1564 

+ 0.0330 

- 0.1295 

- 0.1481 

- 0.0131 

+ 0.1345 
+ 0.1625 
+ 0 . 0582 




- 0.1772 


+ 0.1152 

+ 0.1418 




- 0.1450 

- 0.1309 

+ 0.0142 

+ 0.1461 

+ 0.1527 

+ 0.0394 

- 0.1021 


- 0.0161 

+ 0.1369 

+0.1200 

- 0.0376 

- 0.1537 

- 0.1108 

+ 0.0391 

+ 0.1539 

+ 0.1414 

+ 0.0216 



+0 

+0 

+0 

+0 

+-0 


0520 

1646 

2246 

2306 

1998 


+ 0.1529 

+ 0.1061 

+ 0.06778 

+ 0.04028 

+ 0.02245 



+0 

+0 

+0 

+0 

+0 


01181 

0>5889 

0W95 

0*1267 

0*550 


+ 0 . 0*229 

+ 0 . 0*92 

+ 0 . 0*36 

+ 0 . 0*13 

+ 0 . 0*5 

+ 0 . 0*2 

+ 0 . 0*1 


- 0.0704 

+ 0.0597 

+ 0.1669 

+ 0.2227 

+ 0.2271 

+ 0.1966 

+ 0.1510 

+ 0.1053 

+ 0.06776 

+ 0.04063 

+ 0.02288 

+ 0.01217 

+ 0 . 0*6147 

+ 0 . 0*2957 

+ 0 . 0*1360 

+ 0 . 0*599 

+ 0 . 0*254 

+ 0 . 0*103 

+ 0 . 0*41 

+ 0 . 0*15 

+ 0 . 0*6 

+ 0 . 0*2 

+0.0*1 


- 0.1601 

- 0.0600 

+ 0.0668 

+ 0.1688 

+ 0.2209 

+ 0.2238 

+ 0.1936 

+ 0.1491 

+ 0.1045 

+ 0.06773 


+0 

+0 

+0 

+0 

+0 


04096 

02329 

01253 

0*6400 

0*3118 


+ 0 . 0*1453 

+ 0 . 0*650 

+ 0 . 0*279 

+ 0 . 0*116 

+ 0 . 0*46 

+ 0 . 0*18 

+ 0 . 0*7 

+ 0 . 0*2 

+ 0 . 0*1 


- 0.1779 

- 0.1521 

- 0.0502 

+ 0.0732 

+ 0.1704 


+0 

+0 

+0 

+0 

+0 

+0 

+0 

+0 

+0 

+0 


2190 

2207 

1908 

1473 

1038 

06769 

04126 

02368 

01287 

0*6648 


+ 0 . 0*3278 

+ 0 . 0*1548 

+ 0 . 0*701 

+ 0 . 0*306 

+ 0 . 0*128 

+ 0 . 0*52 

+0.0*20 

+0.0*8 

+ 0 . 0*3 

+ 0 . 0*1 


- 0.1131 

- 0.1776 

- 0.1441 

- 0.0410 

+ 0.0790 

+ 0.1718 
+ 0.2172 
+ 0.2176 
+ 0.1881 
+ 0 . 1456 

+ 0.1030 

+ 0.06763 

+ 0.04155 

+ 0.02405 

+ 0.01320 

+ 0 . 0*6891 

+ 0 . 0*3437 

+ 0 . 0*1642 

+ 0 . 0*754 

+ 0 . 0*333 

+ 0 . 0*142 

+ 0 . 0*58 

+ 0 . 0*23 

+ 0 . 0*9 

+ 0 . 0*3 
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11. CURVES Ain> TABLES OF SINE AND COSINE INTEGRALS I 

a. Sine and cosine integral curves : 
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Sine and cosine integral tables : 



X 

Si ( x ) 

Ci ( x ) 

Ei { x ) 


0.00 

1 + 0.000000 

1 — oc 

» 

— X 

— QO 

0 01 

+ 0.010000 

: - 4.0280 

-4 0179 

- 4.0379 

0 02 

! + 0.019999 

- 3.3349 

-3 3147 
- 2 8991 

-3 3547 

0 03 

+ 0.029998 

- 2.9296 

- 2.9591 

0.01 

+ 0.039996 

i - 2.6421 

j 

- 2.6013 

- 2.6813 

0.05 

+ 0.04999 

- 2.4191 

- 2 3679 

- 2.4679 

0.06 

+ 0.05999 

- 2.2371 

- 2.1753 

-2 0108 

-2 2953 

0.07 

+ 0.06998 

- 2.0833 

- 2.1508 

0.08 

+ 0.07997 

- 1.9501 

- I 8669 

- 2 . 0269 

0.09 

+ 0.08996 

- 1 . 8328 

- 1 7387 

-1 9187 

0.10 

+ 0.09994 

- 1.7279 

- 1 . 6228 

- 1 8229 

0.11 

+ 0.10993 

- 1.6331 

- 1.5170 

- 1.7371 

0.12 

+ 0.11990 

- 1.5466 

- 1 4193 

- 1 . 6595 

0.13 

+ 0.12988 

- 1 . 4672 

- 1 3287 

- 1.5889 

0.14 

+ 0. 13985 

- 1.3938 

- 1 . 2438 

- 1.5241 

0.15 

+ 0 . X 4981 

- 1 . 3255 

- 1.1641 

- 1.4645 

0.16 

+ 0.15977 

- 1.2618 

- 1 0887 

- 1 .4092 

0.17 

+ 0. 16973 

- 1 . 2020 

- 1 0172 

- 1 3578 

0.18 

+ 0.1797 

- 1.1457 

-0 9491 

- 1.3098 

0.19 

+ 0.1896 

- 1 . 092.5 

- 0.8841 

- 1.2649 

0.20 

+ 0.1996 

— 1.0422 

- 0.8218 

- 1 2227 

0.21 

+ 0.2095 

— 0.9944 

- 0.7619 

- 1 1829 

0.22 

+ 0.2194 

- 0.9490 

- 0.7042 

- 1 . 1454 

0.23 

+ 0.2293 

- 0.9057 

— 0.6485 

- 1 1099 

0.24 

+ 0.2392 

- 0.8643 

- 0.5947 

- 1 .0762 

0.25 

+ 0.2491 

-0 8247 

— 0.5425 

- 1.0443 

0.28 

+ 0.2590 

- 0.7867 

-0 4919 

- 1.0139 

0.27 

+ 0.2689 

- 0.7503 

- 0.4427 

- 0.9849 

0.28 

+ 0.2788 

-0 7153 

- 0 3949 

- 0.9573 

0.29 

+ 0.2886 

- 0.6816 

- 0.3482 

- 0.9309 

0.30 

+ 0.2985 

- 0.6492 

- 0.3027 

- 0.9057 

0.31 

+ 0.3083 

- 0.6179 

- 0.2582 

- 0.8815 

0.32 

+ 0.3182 

- 0.5877 

- 0.2147 

- 0.8583 

0.33 

+ 0.3280 

— 0.5585 

- 0.17210 

- 0.8361 

0.34 

+ 0.3378 

- 0.5304 

- 0. 13036 

- 0.8147 

0.35 

+ 0.3476 

- 0.5031 

- 0.08943 

- 0.7942 

0.36 

+ 0.3574 

- 0 . 4767 

- 0 . 04926 

-0 7745 

0.37 

+ 0.3672 

- 0.4511 

- 0.00979 

- 0.7554 

0.38 

+ 0.3770 

- 0.4263 

+ 0.02901 

-0 7371 

0.39 

+ 0.3867 

- 0.4022 

+ 0.06718 

- 0.7194 

0.40 

+ 0.3965 

- 0.3788 

+ 0.10477 

- 0.7024 

0.41 

+ 0.4062 

- 0.3561 

+ 0.14179 

- 0.6859 

0.42 

+ 0.4159 

- 0.3341 

+ 0. 17828 

- 0 6700 

0.43 

+ 0.4256 

- 0.3126 

+ 0.2143 

-0 6546 

0.44 

+ 0.4353 

- 0.2918 

+ 0.2498 

-0 6397 

0.45 

+ 0.4450 

- 0.2715 

+ 0.2849 

-0 6253 

0.46 

+ 0.4546 

- 0.2517 

+ 0.3195 

-0 6114 

0.47 

+ 0.4643 

- 0.2325 

+ 0.3537 

- 0.5979 

0.48 

+ 0.4739 

- 0.2138 

+ 0.3876 

- 0.5848 

0.49 

+ 0.4835 

- 0.1956 

+ 0.4211 

- 0.5721 


X 


Si(x) 


CiU) 


Ei(x) 


Ei(— x) 


I 


0.50 

-r0.493l 

-0.17778 

0.51 

+0.5027 

-0.16045 

0.52 

+ 0.5123 

— 0 . 14355 

0.53 

+ 0.5218 

-0.12707 

0.54 

+0.5313 

-0.11099 

0.55 

+ 0.5408 

-0.09530 

0 . 56 

+0.5503 

- 0 . 07999 

0.57 

+ 0.5598 

— 0 . 06504 

0.58 

+ 0,5693 

— 0 . 05044 

0.59 

+ 0.5787 

-0.03619 

0.60 

+0 5881 

— 0.02227 

0.61 

+ 0.5975 

-0.0=8675 

0.62 

+ 0.6069 

+0.0=4606 

0.63 

-0.6163 

+ 0.01758 

0.64 

+ 0.6256 

+0.03026 

0.65 

-^0 6349 

+ 0.04265 

0.66 

+ 0.6442 

+ 0.05476 

0.67 

— 0 . 6535 

+ 0.06659 

0 68 

-^0 6628 

-0.07816 

0.69 

+ 0.6720 

+ 0 08946 

0 70 

-0 6812 

+ 0.10051 

0.71 

+ 0 6904 

+ 0.11132 

0.72 

^0 6996 

+ 0.12188 

0.73 

+ 0 7087 

+ 0. 13220 

0.74 

+ 0.7179 

+ 0.14230 

0.75 

+ 0 7270 

+0.15216 

0 76 

-^0.7360 

+ 0.16181 

0.77 

-0 7451 

+ 0.17124 

0 78 

-^0 7.541 

+ 0. 1805 

0.79 

+ 0.7631 

+0-1895 

0 80 

+ 0 7721 

+ 0.1983 

0 SI 

+ 0.7811 

+ 0.2069 

0 82 

+ 0 7900 

+0.2153 

0.83 

-i-0 7989 

+ 0.2235 

0.84 

+ 0.8078 

+ 0.2316 

0 So 

+ 0 8166 

+0.2394 

0 . 86 

-^0.8254 

+ 0.2471 

0.S7 

-0.8342 

+0.2546 

0 88 

-^0.8430 

+ 0 2619 

0.89 

-^0.8518 

+ 0.2691 

0.90 

-^0 86 0.5 

-s-0.2761 

0.91 

4-0 8692 

4- 0 2829 

0.92 

-0 8778 

+0 2896 

0 93 

-1- 0 8865 

+0 2961 

0 94 

-0.8951 

+ 0 . 3024 

0 95 

- 0 9036 

+ 0.3086 

0.96 

-0 9122 

+ 0.3147 

0.97 

-0.9207 

+0.3206 

0 9S 

-^0 9292 

+ 0 . 3263 

0 99 

4-0 9377 

+0.3319 

1 on 

— 0.9461 

+ 0-3374 


) 


+ 0.4542 
+0.4«70 
+0. 5195 
+0 . 5517 
+ 0.5836 

■i 0.6153 
+ 0.8467 
+ 0.6778 
+ 0.7087 
+ 0.7394 

+0.7699 
+0.8002 
+0.8302 
+ 0.8601 
+0.8898 

+0.9194 
+0.9488 
+0.9780 
+ 1.0071 
+ 1.0361 

+ 1.0649 
+ 1.0936 
+ 1.1222 
+ 1.1507 
+ 1.1791 

+ 1 . 2073 
+ 1 . 2355 
+ 1 . 2636 
+ 1.2916 
+ 1.3195 

+ 1 . 3474 
+ 1.3752 
+ 1.4029 
+ 1.4306 
+ 1 . 4582 

+ 1.4857 
+ 1.5132 
+ 1.5407 
+ 1.5681 
+ 1 . 5955 

+ 1 . 6228 
+ 1.6501 
+ 1 . 6774 
+ 1.7047 
+ 1.7319 

+ 1.7591 
+ 1.7864 
+ 1.8136 
+ 1.8407 


- 0 . 5598 
-0.5478 
-0.5362 

- 0 . 5250 
-0.5140 

-0.5034 

- 0 . 4930 
-0.4830 

- 0 . 4732 
-0.4636 

-0.4544 

- 0.4454 
-0.4366 
-0.4280 
-0.4197 

-0.4115 
-0 4036 
-0.3959 
-0.3883 
-0.3810 

-0.3738 

-0.3668 

-0.3599 

-0.3532 

-0.3467 

-0.3403 
-0 3341 
-0.3280 
-0.3221 
-0.3163 

-0 3106 
-0.3050 
-0 2996 
-0.2943 
-0.2891 

-0.2840 

-0.2790 

-0.2742 

-0.2694 

-0.2647 

-0.2602 

— 0 . 2557 
-0.2513 
-0.2470 
-0.2429 

-0.2387 

-0.2347 

-0.2308 

- 0 . 2269 
-0.2231 


M.8679 
+ 1.8951 


-0.2194 


1 
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1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

2.0 

2.1 

2.2 

2.3 

2.4 

2.5 

2.6 

2.7 

2.8 

2.9 

3.0 

3.1 

3.2 

3.3 

3.4 

3.5 

3.6 

3.7 

3.8 

3.9 

4.0 

4.1 

4.2 

4.3 

4.5 

4.7 

4.8 

4.9 
5.0 


+ 0.9461 
+ 1.0287 
+ 1.1080 
+ 1.1840 
+ 1.2562 
+ 1.3247 


+1 
+1 
+ 1 
+ 1 
+ 1 

+ 1 
+ 1 
+ 1 
+ 1 
+ 1 


.3892 

.4496 

.5058 

.5578 

.6054 

.6487 

.6876 

.7222 

.7525 

.7785 


+ 1.8004 
+ 1.8182 
+ 1.8321 
+ 1.8422 
+ 1.8487 

+ 1.8517 
+ 1.8514 
+ 1.8481 
+ 1.8419 
+ 1.8331 


+ 1 
+1 
+ 1 
+1 
+ 1 


8219 

8086 

7934 

7765 

7582 


+ 1.7387 
+ 1.7184 
+ 1.6973 
+ 1.6758 
+ 1.6541 

+ 1.6325 
+ 1.6110 
+ 1.5900 
+ 1.5696 
+ 1.5499 


+ 1 
+ 1 
+ 1 
+ 1 
+ 1 


4247 

4546 

5742 

6650 

6583 


+ 1.5783 
+ 1.5050 
+ 1.4994 
+ 1.5562 
+ 1.6182 


+0 

+0 

+0 

+0 

+0 

+0 

+0 

+0 

+0 

+0 

+0 


3374 

3849 

4205 

4457 

4620 

4704 

4717 

4670 

4568 

4419 

4230 


+ 0.4005 

+ 0.3751 

+ 0.3472 

+ 0.3173 

+ 0.2859 


+0 

+0 

+0 

+0 

+0 


2533 

2201 

1865 

1529 

1196 


+ 0.08699 

+ 0.05526 

+ 0.02468 

- 0.004518 

- 0.03213 

- 0.05797 

- 0.08190 

- 0.1038 

- 0.1235 

- 0.1410 

- 0.1562 




- 0.1795 

- 0.1877 

- 0.1985 

- 0.1970 

- 0.1984 

- 0.1976 

- 0.1948 

- 0.1900 




+ 0.07670 
+ 0.1224 
+ 0 . 05535 
- 0.04546 

- 0.08956 

- 0.04978 

+ 0.02676 

+ 0.06940 

+ 0.04628 




X 


Si(r) 


Ci(x) 


Ci(x) 




- - -x - A 

20 

1 

-i- 1.5482 

+0.04442 

25 

-rl-5315 

-0.00685 

30 

-r 1.5668 

-0.03303 

35 

-f 1 . 5969 

-0.01148 

40 

-i-1.5870 

+0.01902 

1 

45 

+ 1.5587 

[ 

+0.01863 

50 

+ 1 . 5516 

-0.00563 

55 

+ 1.5707 

— 0.01817 

60 

+ 1.5867 

-0.00481 

65 

■T" 1.0/ / 5 

+ 0.01285 

70 

+ 1.5616 

+0.01092 

75 

+ 1 . 5586 

-0.00533 

80 

+ 1.5723 

-0 01240 

85 

+ 1.5824 

— 0.001935 

90 

+ 1 . 5757 

+0.009986 

95 

+ 1.5630 

+0.007110 

100 

+ 1 5622 

— 0 005149 

110 

+ 1 . 5799 

-0.000320 

120 

— 1.5640 

-0.004781 

130 

+ 1 . 5737 

1 

-0.007132 

l 


X 

Si(x) 

Ci(x) 

140 

+ 1.5722 

+0.007011 


+ 1 . 5662 

-0.004800 


+ 1 . 5769 

+ 0.001409 


+ 1 . 5653 

+ 0.002010 


+ 1 . 57 4 1 

— 0.004432 


+ 1.5704 

+0.005250 


+ 1 . 5684 

-0.004378 


+ 1.5709 

-0.003332 

400 

+ 1.5721 

-0.002124 

500 

+ 1 . 5726 

-0.0009320 


+ 1 .5725 

+0.0000764 

700 

+ 1 . 5720 

+ 0.0007788 


+ 1.5714 

— 0.001118 


+ 1.5707 

+0.001109 

10* 

+ 1 . 5702 

+ 0 . 000826 


+ 1.5709 

-0.0000306 


+ 1.5/ 08 

+ 0.0000004 


+ 1.5708 

-0.0000004 


-p 1 . 5 < 08 

+ 0.0 

00 

H 

0.0 


I 


Max. 

Min. 


(Ci x) 


Max. 

Min. 


(Si x) 


0.5 

1 . 5 

2. 5 

3. 5 

4.5 

5 . 5 

6.5 

7.5 

8.5 

9.5 

10.5 

11 5 

12 5 

13.5 

14 5 

15 5 


+0. 

472 

00 

-0. 

198 

41 

+0. 

123 

77 

-0 

0 S 9 

564 

+0. 

070 

065 

-0 

057 

.501 

+0, 

048 

742 

-0. 

042 

292 

+0. 

037 

345 

-0 

033 

433 

+0 

030 

260 

-0 

027 

637 

+0 

025 

432 

-0 

023 

552 

+0 

021 

931 

-0 

.020 

519 


1 

2 

3 

4 

Mr 

O 

6 

7 

8 
9 

10 

11 


-hO 

-0 

+0 

-0 

-0 

+0 

-0 

+0 

-0 

+0 

-0 

+0 

-0 

+0 


281 

152 

103 

078 

063 

052 

015 

039 

035 

031 

028 

026 

024 

022 

021 


14 

64 

96 

635 

168 

762 

289 

665 

280 

767 

889 

4 S 9 

456 

713 

201 
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19 factorials of numbers from 1 TO 20 AND THEIR 
“ reciprocals 


n 

n! 

or |n 


1 

nl 

1 

or r- 
!!! 


1 

1 



1. 



1 

i 

9 

2 



5. 


10-" 

Q i 

6 



1.6666 

6667 

10“" 

4 

2.4 


10 

4.1666 

6667 

10"* 

5 

1.2 


10* 

8.3333 

3333 

10-* 

6 

7.2 


10* 

1,3888 

8889 

10-* 

7 

5.04 


10» 

1.9841 

2698 

10-* 

8 

4.032 


10* 

i 2.4857 

0718 

10-* 

9 

3.6288 


10» 

2 . 7557 

3192 

10'« 

10 

3.6288 


10* 

2 . 7557 

3192 

10-* 

11 

3.9916 

8 

10^ 

2.5052 

1084 

10* 

12 

4.7900 

16 

10* 

2.0876 

7570 

10“* 

13 

6.2270 

208 

10» 

1-6059 

0438 

10-10 

14 

8.7178 

2912 

10"® 

1 . 1470 

7456 

10-"" 

15 

1.3076 

7437 

10"* 

7.6471 

6373 

10-"* 

16 

2.0922 

7899 

10"* 

4.7794 

7733 

10-"* 

17 

3.5568 

7428 

10"^ 

2.8114 

5725 

10-"* 

18 

6-4023 

7371 

10"* 

1.5619 

2069 

10""* 

19 

1.2164 

5100 

10"^ 

8.2206 

3525 

10-"® 

20 

2.4329 

0201 

10"* 

4.1103 

1761 

10-"® 


13. USEFUL CONSTANTS 

(1) c = 2.71828183 

(2) - = 0.36787944 

e 

(3) log f = 0.43429448 

(4) log log c = 9.63778431 — 10 

(5) X = 3 . 14159265 

(6) - « 0.31830989 

(7) X* = 9.86960440 

(8) Vr = 1 . 77245385 

(9) log X = 0.49714987 

(10) In X = 1 . 14472989 

(11) log 2 = 0.30103032 

(12) log 3 = 0.47712125 

(13) In 2 = 0.69314718 
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(14) 

(15) 

(16) 


(17) 


(IS) 


In 3 = 1.09861229 
In 10 = 2.30258509 
y = 0.57721566 
= Euler’s constant 
decibels „ 

— = = 8.685SS964 

or nepers 

a nepers ^ ^ ^ 

- 0 


(19) 1 radian = 


ISO 


= 57=17'44.8" 
= 57.'29577951 


( 20 ) 1 “ = 

( 21 ) 

( 22 ) 


ISO 

% 2 
\ 3 


= 0.01745329 radians 

= 1.41421356 
= 1.732050S1 


14. ALGEBRAIC FORMULAS 


a. Miscellaneous Formulas : 

(1) a -h b = 6+ a 

1 2' (u + 6) + r = a + (6 + r) 

(3) a + r = 6 + d, if a =6 and c 

(4) tjb = btj 

f5) tab)c = a(6r) 

6) a(b + r) = a6 + ar 
t 7 » ac = if a = 6 and c = d 

(5) a + ( —6) =0—6 

(9» a — ( —6) = a + i> 

(10) 0 • a =0 

( 11 » - =0 
a 


( I2i 


(13i 


(It 


a = 


= imleterminate 


(15' -r = in4lf*icrminafe 




( 20 ) 


(21# 


indeterminate 


(17) a( —6' = — a6 

(IS# I — o K — 6i as nb 

il9) — («i — 6+r) = — a + 6 


rr 

hr 


— a 


o 6 

( 22 ) - 4 - - 
r r 


-6 

a + 6 
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(24) = 


a — b 
c 

€td he 

hd 



(27) (a*)(a») = 

(28) (a*)* = or* 

(29) (abc)’* = a"6"c" 



(31) ^ ^ 

(32) o* = 1 


(33) o» = 

(34) a- = ^ 


(35) (a + 5)(o + W = a* + 2a6 + 6* 

(36) (a + 6)(o - 6) = a* - 6* 

(37) (a — 6) (a — 6) = a* — 2a6 + 6* 

(38) (a + 5)(c — d) = ac + 5c — od — fcd 

(39) Factorial number n! = |n = l*2*3 • • • (n — l)n 

5. Simultaneoas equations : 

1. The solution of the two simultaneous equations 


by determinants is 


oix + biy = Cl 
atx + bty = cj 



X = 


y = 


Cl 6| 

Ca 5» ' 

|ai &i 

[as bsl 

E l Cl 

— « 
ai 6i 

o* bj 


The solution of three simultaneous equations 


Cix + biy + Ci2 = di 
a*® + bty + ciis = di 
og® + biy + CiS = dj 
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bv determinants is 


X — 


y = 



di 

61 

cii 


di 

6: 

C^l 


dz 

63 

Cat 


dl 

fei 

Cl 

1 

Uj 


1 

ci! 


03 


1 

a, 

di 




Cl' 

} 

C2’ 


Qi 



Oi 

61 

Cl 


o; 

c 

bt 

Cl 


d% 

b. 

C3 



6. 

d:\ 


!o2 

fcj 

dj 


03 

6, 

d,' 


Oi 

6t 

Cl 


Oi 

6. 



03 

6» 

C 3 - 


z = 


c. Quadratic equations: 

For the quadratic equation 

bx + c = 

the solution by the quadratic formula is 


0 


X = 


b ± \^b‘ — 4ac 


2a 


If the discriminant 5* — 4ac is positive, zero, or negative, the roots are 
accordingly real and unequal, real and equal, or unequal and complex 
numbers, 

d. Binomial theorem (n being a positive integer): 

n^n — 


(a ± = a* ± nu 


+ 


— D - , n(n — iMn — 2) ^ 

^ ± 2 — o’* + 


e. Trapezoidal rule : 


k = n — 1 


= Ax r ' i 1 yo + y*) + ^ 

^ *= 1 




where T = area 

Ax = width of strips 
yt = height of Arth strip 
n = number of strips 

f. Simpson’s rule : 


o 


k=--l 

* o 


A = 


+ yn) + ^ yrik^u +2 ^ 

L jt = i 



where the letters have the same meaning as given 
rule. 


above in the trapezoidal 
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16. LOGARITHMIC FORMULAS 

In = natural logarithm to base e 

(2) log = common logarithm to base 10 

(3) logl=0 tol=0 

(4) log 10 = 1 

(5) 1<« oh = log o + 1®8 ® 

(6) log o- = » log a 

1 1 

(7) log o* - ^ “8 ® 

(8) If » = log * 

10 » = * 

(9) log X = log t In X = 0.4343 In X 

flOl In X = In 10 log X = 2.3026 log x 

11) The characteristic of a number is the whole number part of the coi^on 
logo ^-thm and is the exponent of 10 when the number is written m 

scientific notation. 

(12) The of a number is the decimal part of the common logarithm 

found in the tables. 

(13) Example of characteristic and mantissa 

log (3.1623)10* = 2.500 

where 2 — the characteristic, from exponent of 10 
0 5 = the mantissa, from logarithm tables 


lnah = lna+lnh 
In a* = n In a 

In a" = — In o 
n 

If y = In X 

= a: 


Thus 


OQ = in*-« 


16. COMPLEX QUANimBS 

(1) i = V^ or j» = -1 

(2) a +fi = Vo* + h* (cos a +j sin a) 

= C«'“ = C/a 

where C — Vo* + 6* 

b £dn a 

tan a = - = 

a cos a 

(3) (o +fi) + (c +fd) = (a+e) +J(b + d) 

(4) (o +jb) - (e +jd) = (o - c) +J(b - d) 

(5) (a +jb)(c +jd) = (oc - 6d) + i(6c + od) 

(6) (o + i6)(c —jt0 = (ae+bd) +j(be — ad) 

a +jb _ a + jb c —jd _ ac + bd . .be — ad 
' ' e +jd ~ e + jd ' e - jd ~ e* + d* "•‘^c* + d* 

/o\ O+jh Cef“ C C , ■ / />« 

(8) T+jd = Wfi = = JCOS (a - « gsm (a - fi) 

where C = "Vo* +'W; tan « = — 

a 

E = Vc* + d*; tan P “ ~ 

(9) Ifa+ih = e+jd 

then a = c 

and 5 = d 



17. TRIGONOMETRIC CHARTS AND FORMULAS 


a. Chart of fraction values for trigonometric functions : 


Degrees 

Sine 

Cosine i 

Tangent 

Cotangent 


0 

1 

1 


30 

30 

H 

H \/3 

1 

1 

Vs 

V3 

45 

H V2 

H V2 

1 

1 

1 

1 




V3 

1 

V3 

0 


1 

0 

00 

120 

H v's 

( 


- V3 

1 

%/3 

135 

^2 ^/2 

1 

-HV2 I 

\ j 

-1 

-1 

150 


V3 

_ 1 
a/3 

- V3 

180 

0 

-1 

▼ 1 

0 

30 


b. Chart for reducing angles : 


1 

( 

Angle j 

1 

! Sine 

1 

Cosine ■ 

1 

i Tangent 

Cotangent 

± « 

± sin a. 

+ cos a 

t 

± tan a 

± cot a 

90^ ± a 

+ cos a 

-r sm a i 

^ ctn a 

V tan a 

180’ ± « 

T sin a 

— COS a 

± tan a 

± cot a 

270= ± a 

1 — cos a 

± sin a 

-t~ ctn a 

+ tan a 

360= ± a 

± sin a 

! 

+ COS a 

tan a 

i 

i 

\ ± cot or 

1 


Y 

Second Quadrant 

+ sin ct 

— cos a 

— tan a 


First Quadrant 

+• sin <x 
-hcos a 

-h tan a 



— sin ct 
+ COS a 

— tan a 


Third Quadrant Fourth Quadrant 


A 



0 90" 180° 270 360 

Eirst Second Third Fourth 


Fig. 98. — Algebraic signs and graphs of trigonometric fxmctions in the vari< 

quadrants. 
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+ 


+ 


+ : p 


i o 


+ 


a 



9« 



: 0 

«• 




o 

o 



m 

O 

O 

9 


008 


0 


1 

o 

o 


1 

COE 

Wl 

o 

9 

1 


Bv 

O 


> 


>1 



> 



1 


1“ 

/ 


1“ 



1 

sin 


sin 

sin 



1 

sin 

1 

1 

c 

'SS 


> 


> 

> 
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cf. Trigonometric formulas : 

(1) sin <x = - = cos 8 

c 

(2) cos a = - = sin 8 

c 

(3) tan ct = - — cot p 

a 


(4) 

(5) 


tan Of = 


sin a 
cos a 


cos 8 
sin 8 


sin a = 




Fig. 99. — Right tri 
angle for use with trigo 
nometric formulas- 


(6) 

(7) 

( 8 ) 

(9) 

( 10 ) 

( 11 ) 

( 12 ) 

(13) 

(14) 

(15) 


JCL 


COS a = 


+ € 


— JOr 


tan a = 


. € 


ja 


io 




—it 


sin ( —or) = — sin a 
cos ( — Qe) = cos or 
tan (—or) = — tan a 

cos a 



tin; tan ^ 

(17) sin I 




^ tAU Ct 


\|a 


COS or) 


(1 + cos a) 


sm a 


(18) cos ^ = 

/1fl\ ® ^ COS Gt 

(19) tan ^ ^ — 

^ Sin a 1 -F cos a 

(20) sin 2a = 2 sin or COS a 

(21) COS 2a = 1 — 2 sin- a = 2 cos* a 

(22) tan 2a = ° 

1 — tan* a 

(23) sin 3a = 3 sin a — 4 sin* a 

(24) cos 3a = 4 COS* a — 3 COS a 

’9 1 — ^98 2a 

(2o) sm* a = s 


- 1 


(26) 

(27) 

(28) 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

(38) 

(39) 


, 1 -h cos 2a 

COS* a = ^ 

sin* a + cos* a = 1 

. _ 3 sin a — sin 3a 

sm* a = : 


cos* a 


3 cos a -h COS 3a 
4 


sin (a + 8) 
sin (a — 8) 
cos (a + 8) 

COS (a — 8) 


= sin a COS 8 -h cos a sin 8 
= sin a COS 8 “ COS a sin 8 
= cos a COS 8 — sin a sin 8 

= COS a COS 8 + sin a sin 8 


tan (a + ^) 

tan (a 8) 

sin (a + 8) 
sin {ct + /3) 
cos (a -I- 

COS (a — /3) 


_ tan a -|- tan 8 
1 — tan a tan 8 
_ tan a — tan 8 
1 + tan a tan 8 
+ sin (a — ^) =2 sin a cos 8 

— sin (a — ^) =2 cos a sin 8 
+ cos (a — ^) =2 cos or COS 8 

— cos (a + =2 sin a cos 8 
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18. EXPOHBHTIAI. AND HYPBRBOUC FORMULAS 


j2) = cos fi i sin fi 

(3) ^ — cosh a + sinh a 
^ 4 ^ £-« = cosh a — sinh a 
^ 5 ) ^ cos fi + jV* sin fi 

= (cosh a cos fi + sinh a cos /J) 

4- j(cosh a sin 0) + sinh a sin fi) 
bm Bf>tw t***** between hyperbolic and arcnlar functions: 

(1) sinh jP ^ j sin ^ 

(2) cosh jP = cos p 

( 3 ) sinifJ =/smh/J 

(4) eos jP = cosh p 

c. Hyperbolic functions : 

(1) sinh p = 2 

P) cosh = 2 

, ^ ^ - €"^ 

( 3 ) tanh /J — 

(4) sinh (-P) = - sinh 

(5) cosh (-/J) = cosh P 

(6) cosh* P — sinh* P — 

(7) sinh (a + d) = sinh 

(8) sinh (a - W = sinh 

(9) cosh {« + ^) == cosh a cosh p s inh a sinh p 

d. Chadar and hyperbolic functions of complex quantities; 

(1) i?iiih (a + jP) = sinh a cosh jP ± cosh « Mh jP 

— sinh a COS ^ ± i cosh a sin p 

/ . tan P 

=; Vsinh* a + sm* ^ ± tan ‘ 

(2) cosh (a ± jP) = codh a cosh yd ± sinh a sinh 

— cosh cr cos 0 ± y sinh <x sin ^ 

= Vfinh* a + cos* d/ ± tan^* (tan P tanh a) 

( 3 ) sin (iz ± yd) = sin a cosyid ± ©os a sin yd 

= sin a cosh P ^ j cos ce sinh p 

= >/ sin* a + sinh* d ^ i tan~* tan~« 

(4) cos (a + yd) = cos a cos yd ^ ain a m yd 

== cos a cosh d T y sin a sinh p 
= cos* « + sinh* d/T tan~* (tanh p tan g) 


d 

1 

a cosh d cosh cr sinh d 
a cosh d — cosh a sinh d 


a, HqKmential formulas : 
5= cos d J ^ 
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19. STANDARD ELEMENTARY CALCULUS FORMULAS 


Derivative 

in 

dx 


Function 

y 


Vlgebraic 


0 

0 

0 

1 

a 

2x 

fix 

— x"* 
du dv 
dx dx 
dv du 
^ dx ^ dx 


0 

1 

a 

X 


~i 


u + r 


U 9 


du 


dv 


^ dx “dx 


u 


V* 


du 

dv 


u 


1 


(x H- ay 

X 


(a* + x*)^ 

b 

(a ± bxy 
— 3a*x 


(a* + x*.)H 


a 


In a 


bc^^ In a 
x-i 

0.4343x“i 
cos X 


X + a 
1 


\/a* + X 
1 

a ± bx 


{a^ -h x^4i 
TransA*enden tal 


In X 
log X 
sin X 


lnt«t(ral 


c 

X + C 

ax + C 
.4 X* + C 
4 ox* + C 

4 x’ + c 
* ^' + c 


n 4- 1 
In X + C 

/u dx -4- /t dx 
No general form 


No general form 
fudv ur — Jr du + C 
In (x + a) + C 
In (x 4- V^a* 4- x*) 4- C 


± ^ In (a 4“ bx) 4* C 


+ C 


V a* 4“ X 


I 

— € 
a 

a* 


in a 


4-C 


4-C 


+ C 


6 In a 
X ^In X — 1) 4* C 

0-4343 (In x - 1) 
— cos X 4" C 
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1ft. STAHDAKD ELBBftENTARY CALCULUS FORMULAS.— (Conlintial) 


Derivative 

dx 


Functioii 

y 


Integral 

fydz 


a cos ax 
— sin X 
—a sin ax 
sec* X 
a sec* ax 
cosh X 
a cosh ax 
sinh X 
a rinh x 
sech* X 


Sin ax 
cos X 
cos ax 
tan X 
tan ax 
sinh X 
sinh ax 
cosh X 
cosh ax 
tanh X 
tanh ox 


cos ox -h C 

a 

sin X -h C 

— sin ax + C 
a 

— In cos X + C 

— - In cos ox + C 
a 

cosh X + C 

i cosh ox + C 
a 

rinh X + C 

— sinh ox + C 
o 

In cosh X + C 

— - In cosh ox + C 
o 


20. OTHER USEFUL INTEGRALS 




= ^ — 1 ) 






(mI di — -T‘~ r — s t« sm («iil + — oi cos (od + 

cr <ar 

(tat if) dt = ^ ^ — i {a cos (ui + « sin (c4 + ^)1 


Cx 


%:X 


9 \ t 




(nd — X 


« da 
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21. SERIES 


a. Exponential : 


(1) 6* = l+ Z+ ^+ ^ 


(2) a* = 1 + X log a + — 


2 



b. Trigonometric: 


JT^ 

(1) sin X = X — — + 

o o . ■ 


(2) cos X — 


X* x< x« 

^ ^ --6 + 


( 3 ) tan X — X + 


c. Hyperbolic : 


(1) sinh X — X + 


( 2 ) cosh X = 1 + 


(3) tanh x — x 


x^ 

2x4 

17x’ . 

3 + 15 

A- 

315 ^ 

x‘^ 

0 


x' . 

+ - + 

— + • 

3 

0 

/ 

X- 


■r® . 

■ *9: 

<wr 


I ■ 

x^ 

2x^ 

+ 15 ■ 

17x^ 

■ "s 

315 


m • 


* • 


d. Logarithmic : 


In (1 + x) = X 


2 2:* + fa — Hx* + 


* • 


6. Sine and cosine Integral : 


Siix< = 


= /»' 


sin X 


dx — X — 


x" X* 

33 55 


Ci(x) 




cos X 


dx = 7 + In X — 


+ 


22 ■ 44 


66 


+ 


/. Bessel’s 


1 1 ) Jii(x) = 1 — 


4 ) 

X- 


2 2 * * 4 * 


2—4— 6- 


+ 


(2) 7a(x) 2' n[^ 2(2n - 



+ 


2-4i2ri 4-2ii2n -f'4) 

--6 


2 - 4 • 6(2n + 2)(2n + 4H2n + 6) 


+ 


« • 


*= * 

V 


1 


;t = o 


k n + k \2 


Cn an integer ) 


p. Binomial : 


, , , n- 71 — 1) . ^ 71^71 — l)(n — 2^ 

(1 ^ ^ 1 r ^ix + — x- ± ^5 + 


(■ 


= + a:X + a>x* + ciix^ + 


h. Power : 
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u Madaiirin’s : 


% 


j. Taylor’s: ,, 

(1) fix ) =^ f {. a ) + (* - <»)/'(«) + + -^-[3 


fix) =/(o) +afio) +j|/"(o) +i3/"'(o) + • • • 

jx - g)’ 

12 

(2) fix +h) = fix) + hf’ix) + ^f'ix) + + • • • 

k, Fourier’s: 

(1) fix) = ^ + Ai sin X + Ai cos 2x + A* cos 3x + • • • 


• • 


Ao 

2 


Bi cos X Bt cos 2x Bt cos 3x + • • 

n= « 

(A» cos nx + sin nx) 


n = 1 


where A© 




= - T'/w 

TT Jo 
1 /' 2 *' 

= - /n 
T Jo 


dx 


cos nxdx 


sin nx dx 


(2) fix) = Mo + Ml sin i<at + ^1) -h Mt sin (oj^ + ^j) -[-••• 

n= « 

= 2) Afn sin (tfi + ^«) 

n = ^> 

where n = 0 

and for n = 1, 2, 3, • 


Mn l±. = I P'/(x) €-»■»* dar 


22. WAVEFORMS 


a. Square sine wave 



Y 









T 








J 

1 

^ 















X 








2 
















1 























( 

} 

1 

TT 

I 

2ir 


X 


"0" 


4 

3anz 

«. 

lomo 

a 

1 

10 




a* 


n= «o 

s 

n = 1 


2n - 1 


sin (2n -- l)x 


4 Er , , 1 . 

— j sin + 3 sin 3x 4* j sin ox + 


1 



I. Square cosine wave : 



4E 


n = 30 


n — 1 

4F r 1 0,1 

= cos X — TT cos 3x + ” cos ox — 

X L ^ ^ 






i — ; sin (2n - l)x 

(2n — Ir 


F* r 1 1 

^ sin i - g sin 3x + ^ sin 5x 





" V* L__ cos (2n - 1)X 

(2n - 1,1- 

n == 1 

^ [cos X + ^ cos 3x + ^ cos ox + 
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Podtive scanning wave : 




2E ** v'* sin nx 2E f . • 1 • o 1 . 1 

1/ = — 2 — S ;;r S*" * + 2®'" 3®“ ■ J 

n^l 

Negative scanning wave : 





n = 1 

g. Half-wave rectifier pulse wave : 


Waveforms 

E 


v~ 

Y 








* 

W " 

r 





■ 

B 

0 

i 


/ 





•o 

.O. - 










i 


r 


















r— *. 

1 












( 


•3 

r 

« 

4 

JTT 

X 






1 

1 

1 












’ 0 

2 

] 

4 

larn 

6 

lonie 

8 

B 

10 


gsin 3* — 


] 


E , E , Zfi V 
y =- + ^eosx + — 2, 


2E 


n*l 


4n* — 1 


cos 2nz 


E V 2 2 

= — I 1 + ^ cos * + ^ cos 2ap — -jg cos Ax + 






2E . 4^:”v* 

= 1 7 cos 2nx 

n *t *i?l 1 

n — 1 

2 EV . ^2 ^ 2 ,.2 . 

x L 3 lo 6o 


1 . Un symmetrical sawtooth wave 


|^(X, 

f 


1 j 

‘ 

o 


r 

i 




1 


1 


XI 


2 , 4.618 

Harmonics 


2E V -1)" ' • o • 

— ' s sin sm nx 

iS[^ - i^) ri- 

n = 1 


= r sin ^ sin X — 7 sin 2,3 sin 2x + ^ sin 33 sin 3x 

- ^) L -i 9 


Scanning wave with 3 flyback time : 


2r Sin3 


1 ) 

t I 


8-1 H- I 


^=36 


Harmonica 


71- 

-■ I 


Sin np sin nx 


in 3 sin x — \ sin 23 sin 2x 4- q ^i^ 
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= A:E + ^ fsin kir cos {x) + | sin 2k7r cos 2(x) + * • ' 


f. Symmetrical trapezoidal pulse wave : 



+ ^ sin ^ sin (a + fi) cos 2z + ■ 


m. Symmetrical triangular pulse wave : 



• • 




n. Jb factional cosine pulse wave : 


y = 



n = 30 

+ s 

n—2 

E 


(n + 1)^ {n - l)kir 


/sin (n + ! 

t ^TTi: 


n — 1 


2 sin nkv cos k 
n 


cos nx 


t(1 — cos kr) 


l^sin kir — kT cos xfc + (A‘t — sin kir cos kr) cos x 


+ sin 3A‘r -h sin kr — sin 2A-x cos cos 2x 
+ sin 4Ax + I sin 2Ax — | sin 3Ax cos Ax^ cos 3x 4- • * ■ 



INDEX 



Abbreviations, list of, 234r-243 
engineering, 239 
mathematical, 236 
Acceleration, 165 
Accuracy in interpolation, 23 
Addition, algebraic, 37, 54 
arithmetic, 4, 54 
of complex numbers, 92 
of exponents, 10 
of fractions, 7 
geometric, 54-56 
of like terms, 37 
of mixed terms, 6 
of negative terms, 3 
of positive terms, 1 
of real numbeis, 2 
rules, 4 

of unlike terms, 37 
of vectors, 54, 58, 76, 92 
Adllaoent side of right triangle, 68 
A]gri)ia, 35-53, 110-138 
addition, 37, 55 
cancdlation, 42 
division, 42 
exponents, 40 
int^rals, 198 
multiplication, 38 
substitution, 39, 44 
subtraction, 37 

Algebraic formulas, binomial theo- 
rem, 302 

miscellaneous, 300 
quadratie equations, 127-138, 302 
&np9Qn's rule, 193, 302 
BimultaaeouB equatkms, 110-126, 
301 


Altitude, of right triangle, 56 
Angles, aximuth, 108 
complimentary, 74 
interior, 74 
measurement of, 57 
negative, 108 
notation of, 234 
positive, 108 
sign of, 234 
of vector, 79 
Answers to exercises, 327 
Antilogarithm, 21 

Approximations, using Maclaurin’s 
series, 213 

using Taylor's series, 215 
Arabic numerals, 1, 234 
Area, integration, 195, 205 
by Simpson’s rule, 193 
by trapesoidal rule, 192 
Arithmetic, 1—16 
rules, 4, 5 

Arithmetic addition, 54, 55 
Attenuation network^ 130 

B 

Base, of logarithms, 17, 97, 180 
of right triangle, 56 
Bessel functions, 217, 310 
curves, 255-258 
tables, 259-293 
Binomial theorem, 302 
Binomials, 212 
Braces, 235 
Brackets, 235 



tisiieBoidal rule, 192, 302 
Algehraic functions, di^ed, 149 
Attemating current, 50 


Calculus, defined, 149 
formulaa, 172, 189, 308 
integral, 191-206 




Calculus, symbols. 150 
Cancellation. 5 
Capacity. 12, 23. 239 
reactance. 35. 240 

Characteristics, diode vacuum tube, 
105. 157 

Circle equation. 139. 140 
Circuit, parallel. 127 
Circular angle. 70, 139. 140 
Circular angle construction. 70, 141 
Circular function, 144 
identities, 147, 306 
Circular radian. 140, 143 
Circumference. 23S 
Common logarithms. 17. ISO 
Communication systems, 1 
Comparison test, for convergence or 
divergence. 20S 
Complex fractions, S 
Complex notation. 92 
Complex quantities, 90-99, 303 
defined. 90 
notation. 90 

Components of vector. 59 
Compound interest. 175 
Conjugate, complex numbers. 9S 
Constant, integral of. 199 
of integration. 197 
table of useful. 299 
Convergent series, 207 
Conversion, between natural and 
common logarithms, ISO. 1S9 
table. 243 
of units, 12 

Coordinates, polar. 90, 96. 106. 108 
rectangular, 59, 90. 100 
signs used for. 239 
Cosecant, defined, 69 
Cosine, defined. 69 
integral of. 204 
series, 96. 211, 310 
Cotangent, defined. 69 
Co versed sine, 237 
Cross-section paper, 100, 101, 107 

Cube, 10 
Curve, 100, 102 
defined. 100 
labeling, 106 


Curve, plotting. 105 

of sine and cosine integrals, 2^ 
square law. 157 
variable slope. 156 
Curves and graphs, 100-109 

D 

Decimal fractions. 8 
Decimal point. 9 
Decimal slide rule. 29 
Denominator. 6 
least common, 7 

Dependent equations, defined. 124 
Dependent variable. 157 
Derivative, basic method, 159 
of constant, 157 
of cos 6 . 1S3 
of cosh 6 . 186 
of curve, 155 

of exponential functions, 178, 179 

of natural logarithm, 181 

partial. 1S7, 188. 190 

of product, 163 

of quotient. 163 

of sin 6 , 181 

of sinh 6 , 185 

successive. 165, 184 

of sura. 162 

of tan 6 , 184 

of tanh 6 , 187 

total, 188 

the variable, 158 

with constant exponent. 159 
multiplied by constant, 158 
of x''. 161 
Determinant, 111 
elements. 117 
of higher order, 123 
of principal diagonal, 117 
of second order, 116 
of third order, 120 
Differential calculus, 149-190 

treating algebraic functions, 149- 

173 

treating transcendental functions, 

174-190 

Differential sign, defined, 150 



INDEX 


pi£te(cntiatiGn, partial, 204 
i:Hiection, vector, 54 

133 

Diveigent series, 208 
Dividend, 2 
Divisioii, 2, 5 
complex munbers, 03 
tections, 8, 42 
law of exponents, 11 
ndee, 5 

using logarithms, 22 
iiHing riide rule, 26 
of vectors, 03 
Divmoor, 2 

Double integrals, 205 

£ 

Electric wave filters, 130 
Equal roots, 133 
Equality, 36 
Equations, addition, 36 
cancding terms, 45 
chan^g signs, 45 
containing decimals or fractions, 
42^43 

dependent, 115 
diviabn, 42 
exponentiaLs, 46, 06 
fractional, 35 
illustration of ndes, 47 
inconsistent, 115, 124 
independent, 115 
linear, 1, 110, 115, 118 
defined, 123 
sets of three, 118 
sets of two, 110 
multiplication, 36 
quadratic, 127-138 
oompletmg the square, 120 
defined, 127, 137 
factoring metliod, 128 
formula, 130^ 131 
general form, 132 
gnphieal method, 128, 120 


hitler powered, 136 



form, £27 


319 

Equations, rules for solving, 45 
simultaneous, 110-126 
classification, 115 
defined, 123 
dependent, 115, 116 
determinant method, 116, 117, 
120, 122 

graphical method, 111, 125 
inconsistent, 115, 116 
independent, 115, 116 
multiplication-addition method, 
112, no, 125 

substitution method, 113, 110, 
125 

solution, 45 
subtraction, 36 
Euler’s constant, 216 
Evaluation, 46 
Exercise answers, 327 
Exponential, applied to circular 
function, 146 

applied to hyperbolic function, 146 
geometrical interpretation, 145 
Esqmnential formulas, 307 
Exponential series, 06, 176, 310 
Exponents, 10, 17 
addition, 10 
defined, 10 
fractional, 13 
inverted, 13 
law of, 10 
multiplication, 11 
negative, 10 
positive, 10 
power, 11 
subtraction, 11 
sero, 10 

Ebqprearion, algebraic, 35, 137 
defined, 137 

P 

Factorial, defined, 07, 235 
table, 200 
Factoring, 44 
Farad, 12-13, 230 
Figures, significant, 23 
Finite increment, 151 


Finite series, 207 
Formulas, algebraic, 300 
miscellaneous. 300 
calculus, 172. 189, 308 
exponential, 307 
h>'perbolic, 307 
logarithmic, 303 
trigonometric, 306 
Fourier series (see Series, Fourier) 
Fractions, 6 

addition and subtraction, 7 

complex, 8 

decimal, 8-9 

defined, 6 

denominator, 6 

division, 7 

equivalent, 6 

improper, 6 

inverted, 8 

mixed numbers, 6 

multiplication, 7 

numerator, 6 

proper, 6 

reduction to L.C.D., 7 
sign of, 8 

Frequency, resonant, 39 
Fxmctions, 157 

Bessel, 217, 255-258, 310 
first kind n order, 217 
first kind zero order, 217 
table of, 259-293 
circular, 144 
cosine, 69, 219 
cosine integral, 216 
cur\"e, 294 
tables, 295-298 

exponential, series, 176, 211, 310 
table in terms of decibeb, 252 
table in terms of nepers, 249 
hj'perbolic, 144 
table, 249, 252 
logarithmic, 18, 180 
table, 244, 245 
periodic, 218 
sine, 69, 218 
sine integral, 216 
curv^e, 294 
tables, 295-298 


Functions, transcendental, defined^ 
149 

trigonometric, of angles, 66, 70, 71 
complex numbers, 94 
computation, 73 
cosecant, 69 
cosine, 69 
cotangent, 69 
inverse, 75 
secant, 69 
sine, 69 
table of, 244 
tangent, 69 
olx, 236 

G 

Geometric addition, 54, 55 
Geometry, 54-65 
Graph paper {see Pap>er) 

Graphical numbers, 3 
Graphical representation, 3, 90 
Graphs, 100-109 
defined, 100 
labeling, 106 
linear equations, 111 
plotting, 100-108 
scale selection, 104 
slope, 104 

solving problems by, 111, 128 
Greek alphabet, 233 

H 

Henry, 13, 239 

Higher powers, by logarithms, 22 
Horizontal components of vector, 59 
H>q)erbola, curve, 140, 141 
equation, 139, 140 
Hyperbolic angle, 139, 140 
construction of, 141 
H>q)erbolic cosine, 142 
Hyperbolic formtilas, 307 
H^’perbolic functions, 144 
identities, 146, 147, 307 
table in terms of decibels, 252-254 
table in terms of nepers, 249-251 
Hyperbolic radian, 140, 143 
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Hyperbolic Eone, 142 
Hyp®’bolic tangenty 142 
Hyperbolic trigonometry, 139-148 
Hypotenuse of right triangle, 56 
Hysteresis (or B-H curve), 102, 103, 
322 

I 

Identities, circular and hyperbolic, 
306, 307 

circular function, 147, 306 
hyperbolic function, 147, 307 
trigonometric, 305, 306 
Imagmary numbers, 235 
representation of, 90 
Impedance, 38 
Impedance vector, 92 
Improper fraction, 6 
Inconsistent equations, 115, 124 
Incremental sign, 151 
Independent equation, defined, 124 
Independent variable, 157 
Infini te series, 207, 310 
Infinitesimal increment, 151 
Infinitesimals, 151, 196 
Index, initial, on slide rule, 30 
Inductance, 13 
Inductive reactance, 35, 92 
Inflection point, 170 
laterals, 308, 309 
algebraic, 198, 308 
of algebraic sum, 202 
calculus, 191—206 
defined, 191 
of constant, 199 
of cosine, 204 
multiple, 204 
of natural logarithm, 203 
of one, 198 
sign, 191, 236 
defined, 150 
of sine, 203 
of tangent, 204 
transcendental, 203, 308 
tri^ 205 
of variable, 201 
of zero, 198 


Int^ration, partial, 204 
by parts, 202 
volume, 205 
Interest, simple, 174 
Interior angle, of triangle, 74 
Interpolation, 23 

Inverse trigonometric functions, 75 
Irrational numbers, 2 

J 

j, operator, 90 

K 

Eilohm, 13, 240 
Kilovolt, 13, 240 
Ejlowatt, 13, 240 

L 

Law, of natural decay, 178 
of natural growth, 174 
Least common denominator, 7, 237 
Less than, sign, 234 
Limits, 150 

Unear equation, 1, 110 
any number of, 122 
defined, 123 
sets of three, 118 
sets of two, 110 
Logarithm, 17-34 

base of, 17, 97, 180, 236 
characteristics for, 18 
rules for, 19 
Gologarithm, 236 
common system, 17 
defined, 17 
division by, 22 
extracting roots by, 23 
fractional exponents, 19 
graphical, paper, 103, 109, 322 
dfide rule, 25 
interpolation, 23 
mantissa, defined, 18 
rules, 19 

multiplication by, 20 
napierian, 236 
natural, 180, 236 
table of, 246-248 
of numbers from 1 to 100, 244 
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Logarithm, raising to power by. 22 
table, 20, 244 
use of, 20 

of trigonometric function. 75 
See also Antilogarithm, 21, 236 
Logarithmic formulas, 303 
Logarithmic graph paper, 103, 322 
IvOgarithmic rate, 174 

M 

^laclaurin’s series, 212, 311 
^lagnitude, 54. 79 
signless numbers, 1 
of vector, 79 

^lantissa. of logarithms. 18 
rules. 19 

>Iathematical polar form, 96 
^Maxima. 167 

^Maximum load power, 168 
!Mega, units, 13. 243 
^legohm, 13, 240 
]Mho, conductance, 238 
^licrofarad, 12, 239 
^licrohenry, 13, 239 
^Micromicrofarad, 12, 239 
^licromicrohenry, 13, 239 
^licro micro units, 12—13, 243 
Micro units, 12, 243 
Milli units, 12—13, 243 
^linima, 167 
^Minuend, 4 
IMixed number, 6 
Multiple integrals. 204 
Multiplication, 5 

complex numbers, 93, 97 

of exponents, 11 

of fractions, 7 

law of exponents, 10 

by logarithms, 20—21 

rules, 5 

of vectors, 93 

X 

Xapierian, logarithms. 236 
Xatural logarithms, ISO, 236 
integral of , 203 


Xatural number €, 176 
Negative angle symlK*!, 84, 234 
Negative exponents, 10 
Networks, attenuation, 139 
Notation, polar coordinates, 108 
rectangular coordinates. 100—102 
scientific, 12 
Numbers, arabic, 1, 234 
complex, 90 
even, 2 
fractional, 2 
imaginary, 90, 235 
integers. 2 
integral, 2 
irrational, 2 
mixed, 6 
negative. 3, 234 

odd, 2 

/ 

IX)sitive, 3, 234 
rational, 2 
real, 2 
signless, 1 
whole, 2 
zero, 2 

Numerator, 6 

O 

Ohm’s law, 1 , 35, 46, 47 
Operator j (or 2 », 90, 91, 235 
Origin, 101 

P 

Paper, cross section, 100, 101, 10/ 
linear graph, 107 
logarithmic. 322 
polar graph, 106 
semilogarithmic graph, 103 
Parallel circuit, 127 
Parallelogram law, 57 
Parenthesis, 235 
removal of, 43 
Partial derivatives, 187 
Partial differentiation, 204 
Partial integration, 204 
Plot, 100 

Polar coordinates, 106, 108 
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Polar coordinates, engineering form, 

80, 90 

mathematical form, 96 
paper, 106 

reference line, 106, 108 
reference point, 108 
systems, 106, 108 

vector, 90 
Polar form, 90, 95 
of vector, 93 
Positive exponents, 10 
Power, decimal, 17 

exponent, 10 
of fraction, 11 
higher, 22 
of product, 11 
series, 211, 310 
Product, 5 
algebra, 38 

Proportional parts, 24, 67 
Protractor, 57 

Pulse, short rectangular, 229, 315 
thin line, 230 

Q 

Quadrants, 62 
of circle, 61, 62 
Quadratic equation, 127—138 
completing the square, 129 
defined, 127, 137 
discriminant, 133 
factoring method, 128 
formula, 130, 131 
general form, 132 
graphic method, 128 
graphical solution, 129 
higher powered, 136 
pure quadratic, 127 
simplest form, 127 
Quantity, 40 
defined, 137 
Quotient, 2 

R 

Radian, 234 
circular, 140, 143 
hyperbolic, 140, 143 
Radical, 13, 235 


Radical, extracting square root, 1 
simplification, 14 
Radicand, 13, 235 
Rates, 153 

Ratio, test for convergence or < 
vergence, 210 
trigonometric, 67 
Rational numbers, 2 
Rationalized complex numbers, 

303 

Reactance, capacitive, 35, 92 
inductive, 35, 92 
Real numbers, 2, 3 
Reciprocal, 8, 43 
Rectangular coordinates, 59, 90, 
origin, 101 
signs, 102 
a^axis, 101 
2 /-axis, 101 

Rectangular forms, 95 
Reference line, 108 
Reference point, 108 
Relative smallness, 151 
Remainder, 4 
Resistance, 13 
equation, 38 
parallel, 127 
series-parallel, 127 
Resolving vectors, 77 
Resonance, 35, 36, 39 
Resultant, 57, 79 
Right triangle, 54, 56, 306 
hypotenuse, 56 
Roots, 13 

equal and real, 133 
of equation, 127, 133, 134 
irrational, 134 
by logarithms, 23 
rational, 134 
square, 2, 13, 14 
unequal and complex, 134 
unequal and real, 133 
Rule, Simpson’s, 193 
trapezoidal, 192 

S 

Scalar quantity, 54 
Scale selection, 104 
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Scientific notation, 12 
Secant, defined, 69, 237 
Semilogarithmic graph paper, 103 
Sequence, defined, 207 
Series, convergent, 207 
defined, 207 
Bessel’s, 310 
binomial, 310 
divergent, 208 
exp>onential, 96, 310 
finite, 207 
Fourier, 311 

coefficients of, 224, 225, 227, 
228, 229 

components of, 225, 228, 229 
with constant components, 220 
with harmonic components, 221 
magnitude of harmonic com- 
ponents, 227 

magnitude of zero component, 
228 

phase of harmonic comp>onents, 
227 

hj^perbolic, 310 
infinite, 207 
logarithmic, 310 
Maclaurin's, 212, 311 
power, 310 

sine and cosine integral, 310 
Ta3dor’s, 214, 215, 311 
trigonometric, 96, 310 
and waveforms, 207—231 
Significant figures, 23 
Signless numbers, 1 
Signs, of fractions, 8 
mathematical, 234 
Similar triangles, 67 
Simple interest, 174 
Simpson^s rule, 193 
Simultaneous equations, 110—126 
classification, 115 

of three unknowns, 118 
of two unknowns, 110 
defined, 123 

dependent, 115, 116, 124 
determinant method, 111, 116, 

117, 120, 125, 301, 302 
graphical method, 111, 125 


Simultaneous equations, inconsis- 
tent, 115, 116, 124 
independent, 115, 116, 124 
multiplication-addition method, 
111, 112, 119, 125 
substitution method, 111, 113, 

119, 125 
Sine, curv^e, 218 
defined, 69 
integral, 216 

tables, 295-298 
cui^^es, 294 
series, 96, 310 

Slide rule, A and B scales, 27, 20 
accuracy, 25 
C and D scales, 26 
cube, 29 
cube root, 29 
decimal point, 29 
final index of, 30 
folded scales, 28 
hair line, 26 
important facts, 29 
initial index, 30 
inverted scales, 28 
K. scale, 29 
L scale, 29 
logarithmic scale, 29 
multiplication and division, ,32 
operation, 25 
reciprocals, 28 
rules, for division, 26, 32 
for multiplication, 26, 31 
for solution of right triangle, £7 
for square, 27 
for square root, 26 
sequence of operations, 31 
use and care, 33 
Slopes, 104, 154 

determination, 105, 154—156 
selection, 104 

Smallness, first order of, 152 
second order of, 152 
third order of» 152 
Space covered, 165 
Square, 10 

law curve, 157 
Square root, 2, 13 
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xoot, ertraction of, 14 
numbeiB, 14 

^beqcipt,^ 

SablcBctioii, 4 
of oomplcsc xminbers, 92 
of caponents, 11 
of fractions, 7 
of like terms, 37 
of native numbears, 4 
of positive numbers, 4 
roles, 37 

of unlike terms, 37 



of vectors, 92 
gabtrabend, 4 

Successive derivatives, 165, 167 
of sin ^and cos d, 184 
of B and crah 9, 186 


Sam, 4 

Sammation defined, 191, 235 
Symbols, engineering, 237 
Greek alphabet, 237 
ign£^i«h alphab^, 238 
drcint, 240 
niathematical, 234 


T 


Tables, Bessel functions, 259-293 
brief, trigonometric function, 244 
oonvei^n, 243 

eiponential function, 249, 252 
frustoiial, 299 
iDgMthm, 20, 244, 245 
sine and coeane integral, 295-298 
useful constants, 299 
Tangent^ to curve, 155 
defined, 69 

Ta^r^s series, 214, 311 
Terms, 40 
defined, 137 

l^anscendental functions, defined, 
149 

Tmnwmt^ffn Imes, 139 
Ikanspomyon of terms, 45 
l^^esoidal rule, 192, 302 
^^vding waves, 139 



Triangle, interior angle, 74 

opposite side, of right triangle, 68 

right, 56, 87, 306 
sides, 56 

abbreviations, 72 
Trigonometric charts, 304 
algebraic signs, 304 
fraction values, 304 
reducing angles, 304 
Trigonometric circular angle, 141 
Trigonometric formulas, 306 
Trigonometric functions, 66 
abbreviations, 70 
defined, 69 
inverse, 75 
table, brief, 244 
in terms of each other, 305 
value of, 70 

Trigonometric hyperbolic angle, 141 
Trigonometric identities, 305, 306 
Trigonometric operator, 94 
Trigonometry, 66-75 
complex numbers, 94 
defined, 66 
functions, 66, 69 
hyperbolic, 139-148 
inverse functions, 75 
logarithmic, 75 
Triple integrals, 205 

U 

Unequal sign, 44, 234 

V 

Variable, 36 

Variable^elope curve, 156 
Vector, 54 

addition of, 58, 76-89 
analjrsas, 70-89 
complex notation, 90 
components of, 59 
defined, 54 
diagram, 83-87 
direction, 54 
divimon, 93, 98 
in polar form, 93 
in rectangular form, 98 
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Vector, expressed in complex no- 
tation, 92 

horizontal component of, 59 
ma^itude, 54 
multiplication of, 93, 97 
in polar form, 93 
in rectangular form, 97 
notation, 81 
quadrants, 61, 92 
resolution, 59 
sense of, 54 

vertical component of, 59 
Vectorial addition. 76-89 
Vectorial component of vector, 59 
Velocity, 165 
Vinculum, 235 
Volume integration, 205 

W 

Wave forms. 207 

fractional cosine pulse wave, 316 
full-wave rectified pulse wave, 314 
half-wave rectified pulse wave, 313 
negative scanning wave, 313 
pyositive scanning wave, 313 
rectangular pulse wave, 229, 315 
sawtooth cosine wave, 312 
sawtooth sine wave, 312 


Wave forms, scanning wave with 0 
flyback time, 314 
square cosine wave, 221, 224, 312 
square sine wave, 221, 224, 311 
s^unmetrical triangular pulse wave, 
315 

uns>unmet rical sawtooth wave, 
314 

Waves, square cosine, 223 
square sine, 221 
traveling, 139 
Whole numbers, 2 

X 

X-axis or x-axis, 59, 91, 101, 239 

Y 

Y-axis or y-axis, 59, 91, 101, 239 

Z 

Z-axis or z-axis, 239 
Zero, 2 

as exponent, 10 
figure, 3 
integral of, 198 
Zero power, 10 


answers to exercises 


Chapter 1 


1 . 

2 . 

S. 

4. 

12 . 

13. 

14. 


+31 

-24 
-67 
+755 


6. -64 

6. -75 

7. +26 

8. +7020 


-p i tJtJ 

9.87 X 10’; 7.6456 X 10; 7 X 10"’; 
9 X 10’; 8.97650001 X 10*; 1.2 X 1 

3.125 X 10“ 

9 X 10"' farad 

0.9 Mf 
9 X 10’ 


9. 30 

10. 1.333 X 10 

11 . 6 -»« 


-31 


104 X 10* Muh 
104 lAx 


1 henry or 1000 mh 
1 X l6« fih 
1 X 10^* 

6 X 10« 

6 /if 

6 X 10'® farad 


300 fxfA 

0.0003 Mf 
3 X 10"^° farad 

100,000 M^f 
0,1 Mf 

1 X 10"’ farad 


67 MMf 

67 X 10"« uf 
67 X 10"^* farad 
16. 943 with a remainder of 386 
99 with a remainder of 175 
99.7 

2.427 with a remainder of 0.000002 

3 X 10-" 

0.021679 + 

0,070 with a remainder of 0,000078 


8 X 10^ MMf 
8000 Mf 
0.008 farad 


Chapter 2 

Slide-rule Exercises 

Square 


Multiply Divide Root Square 


1. 78.440 

1.117 

16.28 

87,620 

2. 65,800 

0. 5898 

18.28 

38,810 

3. 175.446 

1.346 

19.0 

236.200 

4. 623.7 

12.3 

2.668 

7,674 

6. 1.201 

3.037 

0.7931 

3.648 
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6. 3.'20 X 10" « 

8 655 

0 07855 

0 002H53 

7. 0.3056 

3 06 X 10* 

001778 

935,100 

8. 1.106 X 10“ 

0. 1 ,587 

513 8 

1.756 X 10» 

9. 0.4204 

.507,700 

0 03017 

213.400 

10. 4 726 X 10* 

0.0678 

513.8 

3 204 X 10* 

11. 8.33 X 10-» 

2,882 

001304 

0.2401 

12. 3..5-28 X 10-» 

50 

00O2K98 

1-764 X 10- ' 

13. 56 51 

*.424 X 10“ 

0 007937 

8 04 X 10“ 

14. 1.109 X 10* 

111.1 

9.995 

1.232 X 10* 

16. 1.755 X 10* 

2.078 X 10- « 

958 6 

36.480 

16. 1.037 X 10* 

1.629 X 10-“ 

28 25 

1.69 X 10 “ 


1. 363,250 

2. 116.38 

3. 3 6314 

4. 7,907.96 

6. 4.5113 

6. 6.7678 X 10* 

7. 2.5628 X 10-» 

8. 24,992.6 

9. 0.026794 

10. 310.54 



a — b — X 
a — z — y 
R — ax 4- cx 

y 


— R-^ax-\-hy 

z — 

c 




A' - JQ 
Rt 

XY - RST 




6. X = 



z(a + bz) 
X + y - 
2* 





axz + cx — z 
az -h c 


11. 0.35475 

12. 7.82520 

15. O.OI 17985 
14. 0.140887 

16. 1.22147 

16. 5.7974266 X 10“ 

17. 1.18894 X 10“ 

18. 7.5333 X 10-“ 

19. 5 280829 X lO"* 

20. 8.5306 X 10“ 


Chapter 3 

8. r 

S 


X(R - S) 

O -hP 

RX - TiO 4- P) 

X 


9. r = + YHR - SP) 

R(X 4- n - r* 

^ “ 8(.Y 4- Y) 

10. a = — 6 4" x*y* 4- 2xy*2 4 r* 




g 4-6 — 

X 



11. R = 


E - IJX 


12. C = 


C, = 


r.c. 


Cl 4" Cl 

rr. 


13. g = 


c, - c 

g*n* - lOhL 

9L 





XPQ + X + 


PQ 

PQiM - SI 





L(9g 4- 106) 

g’ 



14. i = 


e X 10* 






Chapter 4 

id) 24 
(e) 1.0955 
(/) 500 


(a) Resultant in first quadrant 2 . (6) Resultant in fourth quadrant 

(a = 36°52' = 36° .87) 



2 . (c) Resultant in third quadrant (a = 240°3S' = 240° .64) 




(a) 50 
ib) 10 
(c) 5 




I. ii» 4BP • r/s 

«LMm - rm 

r « «i X 9iMMn 
m»mr » x/m 

6l9WM - xjm 
X • «0 X «iTMM 
X • 48uM 


n ite ir - r/x 

a4»a«»/x 
m - as^oati « «ui 
«M s* « x/x 

ocioati • x/BX 
X -7S 

a. ite 4r • r/x 

0.70711 » 7j07/X 

aioTi ix * rm 

•M4t* « X/X 
X « 10 
alB4i* -> r/X 

oliotii - T/m 
rxni * r 



26*34' 


. tan e = Y/X 

tan 0 = = 2 

0 = 63“26' = 63.43 
sin 63°26' = Y/R 
0.89441 = 20/« 
0.8944112 = 20 
R = 22.3 
26°34' = 26!57 



5. cos B = X/R 

cos ^ = Ms 
cos B = 0.33333 
0 = 70°32' = 70!53 = Y /R 
0.94284 = F/15 

Y = 

19<>34' = 19!47 



6. sin B = Y /R 
sin ^ 

0 = 33''45' = 33.75 
cos 33“45' = X/R 
0.83147 = X/90 
X = 74.8 
56n5' = 56!25 



Chapter € 

The student should draw the vector diagrams, which have been omitted 


iprp 

1. Fa = 178.4/38T47 

6. c = 5 

2. Zr = 134.9/22?35 

7. c = 7.07 

3. Ib = 5.205/264?95 

8. c = 17.8 

4. Vb = 86.6/90° 

9. c = 78.8 

6. Fb = 6.229/132T40 

10. c = 1.57 

1. c = 43.3015 + i25.000 

2. c = 5.0000 - i8.6603 

3. c = 36.05/123!68 

Chapter 7 


4 . A X 5 = - 130.74 + j 1494.285 
6. A/B = 0.1758 - i0.3770 



Millivolts per meter 























ANSWERS TO EXERCISES 



E 

Dep^dent 


S. 

X = 

3 y = 

5 

S. 

Inconsistent 


4. 

Dependent 


S. 

Inconsistent 


6. 

X = 

= 1 y = 

2 

7. 

X = 

= 2 y = 

. o 

& 

X = 

h jf 

a 

9. 

X = 

= 8^65 y 

= 

10. 

fil 

= 10 R 

2 = 

E 

X = 

7 or -“1 


S. 

X = 

— 14 or 2 


s. 

X = 

3 ± 


E 

X = 

3 ± x'^ 

10 



z = 10 


1.4 

20 

Chapter 10 

6- X = ^ 

6. X = \ r 2 or % 

7. X = r/s or s/r 



8 . 

9 - 

10 . 


t = 4 or 0 
fc = 2 or — 6 
/ = 6 or 8 
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Chapter 11 

1. ^ = 4 circular radians. 

2. a = 6 h>'perbolic radians. 

€« = 403.4 

3. 1/ - ±0.707 

A. y ^ ±1.732 

6. cosh a varies from 1 to ^ SlS a is increased from 0 to » while sinh a 
varies from 0 to « as a is increased from 0 to ac . 

6^ sin ^ and cos var^' between the limits of ±1. The limits of tan 
are ± 

7. multiplied by a vector will rotate the vector jS radians. multiplied 
by a vector will change only its magnitude. 

8. tanh a = 0,76159 
sinh a = 1.17520 
cosh a = 1.54308 
coth a = 1.313 


a = 1 radian. 


2 . 


3. 


4. 


6. 


dx 

dx 

dx 

dx 

dy 


= 2ax + b 


_ O A I 


= 2(a 4“ 

_ hx 
2v a + bx 

-2a 


Chapter 12 


4- v^a ± 6x 


dx (a -f X)* 


6 . 


7. 


dx* 

dl 
di 




= 5 4- 2ct 


8 . r = 16; a = 8 

9. For X = 1, y = 2, a minimum 

X = — 1, y = 6, a maximum 

10. i = 16 sec 


1. €* = 7.38905 

2. dy/dx = (a + 

3. dy/dx = 2 /x 

4. d (sin x) /dx — cos x 
6. log 8 = 0.9031 


Chapter 13 

6. E = L7« cos id 

7. dy/dB = —2 cos 6 sin B 

8 . dy/dB = — esc* B 

9- d^y/dx^ = a* cosh ax 
10. F = —3^, a minimum 


1. lap ” 


Chapter 14 

_ 1 0 (5.7149) _ ^ A5tiQ 
t^t^ “■ 90 ° 


2. Jap = 


A 


total X 

4 


(11.4592) 

90^ 

J_ = ? = 0.6366 

2 T 


= 0.6366 


3. total I 7i / .< • . 

The trapezoidal rule using nine strips gives an accuracy to two decim^ 
places. Simpson’s rule using only six strips gives an accuracy to four deci- 

mal places. The integral gives the exact answer — 
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4 . Sn = 0.6345 
r dx X-* 

6 


/ dx ^ I n 

T.--4+^ 



ox® ^ ^ Jo ^ 


10 


+ c 


. f 2(x 4- 1) dx = X* + 2x + C 

j 4(x* + 2)(x — 1) dx = X* — f 3 x^ + 4x* 

•/» 


- 8 x + C 


8 


2_ =:sa*lnx + C 
X 

(ix = x*€* — 2 x€^ + 2e^ + C 


cos 6 (i(a ;0 = sin 6wt + C 


16*- dx = 


16 


2x 


2 In 16 


+ C 


10 


• /" 


In lOx dx = ax(ln lOx — x) 4* C 


Chapter 15 


nx 


1 . The n** term is 7 — or 


n 


n — 1 


The given series is 


S„ = 0 + X+ Y+r2 + 


+ 


n - 1 


while the convergent test series is 

S„ = 1 + X + X* + x» + • • • + n" 

Comparing term by term, the given series is equal or less than correspond 
ing terms of the test series; hence the series is convergent. 


2 . Given series Sn = 1 4 ^ 4 ^ ■!" 


• # 


2 ? 

3 




+ 


1 


2 
” 3 


Test series S„ = 14-^4-^4- 


• ♦ • 


4- 


ne 


Comparing toms, the exponent p is less than 1 ; hence the series is con 
vergent and the term is given by the first equation ♦ 

1 


3, Ratio test 


\n 


n — 1 


= — < 1 ; hence the series is convergent 
n 




6 +i-^ 

^ 12 1728 

= 6.082754 accurate to four decimal places 
= 6.082763. Check by extracting the square root. 

6. /(x) = sin X f(0) = 0 

/'(x) = cos X /'(O) = 1 

f'(x) = - sin X f"{0) = 0 

/"'(x) = - cos X /'"(O) = -1 


4 - 



From these vahies 


sin X = 0+ x-{-0 — 


, X* 

* i3 !5 


^3 

[3 +(5 + 


« • 


• ♦ 


6. Dividing the series of sin x by 1 — x gives 

sin X j ^ j 5 ^ I 

Ti = x-|-x-i-^x* + 

1 — X D 


7. = 


6* + (2.1 - 2W + 12 ** 

= 7.3891(1 + Ho + Hoo) = 7.3891(1.105) = 8.1670 


The tables give = 8.1660, or an error of 0.0008. 


8 , 3/ 3 /^’3 


- ^ f: 


— I 


dx + 


- 


4F 

E^-i^ dx = ^ /O^ 

ox 


3 / 1 sin (3o^ -|- 


= M/i 

X V3 


sin 3<<>< 


) 


9 . 


= i 


dx = /O' 


2x 


3/j sin (2a>^ + ^ 2 ) = 


-E 


sin 2<»)t 


10. 3f,/^i 


= i 


2 2E 


dx + ^ P ( 2 ^ - «->* di 


2 

8^ 


/ 4 I t \ ^ # 

OTi sm (ftrf + yi) = sin (i)t 
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SOME DOVER SCIENCE BOOKS 


What Is Science?, 

Norman Campbell 

This excellent introduction explains scientific method, role of mathematics, 
types of scientific laws. Contents: 2 aspects of science, science & nature, laws of 
science, discover)’ of laws, explanation of laws, measurement & numerical laws, 
applications of science. 192pp. 5^ x 8. Paperbound $1.25 

Fads and Fallacies in the Name of Science, 

Martin Gardner 

Examines various cults, quack s)'stems, frauds, delusions which at various times 
have masqueraded as science. Accounts of hollow-earth fanatics like S)Tnmes; 
\'elikovskv and wandering planets; Hoerbiger; Bellamy and the theor)’ of 
multiple moons; Charles Fort; dowsing, pseudoscientific methods for finding 
water, ores, oil. Sections on naturopathy, iridiagnosis, zone therapy, food fads, 
etc. Analytical accounts of Wilhelm Reich and orgone sex energ)’; L. Ron 
Hubbard and Dianetics; .A. Korz)bski and General Semantics; many others. 
Brought up to date to include Bridey Murphy, others. Not just a collection of 
anecdotes, but a fair, reasoned appraisal of eccentric theory. Formerly titled 

In the Name of Science. Preface. Index, x -[- 384pp. 5^ x 8. 

Paperbound $1.85 


Physics, the Pioneer Science, 

L. W. Taylor 

First thorough text to place all important physical phenomena in cultural- 
historical framework; remains best work of its kind. Exposition of physical 
laws, theories develof>ed chronologically, with great historical, illustrative 
experiments diagrammed, described, worked out mathematically. Excellent 
physics text for self-study 2S w’cll as class w’ork. Vol. 1: Heat, Sound; motion, 
acceleration, gravitation, conserNation of energ), heat engines, rotation, h^t, 
mechanical energ)', etc, 211 illus. 407pp. 5^ x 8. Vol. 2: Light, Electricit). 
images, lenses, prisms, magnetism. Ohm’s law, d^mamos, telegraph, quantum 
theors', decline of mechanical view of nature, etc. Bibliography. 13 table 

appendix. Index. 551 illus. 2 color plates. 508pp. 5^ ^ 

Vol. 1 Paperbound $2.25, Vol. 2 Paperbound $2.25, 

The set S4.50 


The Evolution of Scientific Thought from Newton to Einstein, 

A, d'Abro , . 

Einstein’s special and general theories of relativity, with their historical impUca- 

tions, are analyzed in non technical terms. Excellent accounts of the contri- 
butions of New ton, Riemann, Weyl, Planck, Eddington, Maxwell, Lorenu and 
others are treated in terras of space and time, equations of electromagnetits, 

finiieness of the universe, methodolog)’ of science. 21 diagrams. 482pp. 5^ x 8. 

Paperbound $2.50 
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Chance, Luck and Statistics: The Science of Chance, 

Horace C. Leuinson 

Theorv of probability and science of statistics in simple, non-technical language. 
Part I deals with theorv* of probability, covering odd superstitions in regard to 
“luck,” the meaning of betting odds, the law* of mathematical expectation, 
gambling, and applications in poker, roulette, lotteries, dice, bridge, and other 
games of chance. Part II discusses the misuse of statistics, the concept of statis- 
tical probabilities, normal and skew frequenev* distributions, and statistics ap- 
plied to various fields — birth rates, stock speculation, insurance rates, adsertis- 
ing, etc. “Presented in an easy humorous style which I consider the best kind of 
expositors* writing,” Prof. C. Cohen, Industry* Quality Control. Enlarged 
revised edition. Formerly titled The Science of Chance. Preface and two new 
appendices by the author. Index, xiv -[- 365pp. 5^ x 8. Paperlx)und $2.00 

B.vsic Electronics, 

prepared by the L’S. \airy Training Publications Center 

A thorough and comprehensive manual on the fundamentals of electronics. 
Written clearly, it is equally useful for self-study or course work for those w ith 
a knowledge of the principles of basic electricity. Partial contents: Operating 
Principles of the Electron Tul>e; Introduction to Transistors; Power Supplies 
for Electronic Equipment; Tuned Circuits; Electron-Tube .Amplifiers; .Audio 
Power .Amplifiers; Oscillators; Transmitters; Transmission Lines; .Antennas and 
Propagation; Introduction to Computers; and related topics. .Ap[>endix. Index. 
Hundreds of illustrations and diagrams, vi q- ,471pp. 61 /, x 91^. 

Paperbound §2.75 


B.asic Theory and .Application of Tra.nsistors, 
prepared by the US. Department of the Army 
.\n introductory* manual prepared for an armv training program. One of the 
finest available surveys of theory and application of transistor design and 
ofieration. Minimal knowledge of physics and theory* of electron tubes required. 
Suitable for textbook use, course supplement, or home study. Chapters: Intro- 
duction, fundamental theory of transistors; transistor amplifier fundamentals; 
parameters, equivalent circuits, and characteristic curves; bias stabilization; 
transistor analysis and comparison using characteristic curves and charts; audio 
amplifiers; tuned amplifiers; wide-band amplifiers; oscillators; pulse and sw itch- 
ing circuits; modulation, mi.xing. and demodulation; and additional semi- 
conductor devices. Unabridged, corrected edition. 240 schematic drawings, 
photographs, wiring diagrams, etc. 2 .Appendices. Glossary. Index. 263pp. 
614x9!/^. Paperbound $1,25 

Guide to the Literature of .\f athem atics and Physics 
X. G. Parke III 

Over 5000 entries included under approximately 120 major subject headings of 
selected most important books, monographs, periodicals, articles in English 
plus important works in German. French, Italian, Spanish. Russian imanv 
recently available works). Covers every branch of physics, math, related engi- 
neering. Includes author, title, edition, publisher, place, date, number of 
volumes, number of pages. 40-page introduction on the basic problems of 
research and studs provides useful information on the organisation and use of 
libraries, the psycholo^ of learning, etc. This reference work will save vou 
hours of time. 2nd revised edition. Indices of authors, subjects, 464pp. 5^^ x H. 

Paj>erbound $2.73 
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The Rise of the New Physics (formerly The Decline of Mechanism), 
A. d’Abro 

This authoritative and comprehensive 2-volume exposition is unique in scien- 
tific publishing. Written for intelligent readers not familiar with hi^er 
mathematics, it is the only thorough explanation in non technical language of 
modem mathematical -physical theor\\ Combining both history and exposition, 
it ranges from classical Newtonian concepts up through the electronic theories 
of Dirac and Heisenberg, the statistical mechanics of Fermi, and Einstein’s 
relativirv' theories. “A must for anyone doing serious study in the physical 
sciences,” J. of Franklin Inst. 97 illustrations. 991pp. 2 volumes. 

Vol. i Paperbound $2.25, Vol. 2 Paperbound $2.25, 

The set $4.50 

The Strange Story of the Quantum, an Account for the General 

OF THE Growth of Ideas Underlying Our Present Atomic 

Knowledge, B. Hoffmann 

Presents lucidlv and expertly, with barest amount of mathematics, the problems 

and theories which led to modem quantum physics. Dr. Hoffmann b^ns ^dth 

the closing years of the 19^ century, when certain trifling discrepancies were 

noticed, and with illuminating analogies and examples takes you through the 

brilliant concepts of Planck, Einstein, Pauli, de Broglie, Bohr, Schroedinger, 

Heisenberg, Dirac, Sommerfeld, Feynman, etc. This edition includes a ncvr, long 

postscript carrying the stor> through 1958. “Of the books attempting an account 

of the history* and contents of our modem atomic physics w^hich have come to 

mv attention, this is the best.” H. Margenau, Yale University, in American 

Journal of Physics. 32 tables and line illustrations. Index, 275pp. dYs ^ 

Paperbound ?i.75 


Great Ideas and Theories of Modern Cosmology, 

Ja^jit Singh ^ . 

The theories of Jeans, Eddington. Milne, Kant, Bondi, Gold, New ton, Einstein, 

Gamow , Hovle, Dirac, Kuiper, Hubble, Weizsacker and many others on such 

cosraoloffical questions as the origin of the universe, space and time, planet 

formation, “continuous creation,” the birth, life, and death of the stars, the 

origin of the galaxies, etc. Bv the author of the popular Great Ideas of 

Maihemalics. A gifted popularizer of science, he makes the most difficult 

abstractions crvstal-clear even to the most non-mathematical reader Index. 

xii + 276pp. sVs 8 ‘/ 2 - Paperbound $2.00 


Great Ideas of Modern Mathematics: Their Nature and Use, 

Reader with only high school math wiU understand main mathematical ideas 
of modem phvsics, astronomy, genetics, psychology, evoluuon, eu., better th^ 
manv who use them as tools, but comprehend little of their b^ic • 

\uthor uses his wide knowledge of non-mathematical fields in brilliant ex^si- 
tion of differential equations, matrices, group theory , Ic^c, statics, ProWe^ 
of mathematical foundations, imaginary numbers, vectors, etc. Origina pu ^ 
tions, 2 appendices. 2 indexes. 65 illustr. 322pp. ^ Paperbou«d §2.00 


The Mathematics of Great Amateurs, Julian L. CooUdge 
Cat dimvaia mad. b, poela, iheologlm.,. phil^pham, 

Luu Vom a „on-prof.»«n.l praoccapallob .iU. d.a j, 

figures, viii -f- 211pp. n oI/q. ^ 
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:‘S “o^f .n„.a, a«,U, and on 

with undetermined coefficients, quadratic equations. ‘^^jjfahle 

permutauons, probability, power senes, and much more. Still mo 
elementars -intermediate text on the science and structure of ^ 

1560 probiems, all with answers, x 631pp. 5H x 8. Paperbound $ -to 

Higher Mathematics for Stide.sts of Chemistry and Physics, 

No/absMct! but practical, building its problems out of familiar laboratory 
material, this covers differential calculus, coordinate, analytical ^metry. 
functions, integral calculus, infinite series, numerical equations, differential 
equations, Fourier’s theorem, probability, theory of errors, calculus of varia- 
tions, determinants. “If the reader is not familiar with this Ixiok, it will repay 
him to examine it," Chem. & Engineering Sens. Soo problems. i8g figures. 
Bibliography, xxi + 64. pp. oVf> ^ Paperbound §2.50 

Trigonometry Refresher for Technical Men, 

A. A. Klaf T> , T 

A modem question and answer text on plane and spherical trigonometr>*. ^ 

covers plane trigonomem : angles, quadrants, trigonometrical functions, graph- 
ical representation, interpolation, equations, logarithms, solution of triangles, 
slide rules, etc. Part H discusses applications to navigation, surveying, elasticit), 
architecture, and engineering. Small angles, periodic functions, vectors, polar 
coordinates, De Moivre’s theorem, fully covered. Part III is devoted to spherical 
trigonometrv* and the solution of spherical triangles, with applications to 
terrestrial and astronomical problems. Special time-savers for numerical calcula- 
tion. 913 questions answered for you I 173^ problems; answers to odd numbers. 
494 figures. 14 pages of functions, formulae. Index, x -|- 629pp. 5 % ^ 


Calculus Refresher for Technical Men, 

A, A, Klaf 

Not an ordinary* textbook but a unique refresher for engineers, technicians, 
and students. An examination of the most imf>oriant aspects of differential and 
integral calculus by means of 75 fi questions. Part I coders simple differential 
calculus: constants, variables, functions, increments, derivatives, logarithms, 
curvature, etc. Part II treats fundamental concepts of integration: inspection, 
substitution, transformation, reduction, areas and volumes, mean value, succes- 
sive and partial integration, double and triple integration. Stresses practical 
aspects! A 50 page section gives applications to civil and nautical engineering, 
electricity, stress and strain, elasticity, industrial engineering, and similar fields. 
756 questions answered, 556 problems; solutions to odd numbers. 36 pages of 
constants, formulae. Index, v 431pp. 5^4 Paperbound $2.00 

Introductio.n to the Theory of Groups of Finite Order, 

R, Carmichael 

Examines fundamental theorems and their application. Beginning with sets, 
systems, permutations, etc,, it progresses in easy stages through important types 
of groups: Abelian, prime power, permutation, etc. Except i chapter where 
matrices are desirable, no higher math needed. 783 exercises, problems. Index, 
xvi 4- 447pp. 5^ X 8. Paperbound $3.00 
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FIX^E X'OLUME THEORY OF FUNCTIONS*’ SET BY KONRAD KNOPP 

This five-volume set, prepared by Konrad Knopp, provides a complete and 
readily followed account of theorj* of functions. Proofs are given concisely, yet 
without sacrifice of completeness or rigor. These volumes are used as texts by 
such universities as M.I.T., University of Chicago, N. Y. City College, and many 
others. “Excellent introduction . . . remarkably readable, concise, clear, rigor- 
ous,“ Journal of the American Statistical Association. 

Elements of the Theory of Functions, 

Konrad Knopp 

This book provides the student with background for further volumes in this 
set, or texts on a similar level. Partial contents: foundations, system of complex 
numbers and the Gaussian plane of numbers, Riemann sphere of numbers, 
mapping by linear functions, normal forms, the logarithm, the cyclometric 
functions and binomial series. “Not only for the young student, but also for the 
student who knows all about what is in it,'' Mathematical Journal. Bibliography. 
Index. 140pp. 554 X 8. Paperbound $1.50 

Theory of Functions, Part I, 

Konrad Knopp 

With volume II, this book provides coverage of basic concepts and theorems. 
Partial contents: numbers and points, functions of a complex variable, int^^ral 
of a continuous function, Cauchy’s integral theorem, Cauchy's int^yal for- 
mulae, series with variable terms, expansion of analytic functions in power 
series, analytic continuation and complete definition of analytic functions, 
entire transcendental functions, Laurent expansion, tj-pes of singularities. 
Bibliographv. Index. vii‘-|- 146pp. 5^ x 8. Paperbound $1.35 

Theory of Functions, Part II, 

Konrad Knopp 

Application and further development of general theory, special topics. Single 
valued functions. Entire, Weiers trass, Meromorphic functions. Riemann sur- 
faces. .\lgebraic functions. .Analytical configuration, Riemann surface. Bibliog- 
raphy. Index. X -j- 150pp. 5^ x 8. Paperbound $1-35 

Problem Book in the Theory of Functio.ns, Volume 1. 

Konrad Knopp 

Problems in elementary’ theory', for use with Knopp 's Theory of Functions, or 
anv other text, arranged according to increasing difficulty'. Fundamental con- 
cepts, sequences of numbers and infinite series, complex variable, integral 
theorems, development in series, conformal mapping. 182 problems. Answ'ers. 
viii 4 > 126pp. 5^ X 8. Paperbound $1.35 

Problem Book in the Theory of Functions, Volume 2, 

Konrad Knopp 

.Advanced theory of functions, to be used either with Knopp 's Theory of 
Functions, or any other comparable text. Singularities, entire 8c meromorphic 
functions, periodic, analytic, continuation, multiple- valued functions, Riemann 
surfaces, conformal mapping. Includes a section of additional elementary prob- 
lems. “The difficult task of selecting from the immense material of the modem 
theorv of functions the problems just within the reach of the beginner is here 

masterfully accomplished,” Am. Math. Soc. .Answers. 138pp. 5^ x 8. 

Paperbound $1.50 
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NLMF.RrCAL Sol-I TIONS OF DiFFFRFMlAF KqI ATIONS. 

H Lei^' E. A. Hagc^ott 

Comprehensive collection of methods for solving ordinary differential cc^uations 
of first and higher order. .All must pass 2 requirements: easv to grasp anti 
practical, more rapid than school methods. Partial contents; graphical mtegr 
tion of differential equations, graphical methods for detailed solution. Numer 
ical solution. Simultaneous ecpiations and equations of 2nd and higher 
“Should lie in the hands of all in research in applietl mathematics, leaching. 
Sature. 21 figures, viit -p ss-Spp. -,3/ x 8 . Paperbound 51.H3 

Elementary Statistics, with Applications in Medicine and thi 
Biological Sciences. F, E, Crf^xton 

A sound introduction to statistics for anyone in the physical sciences, assum- 
ing no prior acc^uaintance and retpuring onlv a mcKicst knowledge of math. 
All basic formulas carefully explained and illustrated; all necessary reference 
tables included. From basic terms and concepts, the study prcx:ccds to frecjuency 
distribution, linear, non-linear, and multiple correlation, skewness, kiirtosis. 
etc. A large section deals with reliability and significance of statistical mcthcxls. 
Containing concrete examples from medicine and bicjilogs , this book will prose 
unusually helpful to workers in those fields who increasingly must evaluate, 
check, and interpret statistics. Fc^rmerly titled “F.lemcniary Statistics with Ap- 
plications in Medicine.’’ loi charts. 57 tables, i | appendices. Index, vi -4- 
376pp. 534 X 8. Papcrlxjund 


Introdlctio.n to Symbolic Logic,. 

5. Eanger 

No special knowledge of math rec|uired — probably the clearest book c\er 
written on svml>olic logic, suitable for the layman, general scientist, and philos- 
opher. You start with simple symbols and advance to a knowledge of the 
Boole-Schroeder and Russell-Whitehead systems. Forms. logical structure. classes, 
the calculus of propositions, logic of the ssllogism. etc. are all covered. **Onc 
of the clearest and simplest introductions.” .\fa(hematics C»azeite. Second en- 
larged, revised edition. 368pp. 3^^ x 8. Paper lx>und 52.ck> 


.\ Short .Xccount of the History of Mathem.atics, 
ir. ir. R. Ball 

Most readable non-technical history of mathematics treats lives, discoveries of 

every* important figure from Egyptian. Phoenician, mathematicians to late 19th 

century*. Discusses schools of Ionia, Pythagoras, .Xthens. C.v/icus, .Xlexandria. 

Byzantium, systems of numeration; primitive arithmetic: Middle .Ages. Renais* 
• • • 

sance. including Arabs, Bacon, Regiomontanus. I'ariaglia, Cardan, Stevinus, 
Galileo, Kepler; modern mathematics of Descartes, Pascal. XVallis, H uygens. 
Newton, Leibnitz, d’Aleml.)ert. Euler, Laml>cri. Laplace, Legcntlre, Gauss. 
Hermite, Weierstrass, scores more. Index. 23 figures. 3} 6pp. 33''^ x 8. 

Paperbound $2.23 


Introduction to Nonlinear Differential and I.NTF.f.RAL E<^u.\tions. 
Harold T. Dai 'is 

.Xspects of the problem of nonlinear equations, transformations that lead to 
equations solvable !)V classical means, results in special cases, and useful 
generalizations. Thorough, but easily followed bv mathematically sophisticated 
reader who knows little alK>ut non-linear ec|uaiions. 137 problems for student 
to solve. XV 566pp. 534 X 8i,4- PaperlK>und 52. cx) 
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An Introduction to the Geometry of N Dimensions, 

D. H. y. Sornmeruille 

An introduction presupposing no prior knowledge of the field, the only book 
in English devoted exclusively to higher dimensional geomcirv. Discusses 
fundamental ideas of incidence, parallelism, perpendicularity, angles between 
linear space; enumerative geometry; analytical geometry from projective and 
metric points of view; polylopes; elementary' ideas in analysis situs; content of 
hyper-spacial figures. Bibliography. Index. 60 diagrams. 196pp. 55^ x 8. 

Paperbound $1.50 

Elementary Concepts of Topology, P. Alexandroff 
First English translation of the famous brief introduction to topolog>' for the 
beginner or for the mathematician not undertaking extensive study. This un- 
usually useful intuitive approach deals primarily with the concepts of complex, 
cycle, and homology, and is wholly consistent with current investigations. 
Ranges from basic concepts of set- theoretic topology to the concept of Betti 
groups. ‘"Glowing example of harmony between intuition and thought, David 
Hilbert. Translated by A. E. Farley. Introduction by D. Hilbert, Index. 25 
figures. 73pp. oYs ^ Paperbound |i.oo 

Elements of Non-Euclidean Geometry, 

D. Af, y. Sommerville 

Unique in proceeding step-by-step, in the manner of traditional geometry. 
Enables the student with only a good knowledge of high school algebra and 
geometry to grasp elementary’ hy perbolic. elliptic, analytic non-Euclidean geom- 
etries; space curvature and its philosophical implications; theory of radical 
axes; homothetic centres and systems of circles; parataxy and parallelism; 
absolute measure; Gauss’ proof of the defect area theorem; geodesic representa- 
tion; much more, all with exceptional clarity. 126 problems at chapter endings 
provide progressive practice and familiarity. 133 figures. Index, xvi -p 274 pp- 
5^ X 8. Paperbound $2.00 

Introduction to the Theory of Numbers, L. E, Dickson 
Thorough, comprehensive approach with adequate coverage of classical litera- 
ture, an introductory volume beginners can follow\ Chapters on d visibility, 
congruences, quadratic residues reciprocity. Diophantine equations, etc. Full 
treatment of binary quadratic forms without usual restriction to integral coef- 
ficients, Covers infinitude of primes, least residues. Fermat’s theorem. Euler’s 
phi function, Legendre’s symbol. Gauss’s lemma, automorphs, reduced forms, 
recent theorems of Thue it Siegel, many more. Much material not readily 

available elsewhere. 239 problems. Index. I figure, viii iSSPP- 

Paperbound $1.75 


Mathematical Tables and Formulas, 
compiled by Robert D. Carmichael and Edwin R. Smith 
Valuable collection for students, etc. Contains all tables necessary’ in college 
algebra and trigonometry’, such as five-place common logarithms, logarithmic 
sines and tangents of small angles, logarithmic trigonometric functions, natural 
trigonometric functions, four-place antilogarithms, tables for changing from 
sexagesimal to circular and from circular to sexagesimal measure of angles, etc. 
Also many tables and formulas not ordinarily accessible, including powers, 
roots, and reciprocals, exponential and hyperbolic functions, ten-place loga- 
rithms of prime numbers, and formulas and theorems from analytical and 
elementary geometry and from calculus. Explanatory’ introduction, viii -p 
269pp. 5?4 X S1/2. Paperbound $1.25 
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A Source Book in NIathematics, 

Great discoveries in math, from Renaissance to end of 19th century, in 
translation Read announcements by Dedekind. Gauss, Delamain. ' 

F?™at Newum Abel. Lobachevsky. Bolvai. Riemann. De Moivre. Legendre. 
K™a«. o^Vrof discoveries about imaginary numlHrrs. number con^uence. 

forms of ge^etry, calculus, function theory, quaternions, etc. Succinct k ec- 
tions froin 125 different treatises, articles, most unavailable elsewhere in Englis 
Each article preceded by biographical introduction. Vol. 1 : Fields of ^u™ «r. 
Algebra. Index. 52 illus. 338pp. 55/^ x 8. Vol. II: Fields of Geometry, Probability, 

Calculus, Functions, Quaternions. 83 illus. 432pp. 5% x 8. 

V'ol. 1 Paper!x)und $2.00, Vol. 2 Papcrljound 52.oi>, 


Foundations of Physics, 

R. B, Lindsay & H. Margenau . . • 

Excellent bridge between semi-popular works & technical treatises. A discussion 
of methods of physical description, construction of theory; valuable for physicist 
with elementary calculus who is interested in ideas that give meaning to data, 
tools of modern physics. Contents include symbolism; mathematical equations; 
spaced time foundations of mechanics; probability; physics k conlinua; electron 
theory; special & general relativity; quantum mechanics; causality. “Thorough 
and yet not overdeiailed. Unreservedly recommended,*’ Sature (London). 
Unabridged, corrected edition. List of recommended readings. 35 illustrations. 
Xi + 537 PP- 5 H X 8. Paperlxiund $3 00 


Fundamental Formulas of Physics, 
ed, by D, H. Menzel 

High useful, full, inexpensive reference and study text, ranging from simple 
to highly sophisticated operations. Mathematics integrated into texl'-each 
chapter stands as short textbook of field represented. Vol. i: Statistics. Physiol 
Constants, Special Theory of Relativity. Hydrodynamics. Aerc^ynamics. 
Boundary Value Problems in Math, Physics. Viscosity, Electromagnetic Theory , 
etc. Vol. 2: Sound, Acoustics. Geometrical Optics, Electron Optics. High Energy’ 
Phenomena, Magnetism, Biophysics, much more. Index. Total of 800pp. 5^ x H. 

Vol. I Paperbound $2.25, Vol, 2 Paperijound $2.25. 


Theoretical Physics, 

A, 5 . Kompaneyets 

One of the very few thorough studies of the subject in this price range. Provides 
ads'anced students with a comprehensive theoretical background. Especially 
strong on recent experimentation and developments in quantum theory. 
Contents: Mechanics (Generalized Cx)ordinaies. Lagrange’s Equation. Collision 
of Particles, etc.). Electrodynamics (Vector .Analysis, Maxwell’s equations. 
Transmission of Signals, Theory of Relativity, etc.). Quantum Mechanics (the 
Inadequacy of Classical Mechanics, the Wave Equation. Motion in a Central 
Field, Quantum Theory of Radiation. Quantum Theories of Dispersion and 
Scattering, etc.), and Statistical Physics (Equilibrium Distribution of Molecules 
in an Ideal Gas. Boltzmann Statistics, Bose and Fermi Distribution. Thermo- 
dynamic Quantities, etc.). Revised to 1961. Translated by George Yankovsky, 
authorized by Kompaneyets. 137 exercises. 56 figures. 529pp. x 81/J. 

Paperbound $2.50 
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Mathematical Physics, D. H, Menzel 
Thorough one-volume treatment of the mathematical techniques vital for 

classical mechanics, electromagnetic theor>*, quantum theorv, and relativity. 
\Vritten by the Harvard Professor of Astrophysics for junior, senior, and grad- 
uate courses, it gives clear explanations of all those aspects of function iheon*. 
vectors, matrices, dyadics, tensors, partial differential equations, etc., neccssarv 
for the understanding of the various physical theories. Electron theor>, rel- 
ativity, and other topics seldom presented appear here in considerable detail. 
Scores of definition, conversion factors, dimensional constants, etc. “More 
detailed than normal for an advanced text . . . excellent set of sections on 
Dyadics, Matrices, and Tensors.” Journal of the Franklin Institute. Index. 193 
problems, with answers, x 4i2pp, 5^^^ x 8. Paperbound $2.50 

The Theory of Sound, Lord Rayleigh 
^fost vibrating systems likely to be encountered in practice can be tackled 
successfully by the methods set forth by the great Nobel laureate. Lord 
Rayleigh. Complete coverage of experimental, mathematical aspects of sound 
theory*. Partial contents: Harmonic motions, vibrating systems in general, lateral 
vibrations of bars, curved plates or shells, applications of Laplace’s functions to 
acoustical problems, fluid friction, plane vortex-sheet, vibrations of solid bodies, 
etc. This is the first inexpensive edition of this great reference and study work. 
Bibliography, Historical introduction by R. B. Lindsay. Total of 1040pp. 97 
figures. 5^ X 8. VoL 1 Paperbound $2.50, Vol. 2 Paperbound $2.50, 

The set $5.00 


Hydrodynamics, Horace Lamb 

Internationally famous complete coverage of standard reference work on 
dynamics of liquids S: gases. Fundamental theorems, equations, methods, solu- 
tions, background, for classical hydrodynamics. Chapters include Equations of 
Motion, Integration of Equations in Special Gases, Irrotational Motion, Motion 
of Liquid in 2 Dimensions, Motion of Solids through Liquid-Dynamical Theory, 
Vortex Motion, Tidal Waves, Surface AVaves, Waves of Expansion, Viscosity, 
Rotating Masses of Liquids. Excellently planned, arranged; clear, lucid presenta- 
tion. 6th enlarged, revised edition. Index. Over 900 footnotes, mostly bibliogra- 
phical. 119 figures, xv -j- 738pp- x 91/^. Paperbound $4.00 


Dynamical Theory of Gases, James Jeans 
Divided into mathematical and physical chapters for the convenience of those 
not expert in mathematics, this volume discusses the mathematical theory' of 
gas in a steadv state, thermodynamics, Boltzmann and Maxw'ell, kinetic theory, 
quantum theory*, exponentials, etc. 4th enlarged edition, w’ith new' material on 

quantum theory*, quantum dynamics, etc. Indexes. 28 figures. 444pp. x 914. 

Paperbound $2.75 


Thermodynamics, Enrico Fermi 

Unabridged reproduction of 1937 edition. Elementary in treatment; remarkable 
for claritv, organization. Requires no knowledge of advanced math beyond 
calculus, only familiarity with fundamentals of thermometry', calorimetry. 
Partial Contents: Thermodynamic systems; First Sc Second laws of therm^ 
dvnamics; Entropy : ThermodyTiamic potentials: phase rule, resersible elecmc 
cell; Gaseous reactions: van’t Hoff reaction box, principle of LeChaielier; 
Thermodvnamics of dilute solutions: osmotic Sc vapor pressures, boiling & 
freezing jxiints; Entropy constant. Index. 25 problems. 24 illustrations, x + 
160pp. X 8. Paperbound $1.75 
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Celestial Objects for Common Telescopes. 

the use and pleasure of the amateur astronomer Of 
Classic handb^k watine and identifying thousands of celestial objects. Vol I. 

with P i ei; revised bv Margaret ^V. Mavall. director of the American 

f '^of vSteStar Observers; New Index by Mrs. Mayall giving the location 
obiects mentioned in the text for Epoch 2000. Nesv Precession 

added New appendices on the planetary satellites, constellation ^ 

added. IN FF svstem data Total of 46 illustrations. Total of xxxix 

abbreviations. Y paperbound S2.25. Vol. 2 Paperbound S2.25 

+ 6o6pp. ^ ^ The set $4.50 


Planetary Theory, 
r IF Brown and C. A, Shook 
Provides a clear presentation of basic methods for calculat ng 
for today’s astronomer. Begins with a careful exposition of ™ 

matical topics essential for handling perturbation theory and then goes on 
SSSe ho» ooM oi p„viou. meftod. reduce ultima.el, U, >''■> Sr™™' 

okuladon melhods; oboining expreoion. eilher for ihe P'Tp 

tarv positions or for the elements which determine the perturbed pa*s .An 
ex^^le of each is given and worked in detail, Corrected edition. Preface. 
A^k. Index, xii + 302pp. 53/s x 8./,. Paperbound $2.25 


Star Names and Their Meanings, 

Richard Hinckley Allen 

An unusual book documenting the various attributions of names to the 
individual stars over the centuries. Here is a treasure-house of information on 
a topic not normally delved into even by professional astronomers; provides a 
fascinating background to the stars in folk-lore, literary references, ancient 
writings, star catalogs and maps over the centuries. Constellation-by-constella- 
tion Malysis covers hundreds of stars and other asterisms. including the 
Pleiades, Hyades, Andromedan Nebula, etc. Introduction. Indices. List o 
authors and authorities, xx -j- 563pp. 5?4 x 8 v 4 . Paperbound $2.50 


A Short History of Astronomy, A. Berry 
Popular standard work for over 50 years, this thorough and accurate volume 
covers the science from primitive times to the end of the 19th century. After 
the Greeks and the Middle Ages, individual chapters analyze Copernicus, Brahe, 
Galileo, Kepler, and Newton, and the mixed reception of their discoveries. 
Post-Newtonian achievements are then discussed in unusual detail: Halley, 
Bradley, Lagrange, Laplace, Herschel, Bessel, etc. 2 Indexes, 104 illustrations, 
9 portraits, xxxi 4. 440pp. 5^ x 8. Paperbound §2.75 


Some Theory of Sampling, IF, £. Deming 
The purpose of this book is to make sampling techniques understandable to 
and useable by social scientists, industrial managers, and natural scientists 
who are finding statistics increasingly part of their work. Over 200 exercises, 

plus dozens of actual applications. 61 tables. 90 figs, xix -|- 602pp. 5^ x 8i/2. 

Paperbound $3.50 



CATALOGUE OF DOVER BOOKS 


Principles of Stratigraphy, 

A. Grabau 

Classic of 2oth century* geology*, unmatched in scope and comprehensiveness. 
Nearlv 600 pages cover the structure and origins of every* kind of sedimentary, 
hvdrogenic, oceanic, pyroclastic, atmoclastic, hydroclastic, marine hydroclastic, 
and bioclastic rock; raetamorphism; erosion; etc. Includes also the constitution 
of the atmosphere; morphology* of oceans, rivers, glaciers; volcanic activities; 
faults and earthquakes: and fundamental principles of paleontology (nearly 200 
pagesl. New introduction by Prof. M, Kay, Columbia U. 1277 bibliographical 
entries. 264 diagrams. Tables, maps, etc. Two volume set. Total of xxxii + 
1185PP- 5^4 X 8. Vol. 1 Paperbound $2.50, Vol. 2 Paperbound $2.50, 

The set $5.00 

Snow Crystals, W. A. Bentley and TP. /. Humphreys 
Over 200 pages of Bentley’s famous microphotographs of snow flakes— the pro- 
duct of painstaking, methodical Avork at his Jericho, Vermont studio. The 
pictures, which also include plates of frost, glaze and dew on vegetation, spider 
webs, Avindow'panes; sleet; graupel or soft hail, Avere chosen both for their 
scientific interest and their aesthetic qualities. The Avonder of nature’s diversity* 
is exhibited in the intricate, beautiful patterns of the snoAV flakes. Introductory 
text by W. J. Humphreys. Selected bibliography. 2453 illustrations. 224pp. 

8 X 101^. Paperbound $3.25 

The Birth and Dea elopment of the Geological Sciences, 

F. D. Adams 

Most thorough history* of the earth sciences ever Avritten. Geological thought 
from earliest times to the end of the 19th century, covering over 300 early 
thinkers svstems: fossils & their explanation, VTilcanists vs. neptunisis, figured 
stones & paleontology, generation of stones, dozens of similar topics. 91 illustra- 
tions, including medieval, renaissance AAOodcuts, etc. Index. 632 footnotes, 
mostly bibliographical. 511PP* 5?4 ^ Paperbound $2.75 

Organic Chemistry, F. C. Whitmore 
The entire subject of organic chemistry for the practicing chemist and the 
advanced student. Storehouse of facts, theories, processes found elsewhere only 
in specialized journals. Covers aliphatic compounds (500 p^es on the prop- 
erties and sy*nthetic preparation of hydrocarbons, halides, proteuis, ketones, 
etc.), alicvclic compounds, aromatic compounds, heterocyxlic compounds, or- 
ganophosphorus and organometallic compKjunds. Methods of synthetic prepara- 
tion analyzed criticallA* throughout. Includes much of biochemical interesL 
“The scope of this volume is astonishing,” Industrial and Engineering 
Chemistry. 12, 000- reference index, 2387-item bibliography. Total of x -j- 
1005pp. oVs X volume set, paperbound $4.50 

The Phase Rule a.nd Its Application, 

Alexander Findlay 

Covering chemical phenomena of 1,2, 3, 4, and multiple component systems, 
this “standard work on the subject ” (Nature, London), has been completely 
revised and brought up to date by N. Campbell and N. O. Smith, Brand 
new material has been added on such matters as binary, tertiary liquid 
equilibria, solid solutions in ternary systems, quinary^ systems of salts 
Avater. Completelv revised to triangular coordinates in ternary systems, clarified 
graphic represeniation, solid models, etc. 9th revised edition. Author, subjert 

indexes. 2^6 figures, footnotes, mostly bibliographic, xii + 494 PP- 5?4 * 8. 

Paperbound $2.75 
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A COURSE IN Mathematical Analysis. 

2.^ s.oXi>“ 

sS. r's^? J1“T s ““ 

cLuSTipSfe meih^. nonlinear differential equations, simul- 
e cToSpp. Paperbound $1.83. Vol. 3, Part .: Variation of 

soluu^. partial differentia^ ^ equations, calculus of variations. 

Paperbound $3.00. \ol. 3. Part 2. Integra ^ Paperbound $3 00 

13 figures, 389pp. 

Planets, Stars and Galaxies, 

ne^pave'^^ttonomy for beginners: the solar system; neighboring galaxies; 

niiasars' flv-bv results from Mars, Venus, ^^oon; radio astronom>. etc. 
^^^ply explained. Revised up to 1966 by author and Prof. D. 
formerolector. Harvard CoUege Observatory. 29 photos. «9PP^ 

5 ^ * 8V4- 

Great Ideas in Information Theory. Language and Cybernetics. 

WiMCT of Unesco's Kalinga Prize covers language, meulanguages, analog and 

digital computers, neural systems, work of McCulloch, Pitu, vw Neumann, 

T^g, other important topics. No advanced mathematics needed, yet a full 

discussion without compromise or distortion. 1 18 figures, ix q. 338pp. 5?4 Vi- 

Paoer bound 52.00 


Geometric Exercises in Paper Folding, 

T, Sundara Row . 

R^lar polygons, circles and other cur\es can be folded or pricked on paper, 

then used to demonstrate geometric propositions, work out proofs, set up well- 

known problems. 89 illustrauons, photographs of actually folded sheets, xii 

,48pp. 1 % X 8,4. Paperbound $..oo 

Visual Illusions, Their Causes, Characteristics and Applications, 

Af. Luckiesh • *ii • 

The visual process, the structure of the eye, geometric, perspecuve illusions, 

influence of angles, iUusions of depth and distance, color illusions, lighting 
effects, illusions in nature, special uses in painting, decoration, architecture, 
magic, camouflage. New introducUon by W. H. Ittleson covers modem develop- 
ments in this area. 100 illustrations, xxi -j- 252pp. 5^ ^ 

Paperbound $1.50 


Atoms and Molecules Simply Explained, 

B, C. Saunders and R. E. D. Clark 

Introduction to chemical phenomena and their applications: cohesion, particl^, 

crystals, tailoring big molecules, chemist as architect, w^ith applications in 

radioactivity, color photography, synthetics, biochemistry, pol^Tners, and man^ 

other important areas. Non technical. 95 figures, x 299pp. 5^ ^ 

Paperbound $1.50 
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The Principles of Electrochemistry, 

D. A, Mar/nnes 

Basic equations for almost ever)’ subfield of electrochemistn* from first prin- 
ciples, referring at all times to the soundest and most recent theories and 
results; unusually useful as text or as reference. Covers coulometers and 
Faraday’s Law, electrolytic conductance, the Debye-Hueckel method for the 
theoretical calculation of activity coefficients, concentration cells, standard 
electrode potentials, thermodynamic ionization constants, pH, poten tiometric 
titrations, irreversible phenomena. Planck’s equation, and much more. 2 indices. 
.Appendix. 585-item bibliography. 137 figures. 94 tables, ii -p 478pp. 5^^ x 8^. 

Paperbound $2.75 

Mathematics of Modern E.ngineering, 

£. G. Keller and R, E, Doherty 

\Vritten for the Advanced Course in Engineering of the General Electric 
Corporation, deals with the engineering use of determinants, tensors, the 
Heaviside operational calculus, dyadics, the calculus of variations, etc. Presents 
underlying principles fully, but emphasis is on the perennial engineering 
attack of set-up and solve. Indexes. Over 185 figures and tables. Hundreds of 
exercises, problems, and worked -out examples. References. Two volume set. 
Total of xxxiii -j- 623pp, 5^ x 8. Two volume set, paperbound $3.70 

Aerodynamic Theory: A General Review of Progress, 

William F, Durand, editor-in-chief 

A monumental joint effort by the world’s leading authorities prepared under 
a grant of the Guggenheim Fund for the Promotion of Aeronautics. Never 
equalled for breadth, depth, reliabilitv. Contains discussions of special mathe- 
matical topics not usually taught in the engineering or technical courses. Also: 
an extended two-part treatise on Fluid Mechanics, discussions of aerodynamics 
of perfect fluids, analyses of experiments with wind tunnels, applied airfoil 
theoT)’, the nonlifting system of the airplane, the air propeller, hydrodynamics 
of boats and floats, the aerodynamics of cooling, etc. Contributing exi>erts 
include Munk, Giacomelli, Prandtl, Toussaint, Von Karman, Klemperer, among 
others. Unabridged republication. 6 volumes. Total of 1,012 figures, 12 plates, 
2,186pp. Bibliographies, Notes. Indices. 534 x 8i/^- 

Six volume set, paperbound $13,50 

Fundamentals of Hydro- and Aeromechanics, 

L, Prandtl and O. G. Tietjens 

The well-known standard work based upon Prandtl’s lectures at Goettingen. 
Wherever possible hydrodynamics theory’ is referred to practical considerations 
in hydraulics, with the view of unifying theory and experience. Presentation 
is extremely clear and though primarily physical, mathematical proofs are 
rigorous and use vector analysis to a considerable extent. An Engineering 

Society Monograph, 1934. 186 figures. Index, xvi -j- 270pp. 5^ x 8. 

Paperbound $2.00 


Applied Hydro- .\nd Aeromechanics, 
L. Prandtl and O. G. Tietjens 


Presents for the most part methods which will be valuable to engineers. Covers 
flow in pipes, boundary’ layers, airfoil theory, entry* conditions, turbulent flow 
in pipes, and the boundary layer, determining drag from measurements of 
pressure and velocity*, etc. Unabridged, unaltered. An Engineering Society 
Monograph. 1934. Index. 226 figures, 28 photographic plates illustrating flow 
patterns, xvi -|- 311pp. 534 x 8. Paperbound $2.00 
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Applied Optics and Optical Design, 

Wiih publication of vol. 2, standard E^'j^h^only dewTled work 

r "Stic:: ;::UeTan? ‘y fofbulR of Uk. no tnath 

above trig. Step-by-step exposition from “"'u^’^Iy^es^^o^^ 

nhvsical optics, to systematic study, design, of almost yp neces- 

svstems. Vol. 1 : all ordinary ray-tracing methods; primary aberrati , 

slrv higher aberration for design of telescopes, low-power P . 

^nhif eouioment Vol. 2; (Completed from author’s notes by R. Kingslake, 

Wr Optiral Design, Eastman Kodak.) Special attention to high P^f^ 
scope, LastigmaUc photographic objectives. ‘ .\n indispensable work, p 

cal Soc of Amer. Index. Bibliography. 193 diagrams. 852pp. Si/g x 914. ^ 

T-wo vnliime 5;et. Daoerboun 


Mechanics of the Gyroscope, the Dynamics of Rotation, 

R. F, Deimely Professor of ^^echanical Engineering at Stevens Institute ot 

Elementary general ueatment of dynamics of rotation, with special application 
of gyroscopic phenomena. No knowledge of vectors needed. Velocity of a moving 
curve, acceleration to a point, general equations of motion, gyroscopic horizon, 
free gVTO, motion of discs, the damped gyro, 103 similar topics. Exercises. 
75 fibres. 208pp. 5*4 X 8. Paperbound $1 .75 

Strength of Materials, 

J. F. Den Hartog 

Full, clear treatment of elementary material (tension, torsion, bending, com- 
pound stresses, deflection of beams, etc.), plus much advanced material on 
engineering methods of great practical value: full treatment of the Mohr circle, 
lucid elementary discussions of the theory’ of the center of shear and the 
“Myosotis” method of calculating beam deflections, reinforced concrete, plastic 
deformations, photoelasticity, etc. In all sections, both general principles and 
concrete applications are given. Index. 186 figures (160 others in problem 

section). 350 problems, all with answers. List of formulas, viii -|- S^SPP* 5 ^ ^ 

Paperbound $2.00 

Hydraulic Transients, 

G. R, Rich 

The best text in hydraulics ever printed in English ... by former Chief Design 
Engineer for T.V.A. Provides a transition from the basic differential equations 
of hydraulic transient theory to the arithmetic integration computation re- 
quired by practicing engineers. Sections cover W^ater Hammer, Turbine Speed 
Regulation, Stability of Governing, Water-Hammer Pressures in Pump Dis- 
charge Lines, The Differential and Restricted Orifice Surge Tanks, The 
Normalized Surge Tank Charts of Calame and Gaden, Navigation Locks, 
Surges in Power Canals — Tidal Harmonics, etc. Revised and enlarged. Author s 
prefaces. Index, xiv 409pp. 5^ x 8y^. Paperbound $2-50 


Prices subject to change without notice. 

Available at your book dealer or write for free catal 
Dover Publications, Inc., 180 Varick St., N.Y., NfirrjoqTjrjJo 
than 150 books each year on science, elementi^ -and aflVa 
biology, music, art, literary history', social scie^es and other 
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Underwater Explosions. Robert Cole mnradv Two-volume 

Applied Opt, as and Opt, col Desisn. A. E. Conrad>. Tv.o 

E,”!'c«TTh,orv on .he 0,o,„ S,...™. P. Co,n,.i».- Cn.hbonnd 

$6.00 tfo oe; 

Ionospheric Radio Propognl.on. Kenneth ^ 

Mechanics of the Gyroscope: Dynamics of notation. K. 

Deimel. S1.75 

Mechanics, J. P- Den Hartog. S2. 

Strength of Moter.oJs, J. P. tennis. Clo.hbound S7.50 

.Metallurgy in the Serv ice of Man. ■ Murnaahan. and 

Hydrodynamics, Hugh L. Dryden. Francs D. Murnagha 
Harry Bateman. $2.75 ,t. <i « 

A Guide to Operotional Research, Eric Duckwor 

trodynnnPc" Theory, WdUon. F. Durand, .di,or..n.ch,.., S,x 
,ModI“”^^'IfTobL of Elemoninry on.1 Son.e Ihshor Mo.hemo... 

Th^ro'rvrnd Op'roi" rr;,s;«u,„ ,.hn p, Bm.. «,<» 

Theory of Elasticity, M. Filonenko-Borodich. S1.75 
Differential Equotions for Engineers. Philip 

Hydroul.es and Its .Applications, A, H, Gibson. Clo.hbound SIOJ 
Pulse Generators, edited by G. X. Glasoe and |. B. ^ 

Modern Developments in Fluid Dynamics: An 

and Experiment Relating to Boundary Layers. ‘ 

and Wakes, edited by Sydney Goldstein. Two-volume set $5A0 

A Treotise on Gyrostotics and Rotational .Motion, Andrew Gray. 

Ind^ucmnce Calculations. Working Formulas and Tobies, Frederick 

W. Grover- $2.25 , ,, n 

Stream Flow: Measurements, Records, and Their Uses. * 
Grover and A. Wm. Harrington. $2.25 
Physics of Modern Electronics. VV. A. Gunther. $2-25 
The Principles of Electromagnetism Applied to Electrical Ma- 
chines. Bernard Hague, $2.25 


Paperbound unless otherwise indicated. Prices subject to change 
without notice. Available at your book dealer or write for «ree 
catalogues to Dept. Eng.. Dover Publications, Inc 180 Vari^ St., 
N. Y., N. Y. 10014. Please indicate field of interest. Each year Dover 
publishes over 150 classical records and books in art, languages, 
philosophy, nature, literature, humor, mathematics, chess, puzzles 

and other areas. 



MATHEM/ 





CARL E. SMITH 


Radio engineers, technicians, and students of communications engineering will all 
find this elemental)' course m applied mathematics a highly valuable work either as 
a handy refresher and review of basic principles, or as a helpful handbook of useful 
applications and tables. It may -also be used as a self-contained home-study course 
for the student or worker with the equivalent of a high-school education. 

Fully comprehensive, it ranges from the simplest operations of arithmetic to a 
treatment of calculus, series, and wave forms, including as well more than a ^core 
of the most useful tables of functions and formulas commonly employed by the 
radio engineer. Each chapter is followed by a number of carefully selected exer-ctses 
and conlains in addition many examples with full solutions given, allowing the 
student to check his progress as each new topic is introduced. 

The author begins with the basic fundamentals and formulas of arithmetic, logarithms, 
algebra, geometry, and trigonometry. He gives special emphasis to vector additiori 
and complex quantities, including illustrations from electrical and radio theory. 
Following chapters cover the requirements of simultaneous equations in mesh circuits 
and quadratic equations in complex circuits having multiple resonance frequencies. 
Chapters on hyperbolic trigonometry, uses of the differential calculus in treating both 
algebraic and transcendental functions, integral calculus, and series and wave forms 
complete the expository section of the book. 

Also included are 22 useful tables, covering the Greek alphabet, mathematical and 
engineering symbols and abbreviations, logarithms of numbers from 1-100, trigono- 
metric functions, natural logs, exponential and hyperbolic functions in terms of nepers 
and in terms of decibels. Bessel functions, sine and cosine integrals, factorials of 
numbers from one to twenty and their recip^ecals, useful constants, algebraic 
formulas, logarithmic formulas, complex quantities, trigonometric charts and 
formulas, exponential ano hyperbolic formulas, useful integrals, series, and wave forms. 

Unabridged republication of 1945 edition. Index. 166 exercises, 140 examples, all 
with answers. 95 diagrams. 22 tables. Short bibliography at chapter ends, x -|- 336pp. 
5^8 X 8. 60142-0 Paperbound 

A DOVER EDITION DESISNEO FOR YEARS OF USEI 

We have made every effort to make this the best book possible. Our paper is opaque, 
with minimal show-through; it will not discolor or become brittle with age. Pages are 
sewn in signatures, in the method traditionally used for the best books, and will not 
drop out. as often happens with paperbacks held together with glue. Books open flat 
for easy reference. The binding will not crack or split. This is a permanent book. 




